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Pensieve header: Searching for perturbations of the Heisenberg R-matrix.

Rij = Opx (@(‘D"”(l’f‘l’f)-“j)
g(hm;(j) — e_fi”j"‘(”i"'”j)I)kHEi+_£-'_,-)xk

hpli,j] is the positive Heisenberg R-matrix.

hp /: P_2xxhp[i_, j_] :=Simplify[P /. {xi » xi - (T-1) x5, X; > Tx;}];
hp /: hp[i_, j_ ] *+P_» :=Simplify[P /. {p; » p; - (T-1) (pi-py)}]

P[P[X1, X2, X3]] **x hp[1, 2]
@[P[Xl— (—1+T) X2, TX2, Xg]]

P[P[X1, X2, X3]] *#*xhp[1, 2] »x hp[1, 3]
PIP[x1- (-1+T) (x2+X3), Txa, Tx3]|

P[P[X1, X2, X3]] **xhp[1, 2] »*x hp[1, 3] xx hp[2, 3]
PIP[x1- (-1+T) (xa+X3), T (xa- (-1+T) x3), T>x3] |

P[P[X1, X2, X3]] **xhp[2, 3] »x hp[1, 3] xx hp[1, 2]
PIP[x1- (-1+T) (Xa+x3), T (X2 (-1+T) x3), T2 x3] ]

hp[1, 2] x* hp[1, 3] *xhp[2, 3] **x P[P[p1, P2, P3]]
P[P[p1s — (-1+T) pr+Tpa, = (-1+T) pr+T (- (-1+T) pa+Tps)]]

hp[2, 3] »* hp[1, 3] *xhp[1, 2] **x P[P[p1, P2, P3]]
P[P[p1s — (-1+T) pr+Tpa, = (-1+T) pr+T (- (-1+T) pa+Tps)]]
Fi .5 :=P[F[pis Xi5 Pj» X511

eq=Fy*xhp[l, 3] *xhp[2, 3] + hp[1, 2] *%x Fy 3 *xhp[2, 3] +hp[1, 2] »x hp[1, 3] »xF; 3 -
Fa,3*xhp[1, 3] xxhp[1, 2] -hp[2, 3] **xFy 3%+ hp[1, 2] -hp[2, 3] *xhp[1, 3] % F;,

790“:“)1: X1, P2, XZJ] er“:[pl.v X1, P3, TX3}] -
PLF[P1, X1+ X~ TXa, P2-TPa+TP3, X311 +P[F[p1, Xa = (-1+T) Txs, pa, Xo- (-1+T) x3] ] -
PIF[p2, TX2y P35, TX3]] +P[F[P1-Tp1+Tp2, X2, P1-TpP1+Tp3, X3]]

Expand|eq /. P[F[pl_, x1_, p2_, x2_]1] =» (p1-p2) x2]
0

Expand[eq /. P[F[pl_, x1_, p2 , x2 1] =» plx1-Tplx2]
0

AllMonomials[{}, 0] = {1};
AllMonomials[{}, d Integer] /; d>9 := {};
AllMonomials[{v_, vs __}, d Integer] :=
Joinee Table [v’™* AllMonomials [{vs}, k], {k, @, d}];
AllMonomials[vs _List, {d_}] := Joinee Table[AllMonomials[vs, k], {k, @, d}]1;
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nf-1= AllMonomials [ {p1, p2, p3}, {2}]
our;- {1, p1, p2, p3, p1%, p1p2, plp3, p2%, p2p3, p3?}

Infe]= Basis[n_, m_] := Flattene
Outer[Times, AllMonomials[Table[pj, {j, n}], m], AllMonomials[Table[x;, {j, n}], m]1;
Basis[n_, {m_}] := Flatten@Table[Basis[n, k], {k, 1, m}]

m-1= {Basis[2, 2], Basis[2, {2}]}

2,2 2 2,2 2 2 2,2 2 2 2
our - {{pfx§, PT X1 Xz, PI X3, P1P2 X3, P1P2X1Xas P1P2 X35 P3 X5, P X1 X2, P55 ),

