
Pensieve header: Attempted unitarity for the two-variable version of the Gassner invariant.

Definitions.

Ui_@t_, s_D := ReplacePart@
IdentityMatrix@nD,

88i, i< ® 1 - s, 8i, i + 1< ® 1,

8i + 1, i< ® t, 8i + 1, i + 1< ® 0<
D;

Uinvi_@t_, s_D := Inverse@Ui@t, sDD;

W@Τ___D := TableB

WhichBi < j, 0, i � j, -

It8Τ<PjT - 1M

t8Τ<PjT
, i > j,

It8Τ<PjT - 1M Ht8Τ<PiT - 1L

t8Τ<PiT
F,

8i, n<, 8j, n<F;

X_ := X �. ti_ ¦ 1 � ti;

The named matrices.

n = 5; MatrixForm �� Simplify �� 8U3@t3, t4D, Uinv3@t3, t4D<

:

1 0 0 0 0
0 1 0 0 0
0 0 1 - t4 1 0
0 0 t3 0 0
0 0 0 0 1

,

1 0 0 0 0
0 1 0 0 0

0 0 0 1

t3
0

0 0 1 -1+t4
t3

0

0 0 0 0 1

>

n = 3; MatrixForm �� Simplify �� 8W@2, 3, 1D, Inverse@W@2, 3, 1DD<

:

-1 +

1

t2
0 0

H-1+t2L H-1+t3L
t3

-1 +

1

t3
0

H-1+t1L H-1+t2L
t1

H-1+t1L H-1+t3L
t1

-1 +

1

t1

,

t2
1-t2

0 0

-t2
t3
1-t3

0

-t2 t3 -t3 -

t1
-1+t1

>

n = 3; W@1, 2, 3D �� MatrixForm �� TeXForm

\left(
\begin{array}{ccc}
 -\frac{t_1-1}{t_1} & 0 & 0 \\
 \frac{\left(t_1-1\right) \left(t_2-1\right)}{t_2} & -\frac{t_2-1}{t_2} & 0 \\
 \frac{\left(t_1-1\right) \left(t_3-1\right)}{t_3} & \frac{\left(t_2-1\right)
   \left(t_3-1\right)}{t_3} & -\frac{t_3-1}{t_3} \\
\end{array}
\right)
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n = 5; MatrixForm �� Simplify �� 8W@1, 2, 3, 4, 5D, Inverse@W@1, 2, 3, 4, 5DD<

:

-1 +

1

t1
0 0 0 0

H-1+t1L H-1+t2L
t2

-1 +

1

t2
0 0 0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-1 +

1

t3
0 0

H-1+t1L H-1+t4L
t4

H-1+t2L H-1+t4L
t4

H-1+t3L H-1+t4L
t4

-1 +

1

t4
0

H-1+t1L H-1+t5L
t5

H-1+t2L H-1+t5L
t5

H-1+t3L H-1+t5L
t5

H-1+t4L H-1+t5L
t5

-1 +

1

t5

,

t1
1-t1

0 0 0 0

-t1
t2
1-t2

0 0 0

-t1 t2 -t2 -

t3
-1+t3

0 0

-t1 t2 t3 -t2 t3 -t3 -

t4
-1+t4

0

-t1 t2 t3 t4 -t2 t3 t4 -t3 t4 -t4 -

t5
-1+t5

>

The R3 move  .

n = 3; MatrixForm ��

Simplify �� 8U1@t1, t2D.U2@t1, t3D.U1@t2, t3D, U2@t2, t3D.U1@t1, t3D.U2@t1, t2D<

:
1 - t3 1 - t2 1

-t1 H-1 + t3L t1 0
t1 t2 0 0

,
1 - t3 1 - t2 1

-t1 H-1 + t3L t1 0
t1 t2 0 0

>
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The unitarity property for the generators.

n = 5; Γ = U3@t3, t4D;

MatrixForm �� FullSimplify ��

8t1 = W@1, 2, 4, 3, 5D.Inverse@ΓD, t2 = Transpose@ΓD.W@1, 2, 3, 4, 5D, t1 � t2<

:

