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Pensieve header: Testing the common program for all w-meta-calculi. Continues pen-
sieve:/[2014-05/MetaCalculi/, continued pensieve://2014-07/MetaCalculi/.

dir =SetDirectory["C: /drorbn/Acadeni cPensi eve/2014-06/Met aCal cul i /" 1;
<< Knot Theory"
<< MetaCal cul i -Program m

Loadi ng Knot Theory™ version of April 3, 2014, 16:23:56.0784.
Read nmore at http: //katl as. org/w ki /Knot Theory.

General

SXFor m[L = Li nk["L6a4"]]

KnotTheory:loading : Loading precomputed data in PD4Links’.

SXForm[ {Loop [1, 2, 3, 4], Loop[5, 6, 7, 8], Loop[9, 10, 11, 127},
Xm[1, 6] Xm[5, 10] Xm[9, 2] Xp[3, 8] Xp[7, 12] Xp[1l1, 4]]

Z[L]

dm9, 12, 9] |
dm(9, 11, 9] [dm[9, 10, 9] [dm[5, 8, 5] [dm[5, 7, 5] [dm[5, 6, 5] [dm[1, 4, 1] [dm[1, 3, 1]
dm[1, 2, 1][Xm[1, 6] Xm[5, 10] Xm[9, 2] Xp[3, 8] Xp[7, 12] Xp[11, 411111111]]

a-Calculus

{XPap, Xmup} // A
{ 1 h(b] ]

t [a] -1+ef
{Xmyy Xmyo Xps, /7 A /7 dm[l, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3],
Xpgy Xmpgy Xmps // A // dm[1, 4, 11 // dm[2, 5, 2] // dm[3, 6, 3]}

1 hib]
t [a] M]}

a

1 h[l] h[ZJ 1 h[l} h[ZJ
e (1-e%) e % (1-e%)
{ t{2) == 0 Stz == 0
t [3] e (-1l+e%) e % (1-¢%) t [3] e (-1+ef%) e (1-e%)
C3 C3 C3 C3
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a = XMy 1 Xp7 Xngz XMy 11 XP16, 5 XPe, 13 XP14, 9 XP10,15 // A

1 h[l} h[3] h[5} h[7] h[9] h[ll] h[13] h[15}
t[2] 0 0 0 % 0 0 0 0
t [4] 0 0 0 0 0 £ g 0

4
t [6] 0 0 0 0 0 0 L 0
6
t (8] 0 2o 0 0 0 0 0
8
t [10] 0 0 0 0 0 0 0o e
10
t[12] &) 0 0 0 0 0 0 0
Ci12
t [14] 0 0 0 0 “Leet 0 0 0
Ci1a
t [16] 0 0 *16*:“5 0 0 0 0 0

a = XMy 1 Xp7 Xngg XMy 11 XP16, 5 XPs, 13 XP14, 9 XP10,15 // A
Do[a = a // dm[1, k, 11, {k, 2, 16}]; «

e3¢ (~1+4e-8e2c1+11e31-8e*t1 4450 -eb01)

t[1]
Testing R3
{(Xpyp 77 A) %% (Xpyg // A) %% (XPos /7 A), (XPos /7 A) %% (Xpi3 // A) %% (Xpy, /7 A)}
1 h[2] h[3] 1 h[2] hi[3]
“1l+e% -l+ef -1l+e% -1+e%
{ tiy S S| |t S S }
t[2y o0 % t[2y 0 %

Testing the KV Solution
The Hard R4 Equation

Print /@ {(Xpys // A) %% (Xpyz 7/ A) %% (V// A), (V//A) %% ((Xpy3 // A) // da[l, 1, 21)};
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» sion[ ] e sinn[ 2] e
C2

2014-07-23 07:08:57

— h1)
{Sinh‘;(clwz)‘J
-V2 \/S'":[: Cz+2\/5in2[21] CZ\/ S‘"h[gilwz)]
t [l:| 2 1 172
2\/5“12[21] c%\/anh[jlemz” . \/Sni;] Clc?\/&nh[zle< )]
ﬁ\/sm:[cﬂ \/slnhjcz} Jsinh[c; Eclﬂ:z)' 7@“; o simj“ﬂ +93;1*C201 Snz[cﬂ
t [2:| 2 1 1 2 2 2
2\/5”‘2[?] Cl\/sinh[c;j:lmz] +2\/Sinr;[czl] Cz\/smh[}(?mz)]
21/4 [S'nz[zl} {Smt[:]] :
7 h[1]
[Smhg(cimz}]J
B o[ [
t [l:| 2 1 1 2
2\/Sinr;[czl] C%\/Sinh[gfc ey ] +2\/Snr;621] Clcz\/&nh[gi'zy )]
r\/sm;:: 2\/Sinhcczl Jsinhc::wz) *ETIC1 Sin:‘z‘ K%CZC1 Sn:\%\
t [2:| 2 1 1 2 2 2
2\/S|nr;[21] Cl\/Sinh[czj:lu:Z) +2\/sinr;[zl] Cz\/sinn[z(21+cz)]
(Xpaz /7 A) *% (Xpg // A) »x (V// A) =
(V77 A) #% ((Xpys // A) /7 da[l, 1, 21) /7 Sinplify
True
Unitarity
(V//7 A) *x= (Mi //A) // aCollect [Sinplify]
(1)
gA (“renormalized cabling™)
gAO[z_, X_, y_1[a_A] := Mdul e[{b, a},
Ti mes [
V//A//do[l->Db[x], 2-Db[y]],
a //dA[z, x, V1,
V//A//dA[L] // dA[2] // do[l»a[x], 2-a[y]]

1 7/ dm[b[x1, x, x1 // dm[b[y1, v, yv]1 // dm[x, a[x], x] // dm[y, a[y]1, V]
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Xpys // A /7 qa0[1, 1, 2] // aCol | ect [Sinplify]
1 h[3]

_e%2 4gC1+C2

tray =
t[2] __1;:%

(Xpaz /7 A) % (Xpyz // A)
1 h(3]

_C24+gC17C2

t[1] -
t[2] —'155”

Xpys // A7/ qa[l, 1, 2] /7 aCol | ect [Sinplify]
1 h[3]

_ 2 +gC17C2

t[1] C1+Cy
t[2] —'155”

Clear [w, a, 6, ¢, E];
aO=A[w, {t[al, t[S1}. (: 2) thiai, h[S]}];
al = a0 // gqa0[a, x, y] // aColl ect [Sinplify]
w h[S] h[x]
t [S] = ¢

2014-07-23 07:08:57

h{
¢

t [x -e 6 Cx+e™* 6 Cx-eY 6 Cy+e® v O Cy  -eW acCx+e™ Y acCyx-e® acCy+e™ O acy -e% acCyx+e™™ acy
—-Cx+€%x*Cy Ccy —Cx+e%*Cy Cy —Cx+e'
t [YJ -0 Cx+€% 6 Cy-6Cy+e® 6 Cy -~ Cyx+e% aCy-oCy+e® aCy -0 Cy+€% a Cy
-Cy+e®% ¢y —Cy+e%*% ¢y -Cy+e'

aCol l ect [(Simplify[#] /. cx+Cy > Ca) &] [al]