22 2 2,2 2 2 2.2 2 2.2
{pl X1, P1 X2, P2 X1, P2 X2, P1 X1, P1 X1 X2, P1 X3, P1P2 X1, P1P2X1 X2, P1P2 X3, P2 X1, P2 X1 X2, P2 Xz}}

nf-1= MatrixForm[mat = Table[
Coefficient[
eq/.P[F[pl_, x1_, p2_, x2_1] +» Expand[in /. {p1 - pl, p2 » p2, X3 » x1, X3 » x2}1,
out
1/7. (pIx)_~6,
{in, Basis[2, {2}]}, {out, Basis[3, {2}]}
11

Out[ » J//MatrixForm=

6 o T-T? 0 0 0 0 0 0 o <] 0 0 0
e o 1-T 0 0 0 0 0 0 o 0 0 0 0
0 1-T 0 “14+T -14+2T-T2 T-T2 1-T -T+T% 0 © 4] 0 0 <]
e o 1-T 0 0 0 0 0 0 o 0 0 0 <]
0 0 (%] 0 0 0 0 0 @ 0 -2+2T 2T-2T2 (] (%]
e o <] 0 0 0 (] 0 0 o 4] 0 0 4]
e o <] 0 0 0 ] 0 0 o 0 0 0 2-2T
e o <] 0 0 0 0 0 0 o <] 0 1-2T+T? 0
e 0 <] (] (] 0 <] (] 0 0 <] 0 0 1-2T+
o 0 <] 0 (] 0 (<] (] 0 0 <] 0 0 <]
e 0 <] 0 0 0 0 0 0 0 <] 0 1-2T+T? <]
0 0 <] 0 0 0 0 0 0 0 <] 0 0 1-2T+
0 0 <] 0 0 0 0 0 0 0 %] 0 0 <]

inf-;= Simplify [T NullSpace [Transpose@mat] .Basis[2, {2}]]
our = {P1Xa (~p1Xa+ TP2%a),

1
gplxz (2Tpaxa+p1 ((1-3T) xa+ (=1+T) Txz)), -p1Xa+TpPaXa, P1 (X1 +TX) }
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nf-1= MatrixForm[mat = Table[
Coefficient|[
eq/.P[F[pl_, x1_, p2 , x2 1] +» Expand[in /. {p1 - pl, p2 » p2, X3 » x1, X3 » x2}],
out
17/. (pIx)_~o0,
{in, Basis[2, {4}]}, {out, Basis[3, {4}]1}
1]

Oult[ = J//MatrixForm=

large output show less show more show all set size limit...

n-1= Factor[T? NullSpace[Transpose@mat] .Basis[2, {4}]]
1 2,2 2 2
Out[+]= {;plXZ (—p1X1+Tp2X2) <2p1X1+3p1X1X2—3Tp1X1X2+
2Tp1paXaXa+2Pi X3 -4Tpix3 +2T2pi x5 +3Tp1pyx5-3T papyx5+2T2p5x3),

~TpiXa (-P1Xe -P1Xa + TPLXa - TPaXa) (-P1Xa+TPaXa), TPp1Xa (~Pp1Xg + TPaxa),

1
;T2P1X2 (P1X1-3Tpixa+2TpaXs - Tp1 X+ TPy Xa),

T2 (P11 +Tp2Xz), T2p1 (~X1+TXy) |

Infe]-= Unprotect [SeriesData] ;
SeriesData /: Expand[sd _SeriesData] := MapAt[Expand, sd, 3];
Protect [SeriesData];

o= E, [0, P_]1"-1--1A:=E, [0, P] /. Flatten@Table[{p; - P(iypigs Xi = X¢rypig}s (i, n}]

