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Pensieve header: Mathemaica notebook accompanying “A Note on the Unitarity Property of the
Gassner Invariant” by Dror Bar-Natan, http://drorbn.net/AcademicPensieve/2014-06/UnitarityOf-

Gassner/.
Definitions.
U; [t_] := ReplacePart[IdentityMatrix[n],

{{i, i} »1-¢t, {i, i+1}>1,
{i+1, i} » t, {i+1, i+1}->0}];
U; [t ] := Inverse[U;[t]]’
Q[z___] := Table|
Which[i<3j, 0,i=3, (1-tyu) ™, i>3, 1],
{i, n}, {3, n}];
Z = X /. ki »1/ts;
i ,j := ReplacePart[IdentityMatrix[n],
{{i, i} » 1, {i, j} »1-t;,
{7, 1} >0, {j, j} » ti}];
V; ,; := ReplacePart|[IdentityMatrix[n],
{ti, iy »1, {4, ) »1-t,
{j, i} >0, {j, 7} » t:}];
DD := DiagonalMatrix[Table[l-t;, {i, n}]];

(=]

The named matrices.

n=5; MatrixForm /@ Simplify /@ {Us[t], Uz[t]}

) 100 0 0

00 00 010 0 0
01 0 00 .

{OOl—th,OOO{O}
00 t 00 0 0 1 t g
00 0 01 t

000 0 1

n = 3; MatrixForm /@ Simplify /@ {Q[2, 3, 1], Inverse[Q[2, 3, 1]1]}

0 0
1-t 1-t, 0 0
{ 1 = 0 |, | ~(-1+ty) (-1+ty) 1-t, 0 }
. 1) ) —(=1+ty) (-1+ty) t5 —(-1+ty) (-1+t5) 1-t,
1-t;

n =5; MatrixForm /@ {U, ,, V4,5, DD}

ty 00 0 O ts 00 0 0 1-t, 0 0 0 0
0 1000 0O 1000 0 1-t, O 0 0
{00100, o o0100], 0 0 1-t; O 0 }
1-t, 0010 1-t, 0010 0 0 0 1-ts O
0 0001 0 0001 0 0 0 0 1-ts
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The R3 move
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n = 3; MatrixForm /@ Eiirn;>].iify' /e {IJl[ tl ] 'tJZ[.tl 1 .Uy [1:2] ’ th['tz 1 .Uq [t:l] .U, [121] }

{ Sty (—1+ty)
t1 &2

1-t; 1 1-t, 1-t; 1
t; 0|, |-ty (-1+t,) t; 0
0 o ty t, 0 0

The unitarity property for the generators.

n-= 5; Y = U3 [t3
MatrixForm /@

Simplify /@ {Q[1l, 2, 4, 3, 5] .Inverse[y], Transpose[Yy].Q[1, 2, 3, 4, 5]}

n=5; y= IJS [t4
MatrixForm /@

0 0 0 0 0 0 0 0
1-t1 1-t1
1 ! 0 0 0 1 ! 0 0 0
1-t, 1-t;
{ 1 1 0 ! 11 1 o ! }
ta-ts3ty ti-t3 ty
1 1 L 0 0 1 1 L 0 0
1-t3 1-t3
1 1 1 1 L 1 1 1 1 L
1-ts 1-ts

17

1;

FullSimplify /@ {Q[1, 2, 4, 3, 5] .Inverse[y], Transpose[Yy].Q[1, 2, 3, 4, 5]}

0
1-t,
1 1
1-t,
{ 11
101 1-
11

0 0 0 — 0 0 0 0
—L1
0 0 0 1 llt 0 0 0
—L2
1 L 11 1 L) }
1-ty 1-t4

Lot 0 11 1-G82n 0
-1+t -1+t
1 1 S 1 1 1 1 E

1-ts 1-ts
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by = 0'10';'0'2:

2 4 1 3
The braid ﬂ .
) (z 4

n =4; MatrixForm[vy, =U;[t;].U3[ts] . Us[t;1]]
1-t; 1-t, 1 0

t; 0 0 0

0 o o X
ta
1-ty4

0 6 0 -t

The unitarity property for bg.
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MatrixForm /@ Simplify /@ {Q[2, 4, 1, 3].Inverse[y,], Transpose[Y¥,].Q[1, 2, 3, 4]}

1 1

0 0 0 0 0
ti-t1 t2 ti-ti 2

1 1 1 1 1

0 = = 0 L L
{ t1 t1 ti-t1 ty t1 t1 ti-t1 ty
’

1 1

0 0 0 0 0

1-t; 1-t
1+ts (-1+t 1+t (-1+t
1 1 3 ( 4) 1 1 1 3 ( 4)
-1l+ts -1+ts3

On to w-braids

n = 3; MatrixForm /@ Simplify /@ {U; ,.U; 3.U; 3, Uy 3.U; 3.U; 5}

1 1-1t,; 1-t, 11-t, 1-t,
{{O tl *tl (*1+t2) ’ 0 tl *tl (*1+t2)

n-= 3,' MatrixForm /@ S:mellfy /@ {U1,2.U1,3, U1,3.U1,2}

1 1-t, 1-t, 1 1-t;, 1-t,
{[o t, o |, o0 0
0 0 t, 0 0 t,

The “Other Gassner” [’

n =4; MatrixForm /@ Simplify /@ {V,,;, Inverse[DD].U, ;.DD}

ty, 00 0 ty 00 0
0 100 0 100
{0010’ 0010}
1-t;, 00 1 1-t; 00 1
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n = 4; MatrixForm /@ Simplify /@ {
Transpose [DD] .Q[1, 2, 3, 4] .DD,
' = i Transpose[DD]. (Q[l, 2, 3, 4] - Transpose[Q[1, 2, 3, 4]]) .DD

1- 1 0 0 0
ta
1 1
{ (1-tp) (175) 1-— 0 0
1 1 1 !
(1-t,) (1—5) (1-t5) (1—5) 1-+ 0
1 1 1 1
(1-t1) (1-5) (1-t) (1-5) (-t (1-5) 1-o
i(-1+t2) 1 1
- i(-1+=)(1-tp) i (-1+=) (1-t3) 1(71+;) (1 -ty)
i(-1+t1) (~1+ts) i(-1+t3) 1
e — i(-1+=)(1-t3) i (‘1+g) (1-ty) }
i (“lstg) (~1ety) i (“1ety) (~1vty) i(-1+t3) i (_1+ L) (1-ty)
ts ts ts t3 4
i (-1lsty) (~1rtg) i (-Llety) (~1vtg) i (-lety) (~1ety) i(-1+t])
ty ta ta ty
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