W h[S] h[Xx] hiy]
t [a] 0 0 0
t [S] = o o)

t [X ] -e% 6 Ca+eC°X*°y 6Ca -e% o Ca+<eC°X*°y acCga -e% o Ca+<eCCX*CY acCa
—Cx+e%a Cy ~Cx+€%a Cy —Cx+efa Cy

t [y] -6 Ca+<ezv ©Ca - ca+ezy acCa —o ca+ezy aCa
~Cy+efacy ~Cy+efacy ~Cy+eta cy

Cear [w, a, 6, ¢, E];

a 6 .
a0 = Alo, {t a1, tS]}. (¢ :) thral, hisn];
a0 // qAfa, X, y] // aCol | ect [Sinplify]

W h[S] h[x] hiy]
t [S] = ¢
-e% Ocy+e™'Y o cy-e% o cy+e™*% o cy -e% acy+e™'% acx-e% acy+e> Y acy -e% acy+e™'Y acx-e% acy+e®*% acy
t [X] —Cy+@%x*Cy ¢y —Cyx+@%x*% ¢y —Cyx+@5*%y ¢y
t -0 Cx+€% O Cx-6Cy+e% O Cy ~acx+e® acCx-acy+e® acy ~aCx+e% aCx-acCy+e® acy
[y] *Cy+ecX+Cy Cy *Cy*’@cx*cy cy 7cy+eCX+Cy Cy
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["-Calculus

{XPap, XM} // T

1 sa Sp
1 Sa Sp Sa 1 *1T+Ta
Sa 1 1-T, a }
{ sp O Ta "|sp O Ti
5 1 T, N
» 1 T

Meta-Associativity

n = 4; *(O:I'[w, ihaca, iitahbaloam]
a=0

w S1 S» S3 S4
S1 011 Q12 013 Q14
Sz 021 Q2 O23 024
S3 Q31 Q32 033 O34
S4 041 Og2 043 O4s
2 01 O O3 O4

¥0 // dm[1, 2, 1] //dm[1, 3, 1]

w (1 -0gp - a3 0 — Oip3 + 12 Ap3)

2014-07-23 07:08:57

S1

031—-012 031 -013 X22 X31 —023 Q31 +Q12 023 31 +A11 X32+Q13 A1 A32— Q11 (23 X32+021 X33~ (12 21 A33+

S1

1-0u2-013 02 -023+012 023

041 —012 041 —013 X22 041 —023 Q41 +Q12 023 041 +A11 Xg2+A13 A1 Q42— Q11 023 042 +021 X312 21 Q43+

Sy4

o

¥0 // dm[2, 3, 2] /7 dm[1, 2, 1]

w (1 -o012 - 013 092 - Q3 + 012 023)

1-0u2-013 02 -023+012 023

01 O2 O3

S1

Q31-012 031 ~013 X2 031 ~023 031 +012 Q23 X31+0111 A32+X13 Q21 A32— (11 X3 032 +021 Q33 —012 A1 X33+

S1

1-01p-0u3 Q22 -023+012 Q23

Q41-02 041~ 013 022 041~ 023 041 +012 Q23 K41 +011 042 +X13 021 Q42— Q11 X23 042 +0021 Q43012 Q21 043+

Sy4
by

1-o12-0u3 22-023+012 A23

01 02 03

(¥O // dm[1, 2, 1] //dm[1, 3, 1]) == (yO // dm[2, 3, 2] //dm[1, 2, 1])

True
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Column Sums

Cear[a, B, ¥ 6, 6, €, ¢, ¥, B, u, wl;

a B 6
70=I‘[w, haoa+hpop+hsos, {ta, tph, ts}. [¥ & G]- {ha, hyp, hs}];
o Y E
¥0 // dm[a, b, c]
- (-1+B)w Sc Ss
s -Y+By-ad -eE+B€-66
¢ 148 148
s —p+B p-ay -E+BE-0 Y
S 148 T148
2 Oa Op Os
-Y+By-ad -€+f €-66
-1+ -1+B8 . .
{1, 13. B oay  EeBE-0U // Sinplify
-1+ -1+
{<—1+B)7+<—1+B)q§—a<é+w) 6—/36+59+E—/33+91[/}
148 ’ 1-5
-Y+By-ad -€+f€-66
-1+8 -1+ o _ _ . .
{1, 13. rBoay  EeBE0U /. {a»sl-y-¢, 6§»S2-B-y, E->s3-06-€}// Sinplify
-1+ -1+
{Sl (-s2+B) + (-1+s82) (y+¢) s3 (—1+/3)+9—829}
-1+ , -1+
-Y+By-ad -€+f€-66
-1+ -1+ o _ a
{1, 1}. osB oy EBE-OU /. {a»Sl-y-¢, 6§-S2-B-y, E->S3-6-€} /.
-1+ -1+
sl|s2|s3-»1// Sinplify
{1, 1}
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Tangle Concatenation; I'-inversion

2014-07-23 07:08:57

n=3; {
n n n
¥l = I‘[wl, Zha ol,, ZZt a hp a10a+b] ,
a=0 a=1b=1
n n n
¥2 = I'[wz, Zha 024, Zzt a hb BlOa+b] )
a=0 a=1b=1
Full Stitch[yl, ¥2], ¥l#*xv¥2, FullStitch[yl, ¥2] ==yl %% 72}
wl S1 So S3 w2 S1 So S3
S1 Q11 Q12 Q13 S1 Bix Biz Pas
{ Sz Qg1 Qg2 O3 |, | S2 Ba1 B2z Bas |,
S3 031 032 033 S3 Ba1 Bsz PBas
5 ol; ol, olg 5 02, 02, 023
wl w2 S1 S, S3
Sy 0u1 Bi1 + 01 P12 + 031 B1z 12 B11 + Aoz Biz + 032 B3 13 P11 + %23 Bi2 + 033 P13
Sy 01 Ba1 + 01 Boa + 031 B2z Q12 B2y + Q2 Boo + 032 Bz Q13 Boy + 23 Bz + 033 B23 |,
Sz 01 B31 + 021 B3z + 031 B3z 12 B3y + Q2 Bz + 032 Bz 013 Bay + 23 B32 + 033 B33
> O'll 0'21 0'12 022 0'13 0'23
wl w2 S1 Sy S3
S1 Qa1 B11 + 021 Biz + gy B1z Qa2 Biyr + 022 P12 + Az2 B1z Q13 Bi1 + 023 P12 + 033 B13
Sy 011 Ba1 + Qo1 Boz + 31 Boz 012 Bo1 + 0ap Boo + gz Baz Qa3 Bay + Oz Bop + 033 Bz |, Tr ue}
S3 01 Ba1 + 01 B3z + 031 B3z A2 Bayr + Qoo B3z + 032 Bz Q13 B3y + 023 B32 + 033 B33
> Oll 021 012 022 013 023
¥yl
1
i S1 S2
023 032 —022 033 Q13 032 -012 X33
Q13 022 031 -012 Q23 (31 —013 21 (32 +011 (23 O32+X12 021 Q33011 022 (33 —013 022 031+012 023 (31 +(13 021 (32011 (23 (32 -012 (21 (X33 +011 02
SZ Q23 031 —-021 033 Q13 031011 33
—013 022 031+012 (23 (31 +013 021 (32 -011 Q23 (32 -012 21 (X33+Q11 022 O33 Q13 022 Q31 -012 023 (31 -013 Q21 32+011 (23 O32+Q12 021 A33-U11 (22
S Q22 031 -021 (32 Q12 031011 *32
3 13 Q22 31 -Q12 023 (31 —A(13 (21 AZ2+011 (23 A32+(12 Q21 (X33—-U11 022 (33 —013 022 O31+012 Q23 (31 +Q13 021 32 -011 (23 A32—((12 (21 A33+011 G2
1 1
z olq ol,
1 1-1
¥l x%y
1 s; s, s3
s; 1 00
s, 0 1 0
s 0 0 1
> 1 1 1
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¥l /7 dS[1] /7 dS[2] // dS[3]