Inf+]:= Unprotect [NonCommutativeMultiply];
En [Q1_, P1_] **E, [Q2_, P2_] := Module[{i, k, pp, xx},
Expand /@ ]E,,[
Q1+Q2+Sum[ (8,,01) (8p,02), {i, n}],
Expand[ (P1 /. Table[Xx; - X; + XX; + 8,02, {i, n}])
(P2 /. Table[p; - pi + ppi + 8,01, {i, n}1)] //. ppi-" xx3-- > k! /. (pp | xx)_ -0
1]
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nf-}= RandomPolynomial [specs ] :=
Basis[specs].Table[RandomInteger[{-9, 9}], Length@Basis[specs]];
Clear[RE];
RE[k_] := RE[R] = E;[RandomPolynomial[2, 1],
1+ € RandomPolynomial[2, {2}] + e RandomPolynomial[2, {4}] +0[e]?];
RE[
1]
Outf]= E2[6p1x1—8p2x1—7p1x2+8p2x2,
+ (P1Xa-6PaXa-5piX3+2p1PaXs-5p3 X5 +6P1Xo-4PrXo-7PiXeXo-
7P1P2 X1 Xa + 65 X1 Xo - 8PF X5 - 6Py x5+ 9ps X3 €+
(5p1Xa+P2aXa+PiX3 - P1P2Xg +7P5Xi+7P2X3 -2pipPaX3 +5p1p5xi-2p3x;-3pixi+
2pipaXi-9pPipsXT+7P1p;XT+3p5XT+9P1Xa-P2Xa+3PTXg Xy + 6Py PaXe Xyt
45Xy Xa+6P3XT Xy —3P]P2XTXa+9P1P3 XX +6P3 XS X2 - 9PTXG X2+ 8PT P2 ] Xz -
7PIp3X3 X+ 5P1P3 X3 Xo -4 D3 X3 Xy + 6P X3 -7 pypaX5+3p5x3+4pTxg X5 -
6 p% P2 X1 X3 +5P1P3 X1 X5 - 9p3 X1 X5 — Pi X X3 +4p3 Py Xi X5 + 6 pi p3 X§ X5 + 5 p1p3 X§ X5 -
3p3XIX3+3pIx3-9pipyx3-5p1pix3-8p3x3-4p3prxix;- 3p1p2x1x§
6P1P3 X1 )G +5P3 X1 X3 -3p3paX3-PIpaX;+3p1p3x3+6p3x;) e’ +0[e]’]

m-j= 1 =RE[1] #* RE[2];
r = RE[2] %* RE[3];
1%%*RE[3] == RE[1] **r

outr-]= True

Inf+]:= R=E, [ (T - 1) (P1 - P2) X2,

1
e (2Tp2xa+p1 ((1-3T) xa+ (-1+T) Txz)) +0[e]®] /. pi_ > -p;

1
our = Ea[ (=1 +T) (=p1+Ppa) Xz, 17; (P1Xa (-2Tpaxy-p1 ((1-3T) x+ (-1+T) Tx,))) e+0[e]?]
Infe]:= R3[1,3]

1
Out[+]= E3[(—1+T> (—p1+p3) X3, 1—; <p1X3 (—ZTp3X1—p1 (<1—3T> X1 + (—1+T) TX3)>) €+0[€]2]

i 1= R3[L2D 4y R3IL3T 4 R312:3]

our = E3[p1Xo - TpP1Xa—paXa+TpPaXo+P1Xs—TpiXs+TpaXs—T?paXs—psxs+T2psXs,

1 3 1 1 1 3
1+ | =pixgXo- —TpiXgXo+TpipPaXaXa- —TpPix3+ —T2pix3+ —p2xyXx3- — Tp3xgxs+
2 2 2 2 2 2
T -T2 T? L2 -27Tp} 2rp
P1 P2 X1 X3 P1 P2 X1 X3 + p1p3X1X3+2p1X2X3 p1x2x3+2 p1 X2 X3 +
2 3 1 2 N2 3 3 .2 2
TpipPaXaX3-2T p1paXaXz+T P1p2X2X3+;T P2X2X3*ET p3 X2 X3 + T7 p1 p3 Xz X3 -
1 1 1 1
T3p1p3x2x3+T3p2p3x2x37;Tp§x§+;T2p§x§7;T3p§x§+;T“p%x% e+0[e]?]

