
Pensieve header: Testing the common program for all w-meta-calculi. Continues pen-

sieve://2014-05/MetaCalculi/, continued pensieve://2014-07/MetaCalculi/.

dir = SetDirectory@"C:�drorbn�AcademicPensieve�2014-06�MetaCalculi�"D;

<< KnotTheory`

<< MetaCalculi-Program.m

Loading KnotTheory` version of April 3, 2014, 16:23:56.0784.

Read more at http:��katlas.org�wiki�KnotTheory.

General

SXForm@L = Link@"L6a4"DD
KnotTheory::loading : Loading precomputed data in PD4Links`.

SXForm@8Loop@1, 2, 3, 4D, Loop@5, 6, 7, 8D, Loop@9, 10, 11, 12D<,

Xm@1, 6D Xm@5, 10D Xm@9, 2D Xp@3, 8D Xp@7, 12D Xp@11, 4DD

Z@LD
dm@9, 12, 9D@

dm@9, 11, 9D@dm@9, 10, 9D@dm@5, 8, 5D@dm@5, 7, 5D@dm@5, 6, 5D@dm@1, 4, 1D@dm@1, 3, 1D@
dm@1, 2, 1D@Xm@1, 6D Xm@5, 10D Xm@9, 2D Xp@3, 8D Xp@7, 12D Xp@11, 4DDDDDDDDDD

Α-Calculus

8Xpab, Xmab< �� A

:
1 h@bD

t@aD -1+ãca

ca

,
1 h@bD

t@aD ã-ca H1-ãca L
ca

>

8Xm51 Xm62 Xp34 �� A �� dm@1, 4, 1D �� dm@2, 5, 2D �� dm@3, 6, 3D,

Xp61 Xm24 Xm35 �� A �� dm@1, 4, 1D �� dm@2, 5, 2D �� dm@3, 6, 3D<

:

1 h@1D h@2D
t@2D ã-c2 H1-ãc2 L

c2
0

t@3D ã-c2 H-1+ãc3 L
c3

ã-c3 H1-ãc3 L
c3

,

1 h@1D h@2D
t@2D ã-c2 H1-ãc2 L

c2
0

t@3D ã-c2 H-1+ãc3 L
c3

ã-c3 H1-ãc3 L
c3

>
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Α = Xm12,1 Xm27 Xm83 Xm4,11 Xp16,5 Xp6,13 Xp14,9 Xp10,15 �� A

1 h@1D h@3D h@5D h@7D h@9D h@11D h@13D h@15D
t@2D 0 0 0 ã-c2 H1-ãc2 L

c2
0 0 0 0

t@4D 0 0 0 0 0 ã-c4 H1-ãc4 L
c4

0 0

t@6D 0 0 0 0 0 0 -1+ãc6

c6
0

t@8D 0 ã-c8 H1-ãc8 L
c8

0 0 0 0 0 0

t@10D 0 0 0 0 0 0 0 -1+ãc10

c10

t@12D ã-c12 H1-ãc12 L
c12

0 0 0 0 0 0 0

t@14D 0 0 0 0 -1+ãc14

c14
0 0 0

t@16D 0 0 -1+ãc16

c16
0 0 0 0 0

Α = Xm12,1 Xm27 Xm83 Xm4,11 Xp16,5 Xp6,13 Xp14,9 Xp10,15 �� A;

Do@Α = Α �� dm@1, k, 1D, 8k, 2, 16<D; Α

ã-3 c1 I-1 + 4 ãc1 - 8 ã2 c1 + 11 ã3 c1 - 8 ã4 c1 + 4 ã5 c1 - ã6 c1M
t@1D

Testing R3

8HXp12 �� AL ** HXp13 �� AL ** HXp23 �� AL, HXp23 �� AL ** HXp13 �� AL ** HXp12 �� AL<

:

1 h@2D h@3D
t@1D -1+ãc1

c1

-1+ãc1

c1

t@2D 0 -ãc1 +ãc1+c2

c2

,

1 h@2D h@3D
t@1D -1+ãc1

c1

-1+ãc1

c1

t@2D 0 -ãc1 +ãc1+c2

c2

>

Testing the KV Solution

The Hard R4 Equation

Print �� 8HXp23 �� AL ** HXp13 �� AL ** HV �� AL, HV �� AL ** HHXp13 �� AL �� dD@1, 1, 2DL<;
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c1+c2
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2
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-ã

c1

2 c1

SinhB
c2

2
F

c2

+ã

3 c1

2
+c2 c1

SinhB
c2

2
F

c2

HXp23 �� AL ** HXp13 �� AL ** HV �� AL �

HV �� AL ** HHXp13 �� AL �� dD@1, 1, 2DL �� Simplify

True

Unitarity

HV �� AL ** HVi �� AL �� ΑCollect@SimplifyD
H 1 L

qD (“renormalized cabling”)

qD0@z_, x_, y_D@Α_AD := Module@8b, a<,

Times@
V �� A �� dΣ@1 ® b@xD, 2 ® b@yDD,

Α �� dD@z, x, yD,

V �� A �� dA@1D �� dA@2D �� dΣ@1 ® a@xD, 2 ® a@yDD
D �� dm@b@xD, x, xD �� dm@b@yD, y, yD �� dm@x, a@xD, xD �� dm@y, a@yD, yD

D
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Xp13 �� A �� qD0@1, 1, 2D �� ΑCollect@SimplifyD
1 h@3D

t@1D -ãc2 +ãc1+c2

c1

t@2D -1+ãc2

c2

HXp23 �� AL ** HXp13 �� AL
1 h@3D

t@1D -ãc2 +ãc1+c2

c1

t@2D -1+ãc2

c2

Xp13 �� A �� qD@1, 1, 2D �� ΑCollect@SimplifyD
1 h@3D

t@1D -ãc2 +ãc1+c2

c1+c2

t@2D -1+ãc2

c2

Clear@Ω, Α, Θ, Φ, XD;