w1l (013 g2 31-012 023 O31-013 021 032 +Q11 (23 032 +012 Q21 0133 -011 022 (33)

ol; 01, ol3 Sl
S 023 032 —022 033
1 13 Q22 Q31 -012 023 31 -(13 Q21 (A32+011 (23 32 +X12 (21 (A33—A11 O2:
52 023 031 —-021 033
—013 022 031 +012 (23 (31 +013 021 (32011 (23 (32 —012 Q21 (X33 +011 O
S3 022 031—-021 032
Q13 Q22 031 —012 023 31 —Q13 021 (32+0(11 (23 Q32 +(12 O21 X33—-011 O2;
1
Z P
oly
(yl //dS[1] //dS[2] //dS[3]) =17t // Sinplify
1 1
-——————wl (o3 (Qpp agy — G O3p) + 01 (-3 031 + Otpg O33) + Qg1 (Olp3 Olzp — Olpp O33) ) == ——
o0l, 01, ol; wl

Other

R3
{Xmyy Xmyp Xpgy // T // dm[1, 4, 11 // dm[2, 5, 2] // dm[3, 6, 3],
Xpgy Xmpy Xmys // T // dm[1, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3]}
R3
1 S1 S, S3 1 S1 S, S3
s, % 0 O s, % 0
14T, 1 14T, 1
{ S2 T2 Ts 0 ) S2 T2 T 0 }
-1+T3 -1+T3 -1+T3 -1+T3
S3 T, T, 1 S3 T, T, 1
T. 1 T. 1
A S
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¥ = XM, 1 Xnp7 Xngz XMy 11 XP16, 5 XPe, 13 XP14,9 XP10,15 // T

1 S1  S2 S3 S4 Ss S¢ S7 Sg So Si0 Si1 Si2 Si13 S14a Sis  Sis
S le 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
s, 0 1 0 0 0 0 & o0 0 o o0 0 o0 O 0 0
2
S3 0 0 Ti 0 0 0 0 0 0 0 0 0 0 0 0 0
8
s, 0 O O 1 0 0 0 0 © o =+ 0o 0 0 0 0
4
S5 0 0 0 0 T, O 0 0 0 0 0 0 0 0 0 0
Sg 0 0 0 0 0 1 0 0 0 0 0 0 1-T¢ O 0 0
S7 0 0 0 0 0 0 Tl—z 0 0 0 0 0 0 0 0 0
ss 0 0 = o0 0 0 0 1 0 o o 0 o0 o 0 0
8
Sy 0 0 0 0 0 0 0 0 Tia 0 0 0 0 0 0 0
s;,op O 0 0 0 0 0 0 0 0 1 0 0 0 0 1-Ty, O
s;1 O 0 0 0 0 0 0 0 0 0 Ti 0 0 0 0 0
4
S12 % o 0 0O O 0 O 0 O o 0 1 0 © 0 0
si3 O 0 0 0 0 0 0 0 0 0 0 0 T 0 0 0
s, 0 0 O O O 0 O O01-T;4 0 O O 0 1 0 0
ss, 0 0 O O O 0 0 0 O 0 0 O 0 0 Ty O
ss, 0 0 O 0 1-T;,5 0 0O 0 O O 0O O O0 O 0 1
1 1 1 1
2 o4& 1 £ 1 T 1 £ 1 Ty 1 £ 1 Te 1 Tp 1
Do[y = ¥ // dmy,1, {k, 2, 10}]; ¥
T1+T1?r;|—1 Tis Sy S11 S12 S13 S14 Sis5  Sie
Tia (-T1+T%+T16) (-1+T1) (1-Ta+TZ) Tua Tas (-14T1) (1-T1+T%) Tag
S1 Tiz (T3+T16-T1 Tis) Ty (T3+T16-Ts Tio) 0 - T2+T16-T1 T1s 0 1-T, 0
Spy 0 - 0 0 0O 0 O
S1o 14T 0 1 0 0 0 O
Ti2
S13 0 0 0 T, 0 0 0
(-14T1a) (-T1+T3+T16) (-1+T1) (1-T1+T%) (-1+T1a) Tas (-1+T1) (1-T1+T%) (-1+T1a)
S14 T T (T3+T16-T1 Tie) h Ti (TE+T16-Ta Tas) 0 Ti+T16-T1 Tis L 0 0
S15 0 0 0 0 0 T, 0
Ty (-1+T16) (-1+T1) Ta (-1+Tie) (-1+T1)? (-1+Tse)
S16 T T (T3+T16-T1 Tie) h TE+T16-T1 Tie 0 T3+T16-T1 Tie 0 0 L
T Ty 1
s Tule + 1 T 1 T, 1
8 17
¥ = XMip, 1 XMp7 Xz XMy 11 XP1s, 5 XPs, 13 XP14,9 XP10,15 // T;
Do[y = ¥ // dm[1, k, 1], {k, 2, 16}]; ¥
8 17
1-4T,+8 T3-11 T3+8 T{-4 TS+TS
_ =
S1 1
by 1
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Z[r, Link["L6a4"1]

KnotTheory:loading : Loading precomputed data in PD4Links’.

(1-T1-Ts+T1 Ts-Tg+T1 Tg+T5 Tg) (T1+T5-T1 T5+Tg-Ty Tg-Ts To+T1 Ts Tg)

T Ts T, S1
11519
S To (1-2 T1+T3-Ts+3 Ty Ts-T3 Ts-To+2 Ty To-T2 To+Ts To-2 Ty Ts To+'
1 (1-Ty-Te+Ty Ts-To+Ty To+Ts To) (T1+Ts-Ty Ts+To-Ty To-Ts To+Ty
s Ty (-1+Ts) (1-Ty+Ty Ts) (-1+Tg)
5 (1-T1-To+Ty Ts-To+T1 To+Ts To) (T1+Ts5-T1 Ts+To-Ty To-Ts To+Ty
s (-1+Ts) Ts (-1+To) (1-2 T1-To+T1 To)
9 (1-Ty-Te+Ty Ts-To+T1 To+Ts To) (T1+Ts5-T1 Ts+To-Ty To-Ts To+Ty
% 1

MA[T, Link["L6a4"]]
(-1+Ty) (-1+Ts5) (-1+Ty)
T, Ts

Fact or [ (Mul tivariabl eAl exander [#]1[T] /. T[i _]1 = Tsel eton[n]m,l]])] & /@

MVA[T, #]
Al'l Links[{2, 8}]

KnotTheory:loading : Loading precomputed data in MultivariableAlexander4Links'.

