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V1 � HV �� A �� dA@AllD �� dS@AllDL �� FullSimplify

H* result is mess for Simplify, did not finish for FullSimplify *L

The Garside Element

G@1D = Ε@1D �� G;

G@n_D �; n > 1 := G@nD = HG@n - 1D �� qD@n - 1, n - 1, nDL ** HXp@n - 1, nD �� GL;

Gi@n_D := Gi@nD = G@nD-1;

8G@1D, G@2D, Xp@1, 2D �� G<

:
1 s1

s1 1
S 1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

>

8G@3D, Xp@1, 2D ** Xp@1, 3D ** Xp@2, 3D �� G, G@3D ** Gi@3D<

:

1 s1 s2 s3

s1 1 1 - T1 1 - T1

s2 0 T1 -T1 H-1 + T2L
s3 0 0 T1 T2

S 1 T1 T1 T2

,

1 s1 s2 s3

s1 1 1 - T1 1 - T1

s2 0 T1 -T1 H-1 + T2L
s3 0 0 T1 T2

S 1 T1 T1 T2

,

1 s1 s2 s3

s1 1 0 0
s2 0 1 0
s3 0 0 1
S 1 1 1

>
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8G@4D, G@5D<

:

1 s1 s2 s3 s4

s1 1 1 - T1 1 - T1 1 - T1

s2 0 T1 -T1 H-1 + T2L -T1 H-1 + T2L
s3 0 0 T1 T2 -T1 T2 H-1 + T3L
s4 0 0 0 T1 T2 T3

S 1 T1 T1 T2 T1 T2 T3

,

1 s1 s2 s3 s4 s5

s1 1 1 - T1 1 - T1 1 - T1 1 - T1

s2 0 T1 -T1 H-1 + T2L -T1 H-1 + T2L -T1 H-1 + T2L
s3 0 0 T1 T2 -T1 T2 H-1 + T3L -T1 T2 H-1 + T3L
s4 0 0 0 T1 T2 T3 -T1 T2 T3 H-1 + T4L
s5 0 0 0 0 T1 T2 T3 T4

S 1 T1 T1 T2 T1 T2 T3 T1 T2 T3 T4

>

8Gi@4D, Gi@5D<

:

1 s1 s2 s3 s4

s1 1 -1+T1

T1

-1+T1

T1

-1+T1

T1

s2 0 1

T1

-1+T2

T1 T2

-1+T2

T1 T2

s3 0 0 1

T1 T2

-1+T3

T1 T2 T3

s4 0 0 0 1

T1 T2 T3

S 1 1

T1

1

T1 T2

1

T1 T2 T3

,

1 s1 s2 s3 s4 s5

s1 1 -1+T1

T1

-1+T1

T1

-1+T1

T1

-1+T1

T1

s2 0 1

T1

-1+T2

T1 T2

-1+T2

T1 T2

-1+T2

T1 T2

s3 0 0 1

T1 T2

-1+T3

T1 T2 T3

-1+T3

T1 T2 T3

s4 0 0 0 1

T1 T2 T3

-1+T4

T1 T2 T3 T4

s5 0 0 0 0 1

T1 T2 T3 T4

S 1 1

T1

1

T1 T2

1

T1 T2 T3

1

T1 T2 T3 T4

>

8Xp@1, 2D Ε@3D �� G, G@3D ** HXp@2, 1D �� GL ** HGi@3D �� dΣ@2, 1DL<

:

1 s1 s2 s3

s1 1 1 - T1 0
s2 0 T1 0
s3 0 0 1
S 1 T1 1

,

1 s1 s2 s3

s1 1 1 - T1 0
s2 0 T1 0
s3 0 0 1
S 1 T1 1

>

8Xp@2, 3D Ε@1D �� G, G@3D ** HXp@3, 2D �� GL ** HGi@3D �� dΣ@1, 3, 2DL<

:

1 s1 s2 s3

s1 1 0 0
s2 0 1 1 - T2

s3 0 0 T2

S 1 1 T2

,

1 s1 s2 s3

s1 1 0 0
s2 0 1 1 - T2

s3 0 0 T2

S 1 1 T2

>
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8t1 = Xp@1, 2D ** Xm@3, 1D ** Xp@2, 3D ** Xm@1, 2D ** Xp@3, 1D ** Xm@2, 3D �� G,

t2 = G@3D ** Ht3 =

Xp@2, 1D ** Xm@1, 3D ** Xp@3, 2D ** Xm@2, 1D ** Xp@1, 3D ** Xm@3, 2D �� GL ** Gi@3D,

t1 � t2 �� Simplify< �� ColumnForm
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t3 �� dS@AllD �� dA@AllD
1 s1 s2 s3
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T2
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-
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S 1 1 1