- R3IL2D 4y RBIL3] 4y R3IZ,3] . R3I2,3] 4, R3IL3] 4 R3I1,2]

out/-]= True
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o= R=Ez[(T-1) (P1-P2) X25 1+ €P1Xz (-P1X1+TP2X2) +0[€]’] /. pi_ > -pi
ouf- - B[ (=14 T) (=p1+p2) X2, 1-p1Xz (P1X1-TpyXz) €+0[€]?]

1= R = Ez[(T - 1) (P1 - P2) X2,
1+e§p1x2 (2Tpaxy+p1 ((1-3T) X+ (-1+T) Txy)) +0[€]®] /. pi_ » -pis;
err = €72 Normal [Last [RP11:2] wx R3I131 4 x 31231 ] - Last [R3123) 4k R3L3] 4y R31L21] ]
ou - T Pp1pP2Xa Xz — T2 P1PaXaXs+ TP X1 Xa X3 -4 T2p3 X3 Xa X3 +3 T2 p3 X3 Xa X3 + T2 pf pp Xq Xz X3 -

1
T3p%p2X1x2x3—T2p1p§X1X2x3+T3p1p§X1X2X3+T2p%p3X1X2X3—T3p§p3X1X2X3—Zp‘l‘xfxzx3+
7 a4 15 5, 4.0 9.5 4.2 3 2 2.3 2
pr1x1x2x3—:T p1x1x2x3+ZT P71 X1 X2 X3 - T p3 P2 X X2 X3 +4 T7 pj pa X3 X2 X3 —

3.3 2 2,222 3.2 2.2 1., 5., 145 32,2 2
3T°pIpP2 Xy XaX3 - T pyps Xy Xa Xz + T P1P2X1X2X3*;T P1X2X3+;T P1X2X3+ET P1 P2 X5 X3 —
1 1 5
2T3p%sz§X3+;T“pisz§X3—;T2p1p§XSx3+3T3p1p§X§x3—;T“plp§X§X3—T3p1pzp3X§x3+
1 3 1
T4p1p2p3x§x3+ng‘l‘x1X§X3—2T2p‘1‘x1x§x3+ET3p‘1‘x1x§x3+;sziplexﬁxyr
3 1 1
T3pip2x1x§X3—;T4pip2x1x§x3—T3p%p%x1x§x3+T4p%p§x1x§x3—Zsz‘{x§X3+ZT3p‘1‘x§x3+
1.4 4.3 1 5 4.3 155 3 4 3 3 1.5 5 3 1., .
=T pIX3X3— =T pi X3 X3+ =T pypa X3 X3 —T Py pa X3 X3+ — 17 p7 pa X5 X3+ — T°py X3 -
4 2 2 2
1 1 1
T3pfx§+;T“pfx%—Tzpix1x§+4T3p§x1x§—3T4pix1x§—ET2p§p2x1x§+;T4pfp2x1x§+
1, 2 3.2 2 340 2 13 2 T4 2 1o 4o
— T pipsXx1x3-2T p1p3X1X3+;T pP1P3Xa X3+ T2 p1papP3Xy X3 -T p1p2p3x1X3+ZTp1X1X3—
7 15 9 1 3
fTZp‘l‘x%ngrfT3p‘1‘x%x§—ZT4p‘1‘x§x§+gszipZX%x§—2T3pip2x%x§+;T4pip2x%x§+
1,5 2,2 3.3 202 343 292,13 .2 292 142 202 Lo 3 2
— T pIpsxyX3-2T P1P3X1X3+;T P1P3XI X5+ T2 prpap3XiXs-T P1P2P3X1X3*;T P1 X2 X3 +
1
TPpixo X+ — T3 xX2 - T p3 o X3+ 2T2p2 Py xa X2 -7 T3 papy X2 X2 + 8 T4 p2 pay Xz X5 -
2
1 1
3T5p%szzX§+3T3p1p%XzX§—8T4p1p%XZX§+5T5p1p§XzX§—;T3p§p3XzX§+;Tsp%p3XzX%+
T4 215 » 1, 2731-4 2 ETZ“ 2
P1 P2 P3 X2 X3 P1P2P3X2X3+4P1X1X2X3 5 p1X1X2X3+4 P1 X1 X3 X3
3. 4 2 94 4 2 95 4 2 3 , 11 5, 5 2
—T P1X1X2X3+;T P1X1X2X3*ZT P1X1X2X3+TP1P2X1X2X3*?T Pi P2 X1 X X35 +