{71—% Ta, 7-|—§/2 T2, - /-rl T8/2, 7-|—§/2 Vs, CT2T2, 7272, - , 7-,—;»/2 T3/2 Tg/zy

N

VT1 Vs / = 3/2 17/2 ! ! 2 1 T2V Ts 3/2 17/2
_7’ - Tl T L _T1 T5 1 _7’ - 1 _TlT 1 _7’ _7, _Tl T5 ]
TS/Z Tg/z Tg/z T, m

3/2 T3/2

T T

1 1 1 1
_ ,Tl Tg/Zl _ ’Tl Tg/Z, _ , _Ti/z Tg/Z' _ ,Tl Tg/Z’ _ - ! _T?/Z Tg/Z' _T7’
VTs VTs VTs 7

7Tl T,, 7T% T3, 7T§ T3, 7Ti’/2 Tg/Z' 7T?/2 Tg/Z' 7T?/2 TS/Z, 7T§/2 Tg/Z /Tg, _ lTl, 7T§/2 T% T%l!
VT VT T AT

2 3/2
Lk T Ti3

—\/?Té Tia, -~/ Ta TE2TE? -TY2T8% [ Tus _L\/ﬁ’ _\/f\/f\/f\/-rl?,}

VT VT
To

ﬁ

, -TRTERTYATIE, TIATRR Ty VT, -TY2TETE,

a<—IT Convertions

{Xp[1, 2] // T, Xp[1, 2] // A // T}

1 s; s» 1 s; s,
s;1 1 1-T4 s; 1 1-T,

{ s, O T ' s, 0 T, }
» 1 Ty » 1 T
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{Xm[1, 21 // A Xm[l, 2] // T // A}

2014-07-23 07:08:57

{ 1 h[2] 1 h(2] ]}
e (1-e%1) y e (1-e°)
(t[l} T t[1] e
Clear[a, B, v, 6, 6, €, ¢ ¥, E pu, o],
a B 6
70=I‘[w, haoa+hpop+hsos, {ta, tph, ts}. [¥ & G]- {ha, hyp, hs}];
¢ ¥y E
{¥0, ¥O /77 A, ¥O0//A//T, (¥xO//A//T) /. {a-»1l-y-¢, 651-B-¢, E-1-6-€}}
b S Sy Ss w h[a] h[b] h[S]
—0+0g A e
Sa a B 6 tlal] —— - -
Sp ¥ 6 € |, Ra -6+0p e |
{ A N
> Oa Op Os t [S] _® _ ¥ Eos
Cs Cs Cs
W Sa Sh Ss W Sa Sh Ss
Sa l-v-9¢ B O Sa 1-v-¢ B O
Sb Y 1-B8-4 € » | Sb Y 1-B8-4 € }
Ss 0) s l-e-06 Ss 0} s l-e-6
S 1l-oa-y-¢p+0a 1-B-6-yYy+0p 1-€-6-2+05 b Oa Ob Os

Clear[a, B, ¥ 6, 6, €, ¢, ¥, E, u, wl;

w-Bw
{ t[c]
t [S]

w-PBw

t[c]

a 3 6
70=I‘[w, haoa+hyop+hsos, {ta, tp, ts}. |y & €
o ¥ E
{¥0 // dm[a, b, ¢1 7/ A, ¥0 // A // dm[a, b, c]} /.
{a->1-y-¢, 6>1-B-y, E-1-6-€}
hic] h[S]
1-B-¢+B ¢-U+y Y+¢ Y~0a Op+f3 Oa Op €-Be+6-BO-O Y
—Cc+f3 C¢ -Cc+B Cc
O-B oYy Y- ¥ 1-B-e+B€-6+36+6 Yy-0s+f3 Os
-Cs+B3Cs -Cs+BCs
hic] h[S]
1-B-¢+B ¢-Y+y Y+¢ Y~0a Op+B Ta Op €-BEe+6-BO-O Y
—Cc+BCc -Cc+B Cc
P-BO+U-y y-¢ ¥ 1-B-€+B€-6+B6+6 Yy-0s+S Og
-Cs+BCs -Cs+BCs

t[S]

]- {ha, hp, hs}];
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The KV solution in T, starting from a
V// A // aCollect [Full Sinplify]
gi/a [a mi%i} / [s. n:z%]] /

1 1/4
Si nhh (c1+c2)} J

Cy+Cy

2014-07-23 07:08:57

\/?\/Slmjcﬂ Cz+2\/
t 1] -
2

Slnh[%ﬂ SinhE(cPczw
C2 Cy1+Cy

c 1
Si nh[i] Si nh[f(clmz)]
C12 C1C2 \/ czlwc2

sinh| 2 (c,« ° sinh|2 3¢ s
J ol e e e, [
c; Cy+Cy c,y
si nh[%] Sinh[;—rclmz)] si nh[%] si nh[;—rclmz)
C Cl Cq+C. * C C2 C,+C
1 1 2 1 1 2
V//IA//T //
X _ a=X
rCol | ect [Assum‘ ng[T1 >0 & T, > 0, (n / {Si nhix 1 = }] // Full Sinpli fy] &]
“14T, 1/4 -1+T, 1/4
(o) () . .
“14T, T, 1/4 1 2
(LUQIT1 TzJ)
(-14Ty) Ty -1+T, 14Ty T, -1+Ty T, (-14Ty) Ty -1+T,
Log[T1] Log[Tz}J Log(T] JLog[m _J Log (T, T, +T1JL09[T1T21 ] Log[T1] ooty 1274 Teoi,
Sq -
-1+T; T, -14T,
Log [Ty T2] (-1+Ty) Tog T, T, Log[T: T2] TogT,) ﬁ
14T, (-1+TH T, 14T, T, (1T T, B
Log [Tz] 7T1\/Log[T2' +J Log[T,] \/Log[Tsz] ] Log([T1] | Wi]l Ta+log[T2] | [ 5
Sz
(-14Ty) Ty 14T T, -1+T,
Log (M1 T2 JW ngmm LI T2) [ gy | T
by 1 ATy
- e_x
T'Si np = Assuni ng[Tl >1 88 T, > 1, (n / {Si nhix ] =
V//A//T

Log[Ti T2] (-1+T1) (-1+T2) )1/4
Log[Ti] Log[T2] (-1+T; T2)

/1 FuIISierIify] &

Log

S1 S2
Log[Ti]+ Log[T,] Log(T,] Log[T; T,1 Ty (-14T,) Log(T1] |-1+Ts |Ta- Log[T,] Log[T; 1
(-1+Ty) (-1+Ty Tp)
s
! Log [Ty T2] Log [T1 T2] (-L1+T
Log[Ty] Log[T; T,] Ty (-1+T,) B Log[Ty13 Log(T,) (-1+Ty) Ty (-1+1
Log [Tz] 71*\/ Log(T,] (-1+Ty) (-1+T; Ty) J Log(Tz]+Tz |Log[T2] T“J Log[T; Tp] (-1+T)
S2 - Log [T; T
b3 1

Log [Ty T2] (-1+Ty

VT
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T[V] »*T[Vi ]
1 Sy

Log [Ty To]+T Log (T, 1 L09(Ty) Log (T Ta) (LT Ty (ATy) |} oo 7y, (| LO8ITa Loa(Ty) LOGITy Tp) (1T Log[T,] Log(T,] Log(T, T,] (-1+
CARENEIRAE: 1T, 1 CARERES (1T Ty ((1+T, Tp) 1 (1T Ty (14T, T,p)

S

1 Log [Ty T2] (-1+T1 Tp)

Log[T,] Log(T,] Log(T; T, (-1+T, Log [T, Log(T,] Log[T; Tp] (-1+Ty) Ty (~1+T.
(-14T) |- (-1+T1) TlJ g 1]( l‘gi )Q]T (Qi‘lT QT]>( +Ta) +\/ g(Ty] Log(Ty] 9[11T zT] 1) Ty +T2) ]
1 1 1'2 1'2