-1 +

1

t1
0 0 0 0

H-1+t1L H-1+t2L
t2

-1 +

1

t2
0 0 0

H-1+t1L H-1+t4L
t4

H-1+t2L H-1+t4L
t4

0 1-t4
t3 t4

0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-1 +

1

t3
0 0

H-1+t1L H-1+t5L
t5

H-1+t2L H-1+t5L
t5

H-1+t3L H-1+t5L
t5

H-1+t4L H-1+t5L
t5

-1 +

1

t5

,

-1 +

1

t1
0 0 0 0

H-1+t1L H-1+t2L
t2

-1 +

1

t2
0 0 0

H-1+t1L H-1+t4L
t4

H-1+t2L H-1+t4L
t4

0 1-t4
t3 t4

0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-1 +

1

t3
0 0

H-1+t1L H-1+t5L
t5

H-1+t2L H-1+t5L
t5

H-1+t3L H-1+t5L
t5

H-1+t4L H-1+t5L
t5

-1 +

1

t5

, True>

n = 5; Γ = Uinv3@t4, t3D;

MatrixForm �� FullSimplify ��

8t1 = W@1, 2, 4, 3, 5D.Inverse@ΓD, t2 = Transpose@ΓD.W@1, 2, 3, 4, 5D, t1 � t2<

:

-1 +

1

t1
0 0 0 0

H-1+t1L H-1+t2L
t2

-1 +

1

t2
0 0 0

H-1+t1L H-1+t4L
t4

H-1+t2L H-1+t4L
t4

H-1+t3L H-1+t4L
t4

-1 +

1

t4
0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-2 +

1

t3
- t3 H-1 + t4L + t4

H-1+t3L H-1+t4L
t3

0

H-1+t1L H-1+t5L
t5

H-1+t2L H-1+t5L
t5

H-1+t3L H-1+t5L
t5

H-1+t4L H-1+t5L
t5

-1 +

1

t5

,

-1 +

1

t1
0 0 0 0

H-1+t1L H-1+t2L
t2

-1 +

1

t2
0 0 0

H-1+t1L H-1+t4L
t4

H-1+t2L H-1+t4L
t4

H-1+t3L H-1+t4L
t4

-1 +

1

t4
0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-2 +

1

t3
- t3 H-1 + t4L + t4 J1 -

1

t3
N H-1 + t4L 0

H-1+t1L H-1+t5L
t5

H-1+t2L H-1+t5L
t5

H-1+t3L H-1+t5L
t5

H-1+t4L H-1+t5L
t5

-1 +

1

t5

, True>

The braid .
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The braid .

n = 4; MatrixForm@Γ0 = U1@t1, t2D.Uinv3@t4, t3D.U2@t1, t4DD
1 - t2 1 - t4 1 0
t1 0 0 0

0 0 0 1

t4

0 t1 0 -

1-t3
t4

The unitarity property for b0.

MatrixForm ��

Simplify �� 8t1 = W@2, 4, 1, 3D.Inverse@Γ0D, t2 = Transpose@Γ0D.W@1, 2, 3, 4D, t1 � t2<

:

0 1-t2
t1 t2

0 0

0 H-1+t2L H-1+t4L
t1 t4

H-1+t3L H-1+t4L
t1 t4

1-t4
t1 t4

-1 +

1

t1
0 0 0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-2 +

1

t3
- t3 H-1 + t4L + t4

H-1+t3L H-1+t4L
t3

,

0 1-t2
t1 t2

0 0

0 H-1+t2L H-1+t4L
t1 t4

H-1+t3L H-1+t4L
t1 t4

1-t4
t1 t4

-1 +

1

t1
0 0 0

H-1+t1L H-1+t3L
t3

H-1+t2L H-1+t3L
t3

-2 +

1

t3
- t3 H-1 + t4L + t4 J1 -

1

t3
N H-1 + t4L

, True>
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