25 25 9
—T3pip2x1x2x§—?T4pip2x1x2x§+;Tspiplex2x§+T2p§p§x1x2x§—5T3pfp§x1x2x§+

4,2 .2 2 5.2 .2 2, 72,3 2 3,3 2 4.3 2

7T7p1py X1 Xa X3 -3 T2 p1 p3 X1 Xa X3+ T°p3 p3s Xy Xa X3 -4 7T pj p3 Xy X2 X3+ 3T p7 p3 X1 Xz X3 +

2T3 2 2 4T4 2 2 2T5 2 2 T4 2 .2 2 T5 2 .2 2
P1 P2 P3 X1 X2 X3 — P1 P2 P3 X1 X2 X3 + P1 P2 P3 X1 X2 X3+ 17 P71 p3 X1 Xa X3 = 17 P71 P3 X1 X2 X3 -

1 3 3 1
L TPXEXS T TEpGXS ST PGS e TG XS - TP PG4TI X+ T pg pa X X3 -

1 5 15
2T pEP2 X X3+ TOPI P2 X3S~ TEPI PGS+ T PP Xexs - 7T P PIXGxG ¢ T TPy X X -
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1 1 11 1
:Tspfpﬁxﬁxﬁ—;T3p1p§x§x§+3T4p1p§x§x§—?T5p1p3x§x§+3T6p1p§x§x§—;T3pip3x§x§+
ET“ 3 2.2 ETS 3 2 2711-6 3 2 273T3 2 2.2 ET“ 2 2.2
) p1p3X2X3+2 P71 P3 X5 X3 ) P1 P3 X5 X3 ) p1p2p3X2X3+2 P1 P2 P3 X3 X3

5 2 202 36 202 3 a2 2,2 5 2 22 7 6 2 2.2
—T P1P2P3X2X3+;T P1P2P3X2X3*;T P1P3P3X;X5+5T P1P2P3X2X3*;T P1 P2 P3 X3 X5 -

1 3 5 5
TSP1PzP§X§X§+T6P1P2P§X§X§+;T2P3X3—5T3P3X2+;T4P3X§—;T5P§X§+T6Pixi—
1 3 3 1
;T3p%sz§+;T“p%sz§—;T5p%sz§+gTGp%sz§—T4p1p§X§+2T5plp%X§—Tsplp%X§—
3 15 25 9
ZTp‘inXg*gsz;‘Xng :T3P1X1X3+:T4P1X1X3 6T5p1X1X3+ZT6p§X1X§*
19 5
TZPiP2X1X§+5T3Pip2X1X§*?T4P3P2X1X§+8TSP5P2X1X§*;T6P3P2X1X§*T3P§P%X1Xg+
4.2 2 3 5,22 3, 1602 2 3 1.5 5 5 01 4 3 15 5 3
3T pIpsXaX3-3T pyips Xy X3+ T P1|92X1X3—;T P1P3X1X3+;T P1P3X1X3+;T pi P3 X1 X3 -
1 1 3 13 15 5
;Tspipgxlxg—Zsz‘l‘xzx§+;T3p‘1‘x2x§—:T4p‘1‘x2x§+:Tsp‘l‘xzxg—;Tsp‘l‘xzx§+
3 1 7 21 31
ZT7p1x2x +£T p3 py X2 X3 - ;T3pip2x2x§+?T“pipzxzxg—?TSpip2x2x§+11T6pip2x2x§—
3 17 33 27
T7pi|ozXzX§+;T3p§p%xzx§f;T“p%p%xw@?TspipﬁxZX%f?Tﬁpipﬁwi+
9 5

4T7p§p§x2x§+T4p1p§x2x§—;T5p1p§x2x§+6T6p1p§x2x§—;T7p1p§x2x§—T4pip3x2x§+

5 3 3 63 3 1.5 5 3 340 3 9.5 o 3
— T pipsXxax3-2T p1p3sz3+;T P1D3X2X3+;T p1p2p3sz3—;T p1 P2 P3 X2 X3 +