ThreadAIHt1@AD �� Transpose �� FlattenL �. T_ ® TM �

FlattenAHt3 �� dS@AllDL@AD �. T_ ® TEE �� Simplify

:True,
1

T
+ 3 T + T3

� 2 + 3 T2,
H-1 + TL H1 + T3L

T
� 0,

2 + T2
�

1

T
+ 2 T, True,

1

T
+ 3 T + T3

� 3 + 2 T2, T �
1

T
, 2 + T2

�
1

T
+ 2 T, True>

Ht3 �� dS@AllDL@AD
::-

-1 + T2 - T1 T2 + T3 - T1 T3 - T2 T3 + T1 T2 T3

T1

,

H-1 + T1L H-1 + T3L H-1 + T3 - T1 T3 - T2 T3 + T1 T2 T3L
T1 T3

,
H-1 + T1L H-1 + T2L H1 - T3 + T1 T3L

T1

>,

:
H-1 + T2L H1 - T2 + T1 T2L H-1 + T3L

T1 T2

,

-
1

T1 T2 T3

I1 - T1 - T2 + T1 T2 - 2 T3 + 2 T1 T3 + 3 T2 T3 - 5 T1 T2 T3 + T1
2 T2 T3 - T2

2 T3 + 2 T1 T2
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2
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H-1 + T1L H-1 + T2L H-1 + T2 + T3 - T2 T3 + T1 T2 T3L

T1 T2

>, :-
H-1 + T2L H-1 + T3L

T1 T2

,

H-1 + T1L H-1 + T3L H1 - T3 + T2 T3L
T1 T2 T3

,
-1 + T1 + T2 + T3 - T1 T3 - T2 T3 + T1 T2 T3

T1 T2

>>

:n = 4; Γ0 = GBΩ, â
a=0

n

ha Σa, â
a=1

n

â
b=1

n

ta hb ΑabF, G@4D ** Γ0 ** Gi@4D � Γ0 �� Simplify>

:

Ω s1 s2 s3 s4

s1 Α1,1 Α1,2 Α1,3 Α1,4

s2 Α2,1 Α2,2 Α2,3 Α2,4

s3 Α3,1 Α3,2 Α3,3 Α3,4

s4 Α4,1 Α4,2 Α4,3 Α4,4

S Σ1 Σ2 Σ3 Σ4

,
H-1 + T1L HΑ2,1 + Α3,1 + Α4,1L

T1

� 0 &&

1

T1

H-1 + T1L H-Α2,1 - Α3,1 - Α4,1 + T1 HΑ1,1 - Α1,2 + Α2,1 - Α2,2 + Α3,1 - Α3,2 + Α4,1 - Α4,2LL � 0 &&

Α1,1 + T1 HΑ1,2 + T2 Α1,3L �

T1 Α1,1 + T1 T2 Α1,2 + Α1,3 +
H-1 + T1L HH-1 + T1L Α2,1 + T1 HH-1 + T2L Α2,2 - T2 Α2,3LL

T1

+

H-1 + T1L HH-1 + T1L Α3,1 + T1 HH-1 + T2L Α3,2 - T2 Α3,3LL
T1

+

&&
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H-1 + T1L HH-1 + T1L Α4,1 + T1 HH-1 + T2L Α4,2 - T2 Α4,3LL
T1