S

2 Log [Ty To] (-1+T1) (-1+Ty o)

% 1

1
Log[Ty To] (-1 +Ty Ty)

Log[Ty] Log[To] Log [Ty To] (=1 +Ty1) Ty (-1 +Ty)
-LOg [Tl Tz] +T2 l T T +
-4+ 1112

Log[T;] Log[T,] Log[T, T -1+T
1, [Log [T, T + g[T.1]1 Log[T,] Log[Ty T2]1 (-1 +T3) B
(—1+T1) Tl (—1+T1T2)

Log[T.] Log[T,] Log [Ty To] (-1 +T)y)
(—1+T1) Tl (—1+T1T2)

// Power Expand // Sinplify

Log[Ty] Log[Tp] Log[Ty To] (-1 +Tp)
(—1+T1) Tl (—1+T1T2)

(—1+T2) —(—1+T1) Tl

Log[Ty] Log[T,] Log [Ty T2l (-1 +Ty) Ty (-1 +T>) /
—1+T1 T2

(Log [Ty T2] (-1+Ty) (-1+Ty Ty)) // Power Expand // Sinplify

dS and dA for I, starting from «

d ear [a, 6, ¢, B, w];

e
:E){ha, hs}]x
((¥0 // A// dS[a] // T) = (¥O // A// dAf[a] // T)) /. {a»1-¢, E->1-6}

True

70=I‘[w, ha 0a + hsos, {ta, ts}.(
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(¥O0 /7 A// dS[a] // T)
(-1+¢) w

2014-07-23 07:08:57

(¥O0 /77 A// dA[a] // T) /. {¢>1-a =-1-6} // TCollect

aw

o Sa Sg
Sa 4 .

Ss —1;0( %
2 Oia Os

(¥O /7 dA[a]) /. {¢>1-a, =->1-6} // TCollect

— S S
oa a S
1 o
S iy il
a o o
-l+a o-6
S _
s o o
1
2 — Os
Oa

~l+o+p-0a Sa Ss
1 E]
Sa 149 149
¢ -1+6+¢
Ss -1+¢ -1+¢
5 _ 1 _ 1-0-6+0 O-E+aA B-p+0 P+= p+03-6 Oa—= Oq+05—0t 05— Og+0z Og
-1l+o+¢p-0a -1+o+¢p-0a

(¥O0 /7 A// dA[a] // T) = (0 // dA[a]) /. {¢>1-a, =E->1-6} // Sinplify

True

dA for T, starting from «

Clear [a, 6, ¢, B, w];

[C]
70=I‘[wl ha Ua"'hSO'Sy {ta, tS} (g E) {ha, hS}]:
((¥0 // A// dafa, b, c] // T) /. {a»1-¢é, =->1-0}) // TCollect
W Sh S¢ Ss
g, _ —Lod(Tol+¢Log(Ts]-Log(Tec] ca _ Log[Tp] (-1+¢+0a) 6 Log[Tp]
b Log [To] +Log [Tc] Log [T ] +Log [Tc] Log [To] +Log [Tc]
S _ Log[Tc] (-1+¢+0a) Log[Tc]-¢Log[Tc]+Log[Ty] oa 6Log[T¢]
¢ Log [Ty +Log[Tc] Log [To] +Log [Tc] Log[Tp] +Log [Tc]
Ss 0 [0) 1-6
Z Ga O_a OS
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Cear [a, 6, ¢, B, w];

g :) {ha, hs}];

¥0 // A // dafa, b, ¢c] // dS[c] // dm[b, c, a]

1
Power:infy : Infinite expression — encountered. >
0

1
Power:infy : Infinite expression — encountered. >
0

70=I‘[w, ha 0a + hsos, {ta, ts}-(

o _ _ o . (E-0¢-E¢—0s+¢0s)t[S]
Infinity::iindet : Indeterminate expression ComplexInfinity + ComplexInfinity + encountered. >

—Cs + ¢ Cs
—W+¢ W
( ~l+a+¢p-0, )
gA for T, starting from «
d ear [a, 6, ¢, B, w];
e
70=I'[w| ha oa +hsos, {ta, tS}-(: .;.)-{hay hS}];
¥0 // A// qa[a, b, c] // T
w Sb SC
s _l-a-¢+aTe-Tp Tc+d Tp Tc+0a-Tc Oa (-1+Tp) Te (0x-0a) o (-
b 1+Tp Te 14Ty Te 7
s (-1+T¢) (a-0a) _1-¢-aTe-Tp Te+a Ty Te+@ Tp Te+Tc 0a—Th Te Oa 6
¢ “1+Tp Te ~1+Tp Te
Ss 0] 0]
by l-oa-¢+o0, l-oa-¢+0, 1-¢
O ear [av 61 ¢1 El w]x
e
70=r[wx ha o4 + hs os, {ta, tS}-(: ,;.)-{hay hS}];
¥0 // qafa, b, c]
W Sh S¢ Ss
S —aTe+a Ty Te-0a+T¢ 0a (-1+Tp) Te (a-03) 6 (-1+Tp) T¢
b “14Tp T -1+Tp Te -1+Tp Te
S (-1+T¢) (a-03) —a+o Te-Tg 0a+Tp Te 0a 6 (-1+T¢)
¢ “1+Tp Te “1+Tp Te “14+Tp Te
Ss 0] ¢ B
2 Oa Oa Os
d ear [a, 6, ¢, B, w];
e
YO:I‘[(J), haGa+h505, {ta, ts}(: E).{ha, hs}];
Sinplifyf
(¥O //qala, b, ¢c1)[31 = (¥O 7/ A// qala, b, ¢c] // T)[I3] /. {a-»1-¢, 6-51-5}]
True
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gA tests for I

{tl1=Xpy3//T//0qa[1, 1, 2],

1 s; s,
s; 1 0
{ s, 0 1
s3; 0 O
> 1 1

t2 = (e[1] Xppg // T) *x (e[2] Xpy3 // T),

S3 1 s; s
-(-1+Tq) T s; 1 0
1-T, ) s, 0 1

T, T, s3 0 O
T, s 11

{tl=Xms// T //0qA[l, 1, 2],

1 s; s,
s; 1 0
{ s, 0 1
s3; 0 O
> 1 1

{t 1=Xps, //T//qa[l,

1 S1
s1 T3
{ S, 0
s3 1-T;
5 T3

{tl1=Xmy ,//T//09a[l, 1,

1 s
s
{sz 0
Ss %
= 4
d ear [a, B,

W Sa Sp
Sa a B
{ Sp ¥ O
Ss ¢ ¥

2 Oa Op

S3 1 s; s,
% s; 1 0
TlTTZ Clsa 001
Tlsz s3 0 0
Tlsz s 1 1

t2 = (e[2] Xm3 // T) % (e[1] Xmy3 // T),

S3
-1+Tq
o
-1+T,
TiT2 |,

1
T T,
1
Ti T,

S3
-(=1+Tq) To
1-T,

T T
T, T

True}

S, S3 1 S1 S, S3

0 0 S1 T3 0 0

T3 0|, [s2 O T3 0 |, True}
1-T; 1 S3 1-T3 1-T3 1

T; 1 by Ts T; 1

, True}

tl

tl

t2=(e[2] Xmy 1 // T) »* (e[1] Xmy , // T),

2],
S, S3 1 s S, S3
1
0 o0 S1 4 0
1 1
T 0 , | S2 0 T 0 ,True}
-1+T3 -1+T3 -1+T3
Ts 1 S3 Ts Ts 1
1 1 1
n ! >y o5 1
¥, 6, 6, €, ¢, ¥, B, u, wl;
a B 6
{70=I‘[w, ha 0a +hp op + s os, {ta, th ts}. |y 6 €
¢ ¥ E
Ss -(-1+B)w Sc Ss
6 -y+By-a05 -e+Be-66
c Sc 148 148 }
- s ~¢p+Bd-a Y -E+BE-OU
& S -1+ -1+
Os bH Oa Op Os
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==t2}