6,2 ; 3 3 s 6 3 3 3
—T P1P2p3X2X3*2 P1P2P3X2X3+£T PLPipP3xa X3 -3T P1p2P3X2X3+£T P1P3 P3 Xa X3 +
1 9 9 3 1 7
;T3P‘1‘X§*ZT4P1X4+;T5P§X§*5T6P1‘X§+3T7P‘1‘X§*4—T8P‘1‘X§*;T3Pipzx§+;T4P§PzX§*
5.3 4 6.3 s 135 5 4. 383 4 542 2.4 5.2 2.4

T pip2X3+11T P1P2X3—?T P1P2X3+;T P1P2X3—ZT PIP3 X3+ 5T pyps X5 -
15 5 1 3 3 1
?Tspip%X§+5T7p%p§X§—ZTsp%p%X‘g‘—;T5p1p3X‘3‘+;T6p1p§X§—;T7p1p3X‘3‘+;T8p1p3X‘3‘

n-1= Vv = Table[Coefficient[err, c] /. (p|X)_ -0, {c, Basis[3, {4}]}]
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T2 T4
our - {0, @, 0,0,0,0,0,0,0,0,0,0,0, 0,;4%;, 0,0,0,0,T°-T°,0,0,0,0,0,0,0, 0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, T-4T>+3T3, -T2+4T3-3T4,

T T T2 . T¢ . T2 372 574 570 , 5 T2 T
0, - —+—, ——+T°+ — -T2, — - + - +7°,0,0,0,0, T°-T>, -—+ —,

2 2 2 2 2 2 2 2 2 2

372 T4 T 374 37> T6
0, — —2T3+ —, 2T2-7T3+8T*-3T°, - —+ - +—,0,0,0,0, T2-T3,

2 2 2 2 2 2
T2 , 3T T T s T2 , 5T 5 . .
— 2T+ ,0,0,-—+—,0,0,0,0,0, -T>+73,0,0, - —+3T>- —,3T3-8T*+57°,
2 2 2 2 2

~T*4+27°-71%,0,0,0,0,0, T>-T*, 0, -T>+T4, T*-7°,0,0,0,0,0,0,0,0,0,0, 0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

9, 9,

11 T2
T-

1 7T 1572 9713 T 772 1573 o9T4

0,0,0,0,0,0,0,0,0,0,0, -—+— - + > T~ + - T .Y,
4 4 4 4 4 4 4 4

9T4 9T° 372 1573 2574

+ - _ _
4 4 2 a4’ 4 2 4 4

372 37> T6 T2 373 1374 157> 5T°
o, -+ - -

4 ’ 2 4 4 2

374 T2 374

4 4 4
975 378 T2 3
20, —+T° - —,
2 2 2
T3 TS

- =—,0,0,0,0, -T+4T?-3T3, —_2T%+
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inf-j- mat = Table[
1
R=E[(T-1) (p2-p1) Xa» 1+e;p1x2 (2Tpaxy+p1 ((1-3T) X+ (-1+T) Txy)) +e?b+0[e]®];

db = €7 Normal[Last [R*1:2) wx R313] i R31231] - Last [R3123] wu R3L3) 4k RBIL2T] ] 5
Table[Coefficient[db, c] /. (p|X)_ -0, {c, Basis[3, {4}]}1],
{b, Basis[2, {4}]}]

out[+]=

large output show less show more show all set size limit...

= LinearSolve [mat’, v].Basis[2, {4}]
p1x1 Tp1X
L P1X2

1-T -1+7T

Out[=]=

1= Module[{A, B1, B2},
1 -10 0 0 o 1 0 -1
/-\=[—1 1 0]3 31=[0 1 —1]; BZ=[0 7] 0]5
e o0 o 0 -1 1 -1 0 1
MatrixForm /@ {A.B1 -B1.A, A.B2 -B2.A}

]

e -1 1 e 1 -1
Out[=]= { 1 2] -1, -1 0 1 }
-1 1 o 1 -1 o
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