Α0 = ABΩ, 8t@aD, t@SD<.K Α Θ

Φ X
O.8h@aD, h@SD<F;

Α1 = Α0 �� qD0@a, x, yD �� ΑCollect@SimplifyD
Ω h@SD h@xD h@

t@SD X Φ Φ

t@xD -ãcy Θ cx+ãcx+cy Θ cx-ãcy Θ cy+ãcx+cy Θ cy

-cx+ãcx+cy cx

-ãcy Α cx+ãcx+cy Α cx-ãcy Α cy+ãcx+cy Α cy

-cx+ãcx+cy cx

-ãcy Α cx+ãcx+cy Α cx

-cx+ãcx

t@yD -Θ cx+ãcy Θ cx-Θ cy+ãcy Θ cy

-cy+ãcx+cy cy

-Α cx+ãcy Α cx-Α cy+ãcy Α cy

-cy+ãcx+cy cy

-Α cx+ãcy Α cx

-cy+ãcx

ΑCollectAISimplify@ðD �. cx + cy ® caM &E@Α1D
Ω h@SD h@xD h@yD

t@aD 0 0 0
t@SD X Φ Φ

t@xD -ãcy Θ ca+ãcx+cy Θ ca

-cx+ãca cx

-ãcy Α ca+ãcx+cy Α ca

-cx+ãca cx

-ãcy Α ca+ãcx+cy Α ca

-cx+ãca cx

t@yD -Θ ca+ãcy Θ ca

-cy+ãca cy

-Α ca+ãcy Α ca

-cy+ãca cy

-Α ca+ãcy Α ca

-cy+ãca cy

Clear@Ω, Α, Θ, Φ, XD;

Α0 = ABΩ, 8t@aD, t@SD<.K Α Θ

Φ X
O.8h@aD, h@SD<F;

Α0 �� qD@a, x, yD �� ΑCollect@SimplifyD
Ω h@SD h@xD h@yD

t@SD X Φ Φ

t@xD -ã
cy Θ cx+ã

cx+cy Θ cx-ã
cy Θ cy+ã

cx+cy Θ cy

-cx+ã
cx+cy cx

-ã
cy Α cx+ã

cx+cy Α cx-ã
cy Α cy+ã

cx+cy Α cy

-cx+ã
cx+cy cx

-ã
cy Α cx+ã

cx+cy Α cx-ã
cy Α cy+ã

cx+cy Α cy

-cx+ã
cx+cy cx

t@yD -Θ cx+ã
cy Θ cx-Θ cy+ã

cy Θ cy

-cy+ã
cx+cy cy

-Α cx+ã
cy Α cx-Α cy+ã

cy Α cy

-cy+ã
cx+cy cy

-Α cx+ã
cy Α cx-Α cy+ã

cy Α cy

-cy+ã
cx+cy cy

G-Calculus
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G-Calculus

8Xpab, Xmab< �� G

:
1 sa sb

sa 1 1 - Ta

sb 0 Ta

S 1 Ta

,

1 sa sb

sa 1 -1+Ta

Ta

sb 0 1

Ta

S 1 1

Ta

>

Meta-Associativity

n = 4; Γ0 = GBΩ, â
a=0

n

ha Σa, â
a=1

n

â
b=1

n

ta hb Α10 a+bF
Ω s1 s2 s3 s4

s1 Α11 Α12 Α13 Α14

s2 Α21 Α22 Α23 Α24

s3 Α31 Α32 Α33 Α34

s4 Α41 Α42 Α43 Α44

S Σ1 Σ2 Σ3 Σ4

Γ0 �� dm@1, 2, 1D �� dm@1, 3, 1D
Ω H1 - Α12 - Α13 Α22 - Α23 + Α12 Α23L s1

s1
Α31-Α12 Α31-Α13 Α22 Α31-Α23 Α31+Α12 Α23 Α31+Α11 Α32+Α13 Α21 Α32-Α11 Α23 Α32+Α21 Α33-Α12 Α21 Α33+

1-Α12-Α13 Α22-Α23+Α12 Α23

s4
Α41-Α12 Α41-Α13 Α22 Α41-Α23 Α41+Α12 Α23 Α41+Α11 Α42+Α13 Α21 Α42-Α11 Α23 Α42+Α21 Α43-Α12 Α21 Α43+

1-Α12-Α13 Α22-Α23+Α12 Α23

S Σ1 Σ2 Σ3

Γ0 �� dm@2, 3, 2D �� dm@1, 2, 1D
Ω H1 - Α12 - Α13 Α22 - Α23 + Α12 Α23L s1

s1
Α31-Α12 Α31-Α13 Α22 Α31-Α23 Α31+Α12 Α23 Α31+Α11 Α32+Α13 Α21 Α32-Α11 Α23 Α32+Α21 Α33-Α12 Α21 Α33+

1-Α12-Α13 Α22-Α23+Α12 Α23

s4
Α41-Α12 Α41-Α13 Α22 Α41-Α23 Α41+Α12 Α23 Α41+Α11 Α42+Α13 Α21 Α42-Α11 Α23 Α42+Α21 Α43-Α12 Α21 Α43+

1-Α12-Α13 Α22-Α23+Α12 Α23

S Σ1 Σ2 Σ3

HΓ0 �� dm@1, 2, 1D �� dm@1, 3, 1DL � HΓ0 �� dm@2, 3, 2D �� dm@1, 2, 1DL
True
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Column Sums

Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

Γ0 = GBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F;

Γ0 �� dm@a, b, cD
-H-1 + ΒL Ω sc sS

sc
-Γ+Β Γ-Α ∆

-1+Β

-Ε+Β Ε-∆ Θ

-1+Β

sS
-Φ+Β Φ-Α Ψ

-1+Β

-X+Β X-Θ Ψ

-1+Β

S Σa Σb ΣS

81, 1<.