=12}

1, 2], t2=(e[11Xps , // T) #% (€[2] Xp3 4 // T), t1

tl

=t2}

=12}

. {ha, hy, hs}]. ¥0 // dm[a, b, c]}
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¥0 // dm[a, b, ¢c] // qA[c, cl, c2]

-(-1+B)w
Sc1
Sc2
Ss

N

¥0 // qa[a,
~(-1+8) w
Sc1
Sc2
Ss

3

(¥O // dm[a,

(¥0 7/ qa

Sc1
¥ Te2-By Te2+a 6 Tea—v Tea Tea+B ¥ Tea Tez-00 8 Teg Te2+0a 0b- 0a Ob—Tc2 0a 0b+8 Te2 0a O
(-1+B) (-1+Tec1 Te2) (-
(-1+Tc2) (-¥+B ¥~ 6+0a Op-B Oa Ob) Y-By+a -y Tea+B ¥ Tea-a 6 Tea+
(=1+8) (-1+Tc1 Te2) (-
-¢+Bp-ay
-1+8
Oa Op

(-1+Tc1) Te

al, a2] // qaf[b, bl, b2] 7/ dm[al, bl, c1] // dm[a2, b2, c2]

Sc1
¥ Te2-B ¥ Te2+0 6 Tea—¥ Te1 Tea+B ¥ Te1 Te2-00 6 Tea Tea+0a Ob—f3 0a Ob—Te2 0a 0 +B Te2 0a O
(=1+8) (-1+Tc1 Te2) (-
(-1+Tc2) (~v+B¥-0r6+0a Op-B Oa Ob) Y-By+a 6=y Tea+B ¥ Tea-a 6 Tea+
(-1+B3) (~1+Tc1 Te2) (-
-“p+Bo-a ¥
-1+
Oa Ob

(-1+Tc1) Te

b, c] // ga[c, cl, c2]) =
[a, al, a2] // qa[b, bl, b2] // dm[al, bl, cl1l] //

dm[a2, b2, c2]) //Sinmplify

True

dS tests for I

(Xp[l, 21 // T, Xm[l, 2] // T // dS[1],

Xm[1, 21 // T // dS[2]}

1 S So, 1 S1 So 1 S1 S,
S 1 l—Tl S1 1 1—T1 Sy 1 1—T1

{ s, 0 T, ’ s, 0 T, ’ s, 0 T, }
5 1 T s 10T, s 1 0T,

(Xm[1, 2] // T, Xp[l, 21 // T // dS[1],

Xp[l, 21 // T // dS[2]}

1 Sl SZ 1 Sl S2 1 sl SZ
S 1 __1T+1 LH Sy 1 —_l_l:;Tl S1 1 —_]:I_ZTl
{ S, 0 % ’ S, 0 % ’ So 0 % }
1 1 1
5 1 T 501 T 501 T
Xp[l, 2] // T // dS[1] // dS[2]
1 S1 So
s; 1 1-T;
So 0 Tl
s 1T
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Clear[a, B, ¥, 6, 6, €, ¢, ¥, B, u, wl;

a B 6
{70=1"[w, ha 02 +hp op +hsos, {ta, to, ts}. [v s e].{ha, hp, hs}],
o ¥ =

tl=v0 // dm[a, b, c] // dS[c], t2 =0 // dS[a] // dS[b] // dm[b, a, c], 11==t2}

(-y+By-ad) w

- S S
W Sa Sp Ss Ga o ¢ S
Sa o B o) sc -1+ -e+e-656
-y+By-ad -y+By-ad
{ Sp ¥ 6 € |, ;
_ s _ -p+B p-a ¥ - YE+BYE-aa S E+e p-BE p+5 O p+a e Y-y O U
Ss @ o= s -Y+By-aéd -y+By-ad
>, Oa Op Os 1
X Os
Oa Op
(-y+By-ad) w
- on o8 Sc¢ Ss
-1+83 -e+Re-66
Sc -Y+By-ad -Y+By-ad
s _ -p+B p-a Y -YE+BYE-a b6 E+e p-B e p+5 6 p+ae Y-y O U ! T ue}
S -y+By-ad -y+By-ad
2 E Os
Oa Op
Cear[a, 6, ¢, B, 0];
a e ,
70=I‘[w, haoa +hsos, {ta, ts}). ¢ = . {ha, hs}],
Full Simplify[{1, 1}.dS[a]l[¥0][A], AndeeThread[{1l, 1}. yO[A] == {1, 1}]1]
R
(04 ’ 03

{1, 1}.dS[a][¥0]1[A] // Sinmplify
{1—qb 9+()<E—6qb}

o o
Andee Thread[{1, 1}. ¥O[A] == {1, 1}]
a+¢ =186 += =

Clear [a, 6, ¢, E, w];

e
70=r[0’x ha 0a + hsos, {ta, tS}-(: ,;.)-{ha- hS}];
¥0 // dSpa] // dSa]
w Sa Ss
Sa a ©6
Ss ¢ E
2. Oa Os
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Cear [a, 6, ¢, B, w];

a[Ta]l ©[Tal .

S11) arr ) e n)]s

{(¥0 // dnlal) (e[a]l //T), ¥O // qa[a, b, c] // dS[c] // dm[b, c, a]l,
¥0 // gala, b, ¢c] // dS[c] // dm[c, b, al,

¥0 // qala, b, c] // dS[b] // dm[b, c, a],

¥0 // qala, b, ¢c] // dS[b] // dm[c, b, al}

70=I‘[w, ha oa +hsos, {ta, ts}).

wall]

Sa SS
w Sa SS Oa
ol
{ s, 1 0 s, 1 QH
ss 0 =[1] S 0 alll=i-e[l]e[l]
5 1 os S afl]
2 Os
wall] Sa Ss
W Sa Ss W Sa Ss %
o[l
sa 1 o[1] sa 1 o[1] sa 1 QH }
ss 0 =[1] ss 0 =[1] s 0 alllelioiien
5 1 og 5 1 og S afl]
2 Os

{Xp[S, a] // T, Xp[S, a] // T // qA[a, b, c] // dS[c] // dm[c, b, al}

1 Sa Ss 1l s, Ss
Sa Ts 0 sa 1 O

{ ss 1-Ts 1 ' Ss 0 1 }
by Ts 1 » 1 1

d ear [a, 6, ¢, B, w];

a 6 .