&&

Α1,1 + T1 HΑ1,2 + T2 HΑ1,3 + T3 Α1,4LL � T1 Α1,1 + T1 T2 Α1,2 + T1 T2 T3 Α1,3 + Α1,4 +
1

T1

H-1 + T1L HH-1 + T1L Α2,1 + T1 HH-1 + T2L Α2,2 + T2 HH-1 + T3L Α2,3 - T3 Α2,4LLL +
1

T1

H-1 + T1L HH-1 + T1L Α3,1 + T1 HH-1 + T2L Α3,2 + T2 HH-1 + T3L Α3,3 - T3 Α3,4LLL +
1

T1

H-1 + T1L HH-1 + T1L Α4,1 + T1 HH-1 + T2L Α4,2 + T2 HH-1 + T3L Α4,3 - T3 Α4,4LLL &&

-1 +
1

T1

Α2,1 +
H-1 + T2L HΑ3,1 + Α4,1L

T1 T2

� 0 &&

-1 +
1

T1

Α2,1 �
H-1 + T2L HH-1 + T1L Α3,1 - Α4,1 - T1 HΑ3,2 - Α4,1 + Α4,2LL

T1 T2

&&

1

T1 T2

IH-1 + T1L Α3,1 - T1 Α3,2 - Α4,1 + T1 Α4,1 - T1 Α4,2 +

T2 H-H-1 + T1L Α2,1 + Α3,1 + Α4,1 + T1 HΑ2,2 - Α3,1 + 2 Α3,2 - Α3,3 - Α4,1 + 2 Α4,2 - Α4,3LL +

T1 T2
2 H-Α2,2 + Α2,3 - Α3,2 + Α3,3 - Α4,2 + Α4,3LM � Α2,3 &&

1

T1 T2

IH-1 + T1L Α3,1 - T1 Α3,2 - Α4,1 + T1 Α4,1 - T1 Α4,2 + T1 T2
2 H-Α2,2 - H-1 + T3L Α2,3 + T3 Α2,4 - Α3,2 +

Α3,3 - T3 Α3,3 + T3 Α3,4 - Α4,2 + Α4,3 - T3 Α4,3 + T3 Α4,4L + T2 H-H-1 + T1L Α2,1 + Α3,1 + Α4,1 +

T1 HΑ2,2 - Α3,1 + 2 Α3,2 - Α3,3 + T3 Α3,3 - T3 Α3,4 - Α4,1 + 2 Α4,2 - Α4,3 + T3 Α4,3 - T3 Α4,4LLM �

Α2,4 &&
-Α4,1 + T3 HΑ3,1 + Α4,1L

T1 T2 T3

� Α3,1 &&
1

T1 T2 T3

HH-1 + T1L Α4,1 - T1 Α4,2 +

T3 H-H-1 + T1L Α3,1 + Α4,1 + T1 HΑ3,2 - Α4,1 + Α4,2LLL � Α3,2 &&

1

T1 T2 T3

H-H-1 + T1L Α4,1 + T1 H-H-1 + T2L Α4,2 + T2 Α4,3L +

T3 HH-1 + T1L Α3,1 - Α4,1 + T1 HH-1 + T2L Α3,2 + Α4,1 - Α4,2 + T2 Α4,2 - T2 Α4,3LLL � 0 &&

1

T1 T2 T3

IH-1 + T1L Α4,1 + T1 HH-1 + T2L Α4,2 - T2 Α4,3L +

T1 T2 T3
2 H-Α3,3 + Α3,4 - Α4,3 + Α4,4L + T3 H-H-1 + T1L Α3,1 + Α4,1 -

T1 HH-1 + T2L Α3,2 + Α4,1 - Α4,2 + T2 H-Α3,3 + Α3,4 + Α4,2 - 2 Α4,3 + Α4,4LLLM � 0 &&

Α4,1

T1 T2 T3

� Α4,1 &&
-H-1 + T1L Α4,1 + T1 Α4,2

T1 T2 T3

� Α4,2 &&

H-1 + T1L Α4,1 + T1 HH-1 + T2L Α4,2 + T2 H-1 + T3L Α4,3L
T1 T2 T3

� 0>

t1 = V �� G �� dA@AllD �� dS@AllD
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LogB 1

T1
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T2
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LogB
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1