-Γ+Β Γ-Α ∆

-1+Β

-Ε+Β Ε-∆ Θ

-1+Β

-Φ+Β Φ-Α Ψ

-1+Β

-X+Β X-Θ Ψ

-1+Β

�� Simplify

:
H-1 + ΒL Γ + H-1 + ΒL Φ - Α H∆ + ΨL

-1 + Β

,
Ε - Β Ε + ∆ Θ + X - Β X + Θ Ψ

1 - Β

>

81, 1<.

-Γ+Β Γ-Α ∆

-1+Β

-Ε+Β Ε-∆ Θ

-1+Β

-Φ+Β Φ-Α Ψ

-1+Β

-X+Β X-Θ Ψ

-1+Β

�. 8Α ® s1 - Γ - Φ, ∆ ® s2 - Β - Ψ, X ® s3 - Θ - Ε< �� Simplify

:
s1 H-s2 + ΒL + H-1 + s2L HΓ + ΦL

-1 + Β

,
s3 H-1 + ΒL + Θ - s2 Θ

-1 + Β

>

81, 1<.

-Γ+Β Γ-Α ∆

-1+Β

-Ε+Β Ε-∆ Θ

-1+Β

-Φ+Β Φ-Α Ψ

-1+Β

-X+Β X-Θ Ψ

-1+Β

�. 8Α ® s1 - Γ - Φ, ∆ ® s2 - Β - Ψ, X ® s3 - Θ - Ε< �.

s1 s2 s3 ® 1 �� Simplify

81, 1<
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Tangle Concatenation; G-inversion

n = 3; :
Γ1 = GBΩ1, â

a=0

n

ha Σ1a, â
a=1

n

â
b=1

n

ta hb Α10 a+bF,

Γ2 = GBΩ2, â
a=0

n

ha Σ2a, â
a=1

n

â
b=1

n

ta hb Β10 a+bF,

FullStitch@Γ1, Γ2D, Γ1 ** Γ2, FullStitch@Γ1, Γ2D == Γ1 ** Γ2>

:

Ω1 s1 s2 s3

s1 Α11 Α12 Α13

s2 Α21 Α22 Α23

s3 Α31 Α32 Α33

S Σ11 Σ12 Σ13

,

Ω2 s1 s2 s3

s1 Β11 Β12 Β13

s2 Β21 Β22 Β23

s3 Β31 Β32 Β33

S Σ21 Σ22 Σ23

,

Ω1 Ω2 s1 s2 s3

s1 Α11 Β11 + Α21 Β12 + Α31 Β13 Α12 Β11 + Α22 Β12 + Α32 Β13 Α13 Β11 + Α23 Β12 + Α33 Β13

s2 Α11 Β21 + Α21 Β22 + Α31 Β23 Α12 Β21 + Α22 Β22 + Α32 Β23 Α13 Β21 + Α23 Β22 + Α33 Β23

s3 Α11 Β31 + Α21 Β32 + Α31 Β33 Α12 Β31 + Α22 Β32 + Α32 Β33 Α13 Β31 + Α23 Β32 + Α33 Β33

S Σ11 Σ21 Σ12 Σ22 Σ13 Σ23

,

Ω1 Ω2 s1 s2 s3

s1 Α11 Β11 + Α21 Β12 + Α31 Β13 Α12 Β11 + Α22 Β12 + Α32 Β13 Α13 Β11 + Α23 Β12 + Α33 Β13

s2 Α11 Β21 + Α21 Β22 + Α31 Β23 Α12 Β21 + Α22 Β22 + Α32 Β23 Α13 Β21 + Α23 Β22 + Α33 Β23

s3 Α11 Β31 + Α21 Β32 + Α31 Β33 Α12 Β31 + Α22 Β32 + Α32 Β33 Α13 Β31 + Α23 Β32 + Α33 Β33

S Σ11 Σ21 Σ12 Σ22 Σ13 Σ23

, True>

Γ1-1

1

Ω1
s1 s2

s1
Α23 Α32-Α22 Α33

Α13 Α22 Α31-Α12 Α23 Α31-Α13 Α21 Α32+Α11 Α23 Α32+Α12 Α21 Α33-Α11 Α22 Α33

Α13 Α32-Α12 Α33

-Α13 Α22 Α31+Α12 Α23 Α31+Α13 Α21 Α32-Α11 Α23 Α32-Α12 Α21 Α33+Α11 Α22

s2
Α23 Α31-Α21 Α33

-Α13 Α22 Α31+Α12 Α23 Α31+Α13 Α21 Α32-Α11 Α23 Α32-Α12 Α21 Α33+Α11 Α22 Α33

Α13 Α31-Α11 Α33

Α13 Α22 Α31-Α12 Α23 Α31-Α13 Α21 Α32+Α11 Α23 Α32+Α12 Α21 Α33-Α11 Α22

s3
Α22 Α31-Α21 Α32

Α13 Α22 Α31-Α12 Α23 Α31-Α13 Α21 Α32+Α11 Α23 Α32+Α12 Α21 Α33-Α11 Α22 Α33

Α12 Α31-Α11 Α32

-Α13 Α22 Α31+Α12 Α23 Α31+Α13 Α21 Α32-Α11 Α23 Α32-Α12 Α21 Α33+Α11 Α22

S
1

Σ11

1

Σ12

Γ1 ** Γ1-1

1 s1 s2 s3

s1 1 0 0
s2 0 1 0
s3 0 0 1
S 1 1 1
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Γ1 �� dS@1D �� dS@2D �� dS@3D
-