5 o) ha ns)];
{tl=%0 // ga[a, b, c] // dS[b] // dS[c],

t2=v%0 //dS[a] // qala, ¢, b], Sinplify[tl=t2]}

70=I‘[w, ha 0a + hsos, {ta, ts}-(

aw

— Sh Sc Ss
Oa
s ~o Tp+ot Ty Te-0a+Tp 0a _ (-1+Tp) (a-0a) 6 (-1+Tp)
b o (-14Tp Te) oa o (-1+Tp Te) oa o (-1+Tp Te)
s B Tp (-1+T¢) (0-0a) —o+a Tp-Tp 0a+Tp Tc 0 O Tp (-1+T¢)
¢ o (-1+Tp Te) 0a o (-1+Tp Te) 0a o (-1+Tp Te) |?
® ® aE-6 ¢
SS [0} a [}
1 1
2 — — Os
Oa Oa
aw
o Sh Sc Ss
s —o Tp+ot Ty Te-0a+Tp Oa _ (-1+Tp) (0-0a) 6 (-1+Tp)
b o (-1+Tp Te) oa o (-1+Tp Te) 0a o (<1+Tp Te)
Tp (-1+T¢) (a-0a) —o+a Tp-Tp 0a+Tp Tc 0a O Tp (-1+T¢)
Sc o (-1+Tp Te) Oa o (-1+Tp Te) Oa o (-1+Tp Te) | Tr ue}
¢ o] a=-6¢
SS a a o
1 1
Z = =
Oa Oa os
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dA tests for I

{Xp[1, 21 // v, (Xm[l, 21// 1) /. Ty->1/Ty, Xm[l, 2] // T // dA[1] // dA[2]}

1 s4 So 1 s; S, 1 s So
s; 1 1-T, s; 1 1-T; s; 1 1-T,

{ s, 0 T, ' s, 0 T, ’ s, 0 T, }
5 1 T s 1 0T, s 1 T,

{Xm[1, 21 // r, (Xp[l, 21// r) /. T1->1/Ty, Xp[l, 21 // T // dA[1] // dA[2]}

1 s; S, 1 s; s, 1 s; s
s; 1 l?;i s; 1 1%§5- s; 1 lﬁfl

{ s, 0 Tl—l " 1s, O Tl—l " 1s, O Tl—l }
s 1 % s 1 Tl—l s 1 Tl—l

Cear[a B, ¥ 6, 6, €, ¢, ¥, B u, wl;

a B 6
{70=I‘[w, haoa+hpop+hsos, {ta, tp, ts}. [Y 6 € |. {ha, hy, hs}].
¢ ¥ E
tl1=v0 // dm[a, b, c] // dA[c], t2 =0 // dA[a] // dA[b] // dm[b, a, c], tl==t2}
_ (yBy-ad) w Se Ss
W Sa Sp Ss Oa Ob
Sa a B © s _ B cesBe-60
s 5 c ¢ -Y+By-ad -Y+By-ad
{ b ¥ | s _ -0+Bo-ay -YE+BYE-05EB+e $p-Be p+60praey-vOy |’
Ss ¢ ¥ E S —y+By-a s -y+By-aé
2, Oa Op Os 1
by — Os
Oa Op
_ (ysBy-ad)w
on 08 Sc Ss
-1+83 -e+fBe-66
Sc -y+By-a b -Y+By-ad
v , True}
Ss _ -¢+Bo-ay Y E+BYE-aSE+E P-BEPr6 O praEY-YO Y
-Y+By-ad -Yy+By-ad
1
> oa o8 Os
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Cear [a, 6, ¢, B, w];
e
70=I‘[w, ha oa +hsos, {ta, ts}. (: E) {ha, hS}];

{tl1=%0 // qala, b, ¢] // dA[b] // dA[c],
t2=v%0 //dA[a] // gAa[a, b, c], Sinplify[tl==t2]}

o~ Sb Sc Ss
Oa
s —o+a Te-T¢ 0a+Tp Tc 0a _ (=14Ty) Te (a-0a) O (-1+Tp) T¢
b o (-1+Tp To) oa o (<1+Tp To) 0a o (1+To To)
s _ (-1+T¢) (a-0a) —oTe+o Ty Te—0a+Te 0a o (-1+T¢)
¢ a (-1+Tp Te) oa a (-1+Tp Te) 0Oa a (-1+TpTe) |?
¢ ¢ aE-6¢
SS o o o
1 1
2 — — Os
Oa Oa
aw
o Sh Sc Ss
s —o+a Tg-T¢ 0a+Tp T 0a B (-1+Tp) Tc (a-0a) 6 (-1+Ty) T¢
b o (-14Tp Te) oa o (-14Tp Te) oa o (~1+Tp To)
(-1+T¢) (a-0a) —aTe+a Tp Te-0a+T¢ Oa 6 (-1+T¢)
Sc o (-1+Tp Te) 0a o (-1+Tp Te) 0a o (-1+Tp Te) |’ Tr ue}
¢ ¢ aE-6¢
SS a a o
1 1
2 — — Os
Oa Oa
n n n
n=4; ‘{0:1"[0), Zha Oa, Zztahba10a+b]
a=0 a=1b=1

w S1 S3 S3 Sy
S1 011 Q12 013 Q14
S2 0Op1 Q22 O23 Q24
S3 031 Q32 033 O34
S4 041 Q42 043 Q44
2 01 O2 O3 O4

¥y0 /7 dA[1l] /7 dA[2] // dA[3] // dA[4]

w (04 023 032 041 -013 024 032 041 ~0l14 022 033 0141 +012 24 033 0141 +0113 Q22 034 Q41— 012 023 034 Ol41—0l14 O3 0131 042 +0113 024 0131 Olap +Ql14 Ol21 033 Olag —0la1 |

(¥O // dA[1] // dA[2] // dA[3] // dA[4]) »* %0

wZ (O(lll 23 32 g1 —-013 024 032 041 —X14 22 033 041 +Q12 K24 X33 41 +013 Q22 (34 Q41— 12 023 O34 041 ~A14 Q23 X31 K42 +0(13 Q24 031 O42+014 K21 X33 042 -011
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(a14 a3 azp ag1 - Q13 Apg A3z Agg — Qg4 App A3z Q41 + A Qg O33 Og1 + 013 A Ozg Q41 - A O3 X34 04 -
Q14 A3 31 Qg2 + Q13 A4 A31 Ayp + A14 A2 A33 Ay — A1] Apq A3z Qg2 — A3 Ap1 A34 A4 +
Q11 K23 Q34 Qg2 + A1g App A31 Q43 — A1p Apq A3] A3 — Ag4 A1 A3 043 + K] Apg A3 Ay3 +
Qi 01 O34 O3 — 011 App Q34 O3 — A13 A A31 Agq + Agp A3 A3; Q44 + A3 Qo1 A3 A44 =

ai; A1 13 QA4

Qz1 Q2 Qp3 Q24 ]

Q31 Q32 Q33 QAz4

Q41 QA2 Qg3 Q44

Q1 O3 O3 O4g - Ol1p Olp1 O3z Olaq + A1 Qpp O33 A44) == Det [

True

O tests

e[1l, 2] // A
1 hi1l] h[2]
2 c1‘52 €2 cl}cz
-Ci+e2 Ci-e2 2 Cy+e2 Cp -l+e2 2
t[1] ci+cic c
1tC1C2 1+C2
€1 €1 €1 © €1
t (2] “liez 2 €2 Ci-e2 2 C1-Cp+e2 Cp