T2

F T2

-
1-T1 T2

LogB
1

T1 T2

F T1 T2

+T1

H-1+T1L H-1+T1 T2L

s2 -

LogB 1

T2

F T2
1-T1 T2

LogB
1

T1 T2

F T1 T2

-
1-T2

LogB
1

T2

F T2
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LogB
1

T1

F T1
2

T1
1-T1 T2

LogB
1

T1 T2

F T1 T2

1-T1

LogB
1

T1

F T1
2

H-1+T1 T2L

S 1

t2 = HV �� GL �. Ta_ ¦ 1 � Ta

-1+
1

T1

LogB
1

T1

F

1�4
-1+

1

T2

LogB
1

T2

F

1�4

-1+
1

T1 T2

LogB
1

T1 T2

F

1�4 s1

s1 -

LogB 1

T1

F LogB 1

T2

F 1-T1

LogB
1

T1

F T1
2

T1
1-T2

LogB
1

T2

F T2

+
1-T1 T2

LogB
1

T1 T2

F T1 T2

-T1
1-T1 T2

LogB
1

T1 T2

F T1 T2

LogB 1

T1 T2

F H-1+T1L 1-T1 T2

LogB
1

T1 T2

F T1 T2

-

LogB 1

T1

F 1

LogB

LogB 1

T1 T2

s2

LogB 1

T2

F -
1-T2

LogB
1

T2

F T2

+
1-T1

LogB
1

T1

F T1
2

T1
1-T1 T2

LogB
1

T1 T2

F T1 T2

LogB 1

T1 T2

F 1-T1

LogB
1

T1

F T1
2

T1
1-T1 T2

LogB
1

T1 T2

F T1 T2

LogB 1

T1

F 1-T1

LogB
1

T1

F T1
2

LogB 1

T1 T2

F

S 1

t1 � t2 �� Simplify
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t2-1
** HV �� GL �� GCollect@FullSimplifyD

J -1+T1

Log@T1D N
1�4

-1+
1

T1 T2

LogB
1

T1 T2

F

1�4

J -1+T2

Log@T2D N
1�4

-1+
1

T1

LogB
1

T1

F

1�4
-1+

1

T2

LogB
1

T2

F

1�4

J -1+T1 T2

Log@T1 T2D N
1�4

s1

LogB 1

T1 T2

F Log@T2D T1
-1+T2

Log@T2D
1-T2

LogB
1

T2

F T2

-Log@T2D T1
2 -1+T2

Log@T2D
1-T2

LogB
1

T2

F T2

+Log

JLogB 1

T1

F+LogB 1

T2

FN Log@T1

s2

LogB 1

T1 T2

F T1
1-T2

LogB
1

T2

F T2

-T1
2 1-T2

LogB
1

T2

F T2

-T1
1-T2

LogB
1

T2

F T2

T2+T1
2 1-T2

LogB
1

T2

F T2

T2+
1-T1

LogB
1

T1

F T1
2

T1
3

JLogB 1

T1

F+LogB 1

T2

FN Log@T1 T2D

S

t3 = V �� A �� dA@AllD �� dS@AllD
A very large output was generated. Here is a sample of it:

32 ´ 21�4 SinhA c1

2
E5

SinhB 1

2
H-c1-c2LF

5
c1

5
SinhB

c2

2
F

c2

3�4

-16 ´ 21�4 SinhB �1�

2
F

4
Sinh@�1� �1�D4 SinhB �1�

2
F c1

3
SinhB

�1�

2
F

c2

3�4

c2+�

�239�+2 2 SinhA c1

2
E SinhB 1

2
H-c1-c2LF SinhA c2

2
E4 SinhB

�

c1

t@1D

t@2D

Show Less Show More Show Full Output Set Size Limit...
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t4 = HV �� AL �. ca_ ¦ -ca

21�4
SinhB

c1

2
F

c1

1�4
SinhB

c2

2
F

c2

1�4

SinhB
1

2
H-c1-c2LF

-c1-c2

1�4 h@1D

t@1D
2

SinhB
c2

2
F

c2

c2-2
SinhB

c1

2
F

c1

c2 -

SinhB
1

2
H-c1-c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1
2 -

SinhB
1

2
H-c1-c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c1 c2 -

SinhB
1

2
H-c1-c2LF

c1+c2

t@2D
- 2

SinhB
c2

2
F

c2

+2
SinhB

c1

2
F

c1

-

SinhB
1

2
H-c1-c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1 -

SinhB
1

2
H-c1-c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c2 -

SinhB
1

2
H-c1-c2LF

c1+c2

c1

SinhB
c2

2
F

c2

-ãc1+c2 c1

Sinh

Ht4 �� dA@AllDL ** HV �� AL �� ACollect

A very large output was generated. Here is a sample of it:

ACollectB

-4 ã

c1

2 SinhA c1

2
E SinhB 1

2
H-c1-c2LF SinhA c2

2
E c1+�17�+4 2 ã

3 c1

2
+c2 SinhA c2

2
E

SinhB
c1

2
F

c1

c1

SinhB
c2

2
F

c2

c2
2 -

SinhB
1

2
H

c1

�23�+2 ã

3 c1

2
+c2 SinhA c2

2
E c1 c2

2 -

SinhB
1

2
H�1�LF

c1+c2

3�4
SinhB

1

2
Hc1+c2LF

c1+c2

1�4

t@1D

t@2D

Show Less Show More Show Full Output Set Size Limit...

t3 � t4 �� Simplify

$Aborted
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