Ω1 HΑ13 Α22 Α31-Α12 Α23 Α31-Α13 Α21 Α32+Α11 Α23 Α32+Α12 Α21 Α33-Α11 Α22 Α33L
Σ11 Σ12 Σ13

s1

s1
Α23 Α32-Α22 Α33

Α13 Α22 Α31-Α12 Α23 Α31-Α13 Α21 Α32+Α11 Α23 Α32+Α12 Α21 Α33-Α11 Α22

s2
Α23 Α31-Α21 Α33

-Α13 Α22 Α31+Α12 Α23 Α31+Α13 Α21 Α32-Α11 Α23 Α32-Α12 Α21 Α33+Α11 Α22

s3
Α22 Α31-Α21 Α32

Α13 Α22 Α31-Α12 Α23 Α31-Α13 Α21 Α32+Α11 Α23 Α32+Α12 Α21 Α33-Α11 Α22

S
1

Σ11

HΓ1 �� dS@1D �� dS@2D �� dS@3DL � Γ1-1 �� Simplify

-
1

Σ11 Σ12 Σ13

Ω1 HΑ13 HΑ22 Α31 - Α21 Α32L + Α12 H-Α23 Α31 + Α21 Α33L + Α11 HΑ23 Α32 - Α22 Α33LL �
1

Ω1

Other

R3

8Xm51 Xm62 Xp34 �� G �� dm@1, 4, 1D �� dm@2, 5, 2D �� dm@3, 6, 3D,

Xp61 Xm24 Xm35 �� G �� dm@1, 4, 1D �� dm@2, 5, 2D �� dm@3, 6, 3D<
R3

:

1 s1 s2 s3

s1
T3

T2
0 0

s2
-1+T2

T2

1

T3
0

s3 -
-1+T3

T2

-1+T3

T3
1

S
T3

T2

1

T3
1

,

1 s1 s2 s3

s1
T3

T2
0 0

s2
-1+T2

T2

1

T3
0

s3 -
-1+T3

T2

-1+T3

T3
1

S
T3

T2

1

T3
1

>
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Γ = Xm12,1 Xm27 Xm83 Xm4,11 Xp16,5 Xp6,13 Xp14,9 Xp10,15 �� G

1 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 s11 s12 s13 s14 s15 s16

s1
1

T12
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

s2 0 1 0 0 0 0 -1+T2

T2
0 0 0 0 0 0 0 0 0

s3 0 0 1

T8
0 0 0 0 0 0 0 0 0 0 0 0 0

s4 0 0 0 1 0 0 0 0 0 0 -1+T4

T4
0 0 0 0 0

s5 0 0 0 0 T16 0 0 0 0 0 0 0 0 0 0 0
s6 0 0 0 0 0 1 0 0 0 0 0 0 1 - T6 0 0 0

s7 0 0 0 0 0 0 1

T2
0 0 0 0 0 0 0 0 0

s8 0 0 -1+T8

T8
0 0 0 0 1 0 0 0 0 0 0 0 0

s9 0 0 0 0 0 0 0 0 T14 0 0 0 0 0 0 0
s10 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 - T10 0

s11 0 0 0 0 0 0 0 0 0 0 1

T4
0 0 0 0 0

s12
-1+T12

T12
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

s13 0 0 0 0 0 0 0 0 0 0 0 0 T6 0 0 0
s14 0 0 0 0 0 0 0 0 1 - T14 0 0 0 0 1 0 0
s15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 T10 0
s16 0 0 0 0 1 - T16 0 0 0 0 0 0 0 0 0 0 1

S
1

T12
1 1

T8
1 T16 1 1

T2
1 T14 1 1

T4
1 T6 1 T10 1

Do@Γ = Γ �� dm1k®1, 8k, 2, 10<D; Γ

T1
2+T16-T1 T16

T1
2 s1 s11 s12 s13 s14 s15 s16

s1
T14 I-T1+T1

2+T16M
T12 IT1

2+T16-T1 T16M
H-1+T1L I1-T1+T1

2M T14 T16

T1 IT1
2+T16-T1 T16M 0 -

H-1+T1L I1-T1+T1
2M T14

T1
2+T16-T1 T16

0 1 - T1 0

s11 0 1

T1
0 0 0 0 0

s12
-1+T12

T12
0 1 0 0 0 0

s13 0 0 0 T1 0 0 0

s14 -
H-1+T14L I-T1+T1

2+T16M
T12 IT1

2+T16-T1 T16M -
H-1+T1L I1-T1+T1

2M H-1+T14L T16

T1 IT1
2+T16-T1 T16M 0

H-1+T1L I1-T1+T1
2M H-1+T14L

T1
2+T16-T1 T16

1 0 0

s15 0 0 0 0 0 T1 0

s16 -
T1 H-1+T16L

T12 IT1
2+T16-T1 T16M -

H-1+T1L T1 H-1+T16L
T1

2+T16-T1 T16
0 H-1+T1L2 H-1+T16L

T1
2+T16-T1 T16

0 0 1

S
T14 T16

T1
2 T12

1

T1
1 T1 1 T1 1

8_17

Γ = Xm12,1 Xm27 Xm83 Xm4,11 Xp16,5 Xp6,13 Xp14,9 Xp10,15 �� G;

Do@Γ = Γ �� dm@1, k, 1D, 8k, 2, 16<D; Γ

8_17

-
1-4 T1+8 T1

2-11 T1
3+8 T1

4-4 T1
5+T1

6

T1
3 s1

s1 1
S 1
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Z@G, Link@"L6a4"DD
KnotTheory::loading : Loading precomputed data in PD4Links`.

H1-T1-T5+T1 T5-T9+T1 T9+T5 T9L HT1+T5-T1 T5+T9-T1 T9-T5 T9+T1 T5 T9L
T1 T5 T9

s1

s1
T9 I1-2 T1+T1

2-T5+3 T1 T5-T1
2 T5-T9+2 T1 T9-T1

2 T9+T5 T9-2 T1 T5 T9+T1
2

H1-T1-T5+T1 T5-T9+T1 T9+T5 T9L HT1+T5-T1 T5+T9-T1 T9-T5 T9+T1

s5
T1 H-1+T5L H1-T1+T1 T5L H-1+T9L

H1-T1-T5+T1 T5-T9+T1 T9+T5 T9L HT1+T5-T1 T5+T9-T1 T9-T5 T9+T1

s9
H-1+T5L T5 H-1+T9L H1-2 T1-T9+T1 T9L

H1-T1-T5+T1 T5-T9+T1 T9+T5 T9L HT1+T5-T1 T5+T9-T1 T9-T5 T9+T1

S 1

MVA@G, Link@"L6a4"DD
-

H-1 + T1L H-1 + T5L H-1 + T9L
T1 T5

FactorB 1

MVA@G, ðD HMultivariableAlexander@ðD@TD �. T@i_D ¦ TSkeleton@ð DPi,1TLF & ��

AllLinks@82, 8<D
KnotTheory::loading : Loading precomputed data in MultivariableAlexander4Links`.