C1+Co C1Cp+C3

(V77 A) =% (0[1, 2] // A)

sinh[ L] ]1/4 [Si nn[ 2] ]1/4
21/4 2 _ Lol
c; c,
T h[l]
Sinh[~ (cyecy) |
cy+Cy ]
€. ° i nh| 2 j nh| <L h L c i nh| L — c
7\/?971772 S'",zJ cr2 s.n[ZJ o Sln{2 [cl+chJ +2972 S'"MJ o Sln[z(cucz)r +2e?2
¢ [1] c, cy cy+Cy c; cy+Cy \
Si nh[%] cz Si nh[;f(clwz)] . Si nh[%] o e Si nh[g(crcz):
c; 1 cy+Cy c; 152 cy+Cy
c g 1
— %.% |si nh[i] si nh[ir Sinh[f <c1+c2)]
2 ez 2 c, =2 c; : czl+c2
t[2]
Si nh[%' c Si nhE (cl+c2>} 2 Si nh[%' c Si nhE (cl+c2>}
c; 1 cy+Cy c; 2 cy+Cy
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(Xp[1, 21 7/ A) *x (V//A//do[l-2, 2-51])

14 Slnh[%ﬂ 14 Slnh'%] 14
z €1 C2

1 1/4
Si nhb (c1+02)} J

Cy+Cy

Slnh[%ﬂ
— Ci-e

2014-07-23 07:08:57

hil]

c ¢f - e
2 snh[i} si nh[f1 3¢, Sinh i si nh 3¢,
2 cy+C 2 Cy+—— ol Cpe—2
2 cp-ef1*C2 | ——2— ciret 2 Ci1- ez Cote ™ 2
[ [ [

Si nh Si nh
cp+ef1*C2

t[1]
Sinh Sinh| cl
\/Slnhcl] \/ nh sinh|
% _gC1+C2 T + €172 ¢,
t[2]

gﬁ

(V77 A) x%= (0[1, 21 // A) = (XpI[l, 21 // A)*»x (V//A//do[l->2, 2-51]) //Sinplify

True

{tl=e[1, 2] // A// T, t2=0i[1, 2] // A // T, t1lxxt2}

1 S1 Sy
o, Lo8lTi+Log(Te Ty VT, Log(Ta] (-1+VTy VT2 |
{ ! Log [T1]+Log [Tz Log(T1]+Log[T2]
S _ Log(T2] 12V VT2 | Log(T,) Log(Ti] VT VT,
2 Log (T1]+Log[T2) Log (T1]+Log[T2)
Z \ TZ \V Tl
1 S1 P
g, _L09Ta)+Log(T] Ty VT, Log(Ta) (-1+VT1 VT2 L s s
1 1 S
(Log[T1]+Log[T2]) VT1 VT2 (Log[T1]+Log[T2]) VT1 VT2 1 0
S1
s Log(To) (-1+v/Ty VT | Log[T:]+Log[T2] VT1 VT2 s, 0 1
2
(Log [T1]+Log[T2]) VT1 VT2 (Log[T1]+Log[T2]) VT1 VT2 > 1 1
5 1 1
A G

(V77 A) %% (8 [1, 2] /7 A)

(Xm[2, 11 // A) % (V//A//do[l -2, 251]) //FullSinplify

True
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(O[1, 21 /7 A) = (Vi // A) %% (Xp[1, 2] // A) %+ (V//A//do[l -2, 251]) //Sinplify

Simplify::time :
Time spent on a transformation exceeded 300." seconds, and the transformation was aborted. Increasing the value of

TimeConstraint option may improve the result of simplification. >

Simplify:time :
Time spent on a transformation exceeded 300." seconds, and the transformation was aborted. Increasing the value of

TimeConstraint option may improve the result of simplification. >

Simplify::time :
Time spent on a transformation exceeded 300." seconds, and the transformation was aborted. Increasing the value of

TimeConstraint option may improve the result of simplification. >

General:stop : Further output of Simplify::time will be suppressed during this calculation. >

$Abort ed

(Xp[2, 11 // A) = (V// A//do[l»2, 2 >1]) %% (8[1, 2] 7/ A) %+ (Vi //A) //Sinplify

True

I"'b-Calculus

Clear[a, B, ¥, 6 6, €, ¢ ¥, E u wl;

a 3 6
{70=I'b[w, ha 02 +hy 0p + s os, {ta, to ts}. |y & e]. (ha, hop, hs}],
¢ ¥ E
¥0 //T /7 dmla, b, ¢ // rb}
W Sa Sp Ss -B+w Sc Ss
Sa a f3 e s -By+ad+yw -BeE+SO+ew
C
Sp ¥ O € |, w w }
_ s -Boroy+ow -BE+BY+EW
Ss ¢ Y & S w "
2 Oa Op Os X Oa Op Os

V //A// Tb // TbCol |l ect [Full Sinplify[Power Expand[#]] &]

(Log[T1]+Log [To]) /4 (-14T1) V4 (-1+Tp) M4

Log [T1]%/4Log[T2] /4 (~14Ty To) M/
Log [Ty] %4 (JLog[m JLog[T1]+Log(Tz2] +/-1+T2 —[Log(T1] /Log(Ti]+Log(T2] Ty
S1
S2
2l
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V //A// Tbh // TbCol |l ect [Full Sinplify[PowerExpand[#]1] & // TbCol | ect [
Assuming[cy >0 & ¢, >0, FullSinplify[# /. Log[x_] = Log[x /. T. = e*]]] &]

((C1+C) (-1+T1)) 4 (-14Tp) 14

(C1Ca (-1+Ty To)) /4
s \/01 (c1+C2) (-1+Tz) -Ty \/01 (c1+C2) (-1+T2) -Ty \/01 (c1+C2) (-1+Tz) T2+T%\/Cl (C1+C2) (-1+T2)
1
(14
c3/4 (-1+Tp) 14
S2
2

V //A// T // TCollect [Full Sinplify[PowerExpand[#]] & // TColl ect [
Assuming[cy >0 & c, >0, FullSinplify[# /. Log[x_] = Log[x /. T. = e%]]] &]

((C1+C2) (-1+T1)) 4 (-14Tp) 14
(C1Cp (-1+Ty Tp)) /4

(C1+Cp) (-1+Ty)
c C1Cy (-1+T. c C1Cy (-1+T. c ——————— [ -1+Ty T
1\/1 2 ( +2>+2\/1 2 ( +2>+lﬁ Tz *\/C1Cz(61+cz) (-1+T1)
S [
(C14C3) (-1+Ty) [ _
(C1+C2) = czri : 1T T (G1+62)

(€Cy+Cp) (—1+T1)
-C CyCo (-1+T: -C CyCp (-1+T: C ——— /14T T
ieres (14T2) cziferce | *2“2ﬁ P Jeres (easer) (-14Ty)
(Cq + -1+Ty) Al -
(Cr+Cq) [ a2l ) CZ)TI( R S E P (€1+C2)

b 1

S1

S2

V //A// T // TCollect [Full Sinplify[PowerExpand[#]] & // rColl ect [
Assuming[d, >0 & d, >0, FullSinplify[# /. Log[x_] = Log[x /. T. = edaz]]] &]

((d3+d3) (-1+T0))Y* (-14T2) 24
(d2d3 (-1+T, Tp) )Y

S1 s

dy [dZdp/ -1+T, +d3+/ 14T, +d; 1T‘1Tl A (d%+d§> (-1+T1 T2) d, [7d2 (d%+d§) (-1+T1)
Sl 2 2 -
(d3ec3) | 2T [(d3ecE) (-14Ty o) (df+df) -1+
1
da |02\ -1eTy +dh B/ 14Ty dp | T [ (decB) LTy | [dl [(@@d3) 11 T
S, -

(dF+03) | 2T [ (df+03) (-1+Ty T2 (df+df) N/ -1+
b3 1 Na
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