:-T1
2 T3, -T1

3�2 T5
3�2, - T1 T5

3�2, -T1
3�2 T5 , -T1

2 T7
2, -T1

2 T7
2, -

T1 T5

T9

, -T1
3�2 T5

3�2 T9
3�2,

-
T1 T5

T9
3�2

, - T1 T5 , -T1
3�2 T5

7�2, -
T1

T5
3�2

, -
T1

T5
3�2

, -T1 T7
2, -

1

T7

, -

T1
3�2 T5

T9

, -T1
3�2 T5

7�2,

- T1 T5
5�2, - T1 T5

3�2, -
T1

T5

, -T1
3�2 T5

3�2, - T1 T5
3�2, -

T1
3�2

T5

, -

T1
3�2

T5

, -T1
3�2 T5

7�2, -
T1

T7

,

-T1 T7, -T1
2 T7

3, -T1
2 T7

3, -T1
5�2 T9

5�2, -T1
5�2 T9

5�2, -T1
5�2 T9

5�2, -T1
3�2 T5

3�2 T9 , - T1 , -T1
3�2 T5

2 T11
2 ,

-
T1

T11
2

, -
T1 T5

T11

, -

T1
3�2 T5

T13
3�2

, -T1
3�2 T5

3�2 T9
3�2 T13

3�2, -T1
3�2 T5

3�2, - T1 T5 , -T1
3�2 T5

2 T11
2 ,

- T1 T5
2 T11, - T1 T5

3�2 T11
3�2, -T1

3�2 T5
5�2 T13 , -

T1 T5

T9 T13

, - T1 T5 T9 T13 >

Α«G Convertions

8Xp@1, 2D �� G, Xp@1, 2D �� A �� G<

:
1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

>
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8Xm@1, 2D �� A, Xm@1, 2D �� G �� A<
:

1 h@2D
t@1D ã-c1 H1-ãc1 L

c1

,
1 h@2D

t@1D ã-c1 H1-ãc1 L
c1

>

Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

Γ0 = GBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F;

8Γ0, Γ0 �� A, Γ0 �� A �� G, HΓ0 �� A �� GL �. 8Α ® 1 - Γ - Φ, ∆ ® 1 - Β - Ψ, X ® 1 - Θ - Ε<<

:

Ω sa sb sS

sa Α Β Θ

sb Γ ∆ Ε

sS Φ Ψ X

S Σa Σb ΣS

,

Ω h@aD h@bD h@SD
t@aD -Α+Σa

ca
-

Β

ca
-

Θ

ca

t@bD -
Γ

cb

-∆+Σb

cb
-

Ε

cb

t@SD -
Φ

cS
-

Ψ

cS

-X+ΣS

cS

,

Ω sa sb sS

sa 1 - Γ - Φ Β Θ

sb Γ 1 - Β - Ψ Ε

sS Φ Ψ 1 - Ε - Θ

S 1 - Α - Γ - Φ + Σa 1 - Β - ∆ - Ψ + Σb 1 - Ε - Θ - X + ΣS

,

Ω sa sb sS

sa 1 - Γ - Φ Β Θ

sb Γ 1 - Β - Ψ Ε

sS Φ Ψ 1 - Ε - Θ

S Σa Σb ΣS

>

Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

Γ0 = GBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F;

8Γ0 �� dm@a, b, cD �� A, Γ0 �� A �� dm@a, b, cD< �.

8Α ® 1 - Γ - Φ, ∆ ® 1 - Β - Ψ, X ® 1 - Θ - Ε<

:

Ω - Β Ω h@cD h@SD
t@cD 1-Β-Φ+Β Φ-Ψ+Γ Ψ+Φ Ψ-Σa Σb+Β Σa Σb

-cc+Β cc

Ε-Β Ε+Θ-Β Θ-Θ Ψ

-cc+Β cc

t@SD Φ-Β Φ+Ψ-Γ Ψ-Φ Ψ

-cS+Β cS

1-Β-Ε+Β Ε-Θ+Β Θ+Θ Ψ-ΣS+Β ΣS

-cS+Β cS

,

Ω - Β Ω h@cD h@SD
t@cD 1-Β-Φ+Β Φ-Ψ+Γ Ψ+Φ Ψ-Σa Σb+Β Σa Σb

-cc+Β cc

Ε-Β Ε+Θ-Β Θ-Θ Ψ

-cc+Β cc

t@SD Φ-Β Φ+Ψ-Γ Ψ-Φ Ψ

-cS+Β cS

1-Β-Ε+Β Ε-Θ+Β Θ+Θ Ψ-ΣS+Β ΣS

-cS+Β cS

>
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The KV solution in G, starting from Α

V �� A �� ΑCollect@FullSimplifyD
21�4

SinhB
c1

2
F

c1

1�4
SinhB

c2

2
F

c2

1�4

SinhB
1

2
Hc1+c2LF

c1+c2

1�4 h@1D

t@1D
- 2

SinhB
c2

2
F

c2

c2+2
SinhB

c1

2
F

c1

c2

SinhB
1

2
Hc1+c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1
2

SinhB
1

2
Hc1+c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c1 c2

SinhB
1

2
Hc1+c2LF

c1+c2

t@2D
2

SinhB
c2

2
F

c2

-2
SinhB

c1

2
F

c1

SinhB
1

2
Hc1+c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1

SinhB
1

2
Hc1+c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c2

SinhB
1

2
Hc1+c2LF

c1+c2

-ã

c1

2 c1

SinhB
c2

2
F

c2

+ã

3 c1

2
+c2 c1

Sinh

V �� A �� G ��
GCollectBAssumingBT1 > 0 && T2 > 0, ð �. :Sinh@x_D ¦

ãx - ã-x

2
> �� FullSimplifyF &F

J -1+T1

Log@T1D N
1�4

J -1+T2

Log@T2D N
1�4

J -1+T1 T2

Log@T1 T2D N
1�4 s1 s2

s1

Log@T1D Log@T2D H-1+T1L T1

Log@T1D
-1+T2

Log@T2D -
-1+T1 T2

Log@T1 T2D +T1
-1+T1 T2

Log@T1 T2D

Log@T1 T2D H-1+T1L -1+T1 T2

Log@T1 T2D

-

Log@T1D H-1+T1L T1

Log@T1D T2-
-1+T2

Log@T2D

Log@T1 T2D -1+T2

Log@T2D
-

Log

s2

Log@T2D -T1
-1+T2

Log@T2D +
H-1+T1L T1

Log@T1D
-1+T1 T2

Log@T1 T2D

Log@T1 T2D H-1+T1L T1

Log@T1D
-1+T1 T2

Log@T1 T2D

Log@T1D H-1+T1L T1

Log@T1D T2+Log@T2D -

Log

Log@T1 T2D -1+T2

Log@T2D
-1

Log

S 1 T1

GSimp = AssumingBT1 > 1 && T2 > 1, ð �. :Sinh@x_D ¦
ãx - ã-x

2
> �� FullSimplifyF &;

V �� A �� G

J Log@T1 T2D H-1+T1L H-1+T2L
Log@T1D Log@T2D H-1+T1 T2L N

1�4
s1 s2

s1

Log@T1D+
Log@T1D Log@T2D Log@T1 T2D T1 H-1+T2L

H-1+T1L H-1+T1 T2L

Log@T1 T2D

Log@T1D -1+T2 T1-
Log@T2D Log@T1 T2

Log@

Log@T1 T2D H-1+T1

s2 -

Log@T2D -1+
Log@T1D Log@T1 T2D T1 H-1+T2L

Log@T2D H-1+T1L H-1+T1 T2L

Log@T1 T2D

-Log@T2D+T2 Log@T2D T1+
Log@T1D3 Log@T2D H-1+T1L T1 H-1+T1

Log@T1 T2D H-1+T2L

Log@T1 T2D H-1+T1

S 1 T1
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G@VD ** G@ViD
1 s1

s1

-Log@T1 T2D+T2
Log@T1D Log@T2D Log@T1 T2D H-1+T1L T1 H-1+T2L

-1+T1 T2

+T1 Log@T1 T2D+
Log@T1D Log@T2D Log@T1 T2D H-1+T2L

H-1+T1L T1 H-1+T1 T2L -T1
Log@T1D Log@T2D Log@T1 T2D H-1+T2

H-1+T1L T1 H-1+T1 T2L

Log@T1 T2D H-1+T1 T2L

s2

H-1+T2L -H-1+T1L T1
Log@T1D Log@T2D Log@T1 T2D H-1+T2L

H-1+T1L T1 H-1+T1 T2L +
Log@T1D Log@T2D Log@T1 T2D H-1+T1L T1 H-1+T2L

-1+T1 T2

Log@T1 T2D H-1+T1L H-1+T1 T2L
S 1

1

Log@T1 T2D H-1 + T1 T2L

-Log@T1 T2D + T2

Log@T1D Log@T2D Log@T1 T2D H-1 + T1L T1 H-1 + T2L
-1 + T1 T2

+

T1 Log@T1 T2D +
Log@T1D Log@T2D Log@T1 T2D H-1 + T2L

H-1 + T1L T1 H-1 + T1 T2L -

T1

Log@T1D Log@T2D Log@T1 T2D H-1 + T2L
H-1 + T1L T1 H-1 + T1 T2L �� PowerExpand �� Simplify

1

H-1 + T2L -H-1 + T1L T1

Log@T1D Log@T2D Log@T1 T2D H-1 + T2L
H-1 + T1L T1 H-1 + T1 T2L +

Log@T1D Log@T2D Log@T1 T2D H-1 + T1L T1 H-1 + T2L
-1 + T1 T2

�

HLog@T1 T2D H-1 + T1L H-1 + T1 T2LL �� PowerExpand �� Simplify

0

dS and dA for G, starting from Α

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

HHΓ0 �� A �� dS@aD �� GL � HΓ0 �� A �� dA@aD �� GLL �. 8Α ® 1 - Φ, X ® 1 - Θ<
True
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HΓ0 �� A �� dS@aD �� GL
H-1+ΦL Ω

-1+Α+Φ-Σa
sa sS

sa -
1

-1+Φ
-

Θ

-1+Φ

sS
Φ

-1+Φ

-1+Θ+Φ

-1+Φ

S -
1

-1+Α+Φ-Σa
-

1-Α-Θ+Α Θ-X+Α X-Φ+Θ Φ+X Φ+Σa-Θ Σa-X Σa+ΣS-Α ΣS-Φ ΣS+Σa ΣS

-1+Α+Φ-Σa

HΓ0 �� A �� dA@aD �� GL �. 8Φ ® 1 - Α, X ® 1 - Θ< �� GCollect

Α Ω

Σa
sa sS

sa
1
Α

Θ

Α

sS
-1+Α

Α

Α-Θ

Α

S
1
Σa

ΣS

HΓ0 �� dA@aDL �. 8Φ ® 1 - Α, X ® 1 - Θ< �� GCollect

Α Ω

Σa
sa sS

sa
1

Α

Θ

Α

sS
-1+Α

Α

Α-Θ

Α

S
1

Σa
ΣS

HΓ0 �� A �� dA@aD �� GL � HΓ0 �� dA@aDL �. 8Φ ® 1 - Α, X ® 1 - Θ< �� Simplify

True

dD for G, starting from Α

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

HHΓ0 �� A �� dD@a, b, cD �� GL �. 8Α ® 1 - Φ, X ® 1 - Θ<L �� GCollect

Ω sb sc sS

sb -
-Log@TbD+Φ Log@TbD-Log@TcD Σa

Log@TbD+Log@TcD -
Log@TbD H-1+Φ+ΣaL
Log@TbD+Log@TcD

Θ Log@TbD
Log@TbD+Log@TcD

sc -
Log@TcD H-1+Φ+ΣaL
Log@TbD+Log@TcD

Log@TcD-Φ Log@TcD+Log@TbD Σa

Log@TbD+Log@TcD
Θ Log@TcD

Log@TbD+Log@TcD
sS Φ Φ 1 - Θ

S Σa Σa ΣS
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Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

Γ0 �� A �� dD@a, b, cD �� dS@cD �� dm@b, c, aD
Power::infy : Infinite expression 

1

0

 encountered. �

Power::infy : Infinite expression 

1

0

 encountered. �

Infinity::indet : Indeterminate expression ComplexInfinity + ComplexInfinity +

HX - Θ Φ - X Φ - ΣS + Φ ΣSL t@SD

-cS + Φ cS

 encountered. �

J -Ω+Φ Ω

-1+Α+Φ-Σa
N

qD for G, starting from Α

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

Γ0 �� A �� qD@a, b, cD �� G

Ω sb sc

sb -
1-Α-Φ+Α Tc-Tb Tc+Φ Tb Tc+Σa-Tc Σa

-1+Tb Tc

H-1+TbL Tc HΑ-ΣaL
-1+Tb Tc

Θ H-

-1

sc
H-1+TcL HΑ-ΣaL

-1+Tb Tc
-

1-Φ-Α Tc-Tb Tc+Α Tb Tc+Φ Tb Tc+Tc Σa-Tb Tc Σa

-1+Tb Tc

Θ H
-1

sS Φ Φ 1

S 1 - Α - Φ + Σa 1 - Α - Φ + Σa 1 - Θ

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

Γ0 �� qD@a, b, cD
Ω sb sc sS

sb
-Α Tc+Α Tb Tc-Σa+Tc Σa

-1+Tb Tc

H-1+TbL Tc HΑ-ΣaL
-1+Tb Tc

Θ H-1+TbL Tc

-1+Tb Tc

sc
H-1+TcL HΑ-ΣaL

-1+Tb Tc

-Α+Α Tc-Tc Σa+Tb Tc Σa

-1+Tb Tc

Θ H-1+TcL
-1+Tb Tc

sS Φ Φ X

S Σa Σa ΣS

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

Simplify@
HΓ0 �� qD@a, b, cDLP3T � HΓ0 �� A �� qD@a, b, cD �� GLP3T �. 8Α ® 1 - Φ, Θ ® 1 - X<D

True

qD tests for G
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qD tests for G

8t1 = Xp13 �� G �� qD@1, 1, 2D, t2 = HΕ@1D Xp23 �� GL ** HΕ@2D Xp13 �� GL, t1 � t2<

:

1 s1 s2 s3

s1 1 0 -H-1 + T1L T2

s2 0 1 1 - T2

s3 0 0 T1 T2

S 1 1 T1 T2

,

1 s1 s2 s3

s1 1 0 -H-1 + T1L T2

s2 0 1 1 - T2

s3 0 0 T1 T2

S 1 1 T1 T2

, True>

8t1 = Xm13 �� G �� qD@1, 1, 2D, t2 = HΕ@2D Xm13 �� GL ** HΕ@1D Xm23 �� GL, t1 � t2<

:

1 s1 s2 s3

s1 1 0 -1+T1

T1

s2 0 1 -1+T2

T1 T2

s3 0 0 1

T1 T2

S 1 1 1

T1 T2

,

1 s1 s2 s3

s1 1 0 -1+T1

T1

s2 0 1 -1+T2

T1 T2

s3 0 0 1

T1 T2

S 1 1 1

T1 T2

, True>

9t1 = Xp3,1 �� G �� qD@1, 1, 2D, t2 = IΕ@1D Xp3,2 �� GM ** IΕ@2D Xp3,1 �� GM, t1 � t2=

:

1 s1 s2 s3

s1 T3 0 0
s2 0 T3 0
s3 1 - T3 1 - T3 1
S T3 T3 1

,

1 s1 s2 s3

s1 T3 0 0
s2 0 T3 0
s3 1 - T3 1 - T3 1
S T3 T3 1

, True>

8t1 = Xm3,1 �� G �� qD@1, 1, 2D, t2 = HΕ@2D Xm3,1 �� GL ** HΕ@1D Xm3,2 �� GL, t1 � t2<

:

1 s1 s2 s3

s1
1

T3
0 0

s2 0 1

T3
0

s3
-1+T3

T3

-1+T3

T3
1

S
1

T3

1

T3
1

,

1 s1 s2 s3

s1
1

T3
0 0

s2 0 1

T3
0

s3
-1+T3

T3

-1+T3

T3
1

S
1

T3

1

T3
1

, True>

Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

:Γ0 = GBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F, Γ0 �� dm@a, b, cD>

:

Ω sa sb sS

sa Α Β Θ

sb Γ ∆ Ε

sS Φ Ψ X

S Σa Σb ΣS

,

-H-1 + ΒL Ω sc sS

sc
-Γ+Β Γ-Α ∆

-1+Β

-Ε+Β Ε-∆ Θ

-1+Β

sS
-Φ+Β Φ-Α Ψ

-1+Β

-X+Β X-Θ Ψ

-1+Β

S Σa Σb ΣS

>
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Γ0 �� dm@a, b, cD �� qD@c, c1, c2D
-H-1 + ΒL Ω sc1

sc1
Γ Tc2-Β Γ Tc2+Α ∆ Tc2-Γ Tc1 Tc2+Β Γ Tc1 Tc2-Α ∆ Tc1 Tc2+Σa Σb-Β Σa Σb-Tc2 Σa Σb+Β Tc2 Σa Σb

H-1+ΒL H-1+Tc1 Tc2L
H-1+Tc1L Tc2

H-

sc2
H-1+Tc2L H-Γ+Β Γ-Α ∆+Σa Σb-Β Σa ΣbL

H-1+ΒL H-1+Tc1 Tc2L
Γ-Β Γ+Α ∆-Γ Tc2+Β Γ Tc2-Α ∆ Tc2+

H-

sS
-Φ+Β Φ-Α Ψ

-1+Β

S Σa Σb

Γ0 �� qD@a, a1, a2D �� qD@b, b1, b2D �� dm@a1, b1, c1D �� dm@a2, b2, c2D
-H-1 + ΒL Ω sc1

sc1
Γ Tc2-Β Γ Tc2+Α ∆ Tc2-Γ Tc1 Tc2+Β Γ Tc1 Tc2-Α ∆ Tc1 Tc2+Σa Σb-Β Σa Σb-Tc2 Σa Σb+Β Tc2 Σa Σb

H-1+ΒL H-1+Tc1 Tc2L
H-1+Tc1L Tc2

H-

sc2
H-1+Tc2L H-Γ+Β Γ-Α ∆+Σa Σb-Β Σa ΣbL

H-1+ΒL H-1+Tc1 Tc2L
Γ-Β Γ+Α ∆-Γ Tc2+Β Γ Tc2-Α ∆ Tc2+

H-

sS
-Φ+Β Φ-Α Ψ

-1+Β

S Σa Σb

HΓ0 �� dm@a, b, cD �� qD@c, c1, c2DL �

HΓ0 �� qD@a, a1, a2D �� qD@b, b1, b2D �� dm@a1, b1, c1D ��
dm@a2, b2, c2DL �� Simplify

True

dS tests for G

8Xp@1, 2D �� G, Xm@1, 2D �� G �� dS@1D, Xm@1, 2D �� G �� dS@2D<

:
1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

>

8Xm@1, 2D �� G, Xp@1, 2D �� G �� dS@1D, Xp@1, 2D �� G �� dS@2D<

:

1 s1 s2

s1 1 -1+T1

T1

s2 0 1

T1

S 1 1

T1

,

1 s1 s2

s1 1 -1+T1

T1

s2 0 1

T1

S 1 1

T1

,

1 s1 s2

s1 1 -1+T1

T1

s2 0 1

T1

S 1 1

T1

>

Xp@1, 2D �� G �� dS@1D �� dS@2D
1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1
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Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

:Γ0 = GBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F,

t1 = Γ0 �� dm@a, b, cD �� dS@cD, t2 = Γ0 �� dS@aD �� dS@bD �� dm@b, a, cD, t1 � t2>

:

Ω sa sb sS

sa Α Β Θ

sb Γ ∆ Ε

sS Φ Ψ X

S Σa Σb ΣS

,

-
H-Γ+Β Γ-Α ∆L Ω

Σa Σb
sc sS

sc
-1+Β

-Γ+Β Γ-Α ∆

-Ε+Β Ε-∆ Θ

-Γ+Β Γ-Α ∆

sS -
-Φ+Β Φ-Α Ψ

-Γ+Β Γ-Α ∆

-Γ X+Β Γ X-Α ∆ X+Ε Φ-Β Ε Φ+∆ Θ Φ+Α Ε Ψ-Γ Θ Ψ

-Γ+Β Γ-Α ∆

S
1

Σa Σb
ΣS

,

-
H-Γ+Β Γ-Α ∆L Ω

Σa Σb
sc sS

sc
-1+Β

-Γ+Β Γ-Α ∆

-Ε+Β Ε-∆ Θ

-Γ+Β Γ-Α ∆

sS -
-Φ+Β Φ-Α Ψ

-Γ+Β Γ-Α ∆

-Γ X+Β Γ X-Α ∆ X+Ε Φ-Β Ε Φ+∆ Θ Φ+Α Ε Ψ-Γ Θ Ψ

-Γ+Β Γ-Α ∆

S
1

Σa Σb
ΣS

, True>

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

FullSimplify@81, 1<.dS@aD@Γ0D@AD, And �� Thread@81, 1<.Γ0@AD � 81, 1<DD
:

1 - Φ

Α

,
1 - Φ

Α

>

81, 1<.dS@aD@Γ0D@AD �� Simplify

:
1 - Φ

Α

,
Θ + Α X - Θ Φ

Α

>

And �� Thread@81, 1<.Γ0@AD � 81, 1<D
Α + Φ � 1 && Θ + X � 1

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

Γ0 �� dS@aD �� dS@aD
Ω sa sS

sa Α Θ

sS Φ X

S Σa ΣS
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Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α@TaD Θ@TaD
Φ@TaD X@TaD O.8ha, hS<F;

8HΓ0 �� dΗ@aDL HΕ@aD �� GL, Γ0 �� qD@a, b, cD �� dS@cD �� dm@b, c, aD,

Γ0 �� qD@a, b, cD �� dS@cD �� dm@c, b, aD,

Γ0 �� qD@a, b, cD �� dS@bD �� dm@b, c, aD,

Γ0 �� qD@a, b, cD �� dS@bD �� dm@c, b, aD<

:

Ω sa sS

sa 1 0
sS 0 X@1D
S 1 ΣS

,

Ω Α@1D
Σa

sa sS

sa 1 Θ@1D
Α@1D

sS 0 Α@1D X@1D-Θ@1D Φ@1D
Α@1D

S 1 ΣS

,

Ω sa sS

sa 1 Θ@1D
sS 0 X@1D
S 1 ΣS

,

Ω sa sS

sa 1 Θ@1D
sS 0 X@1D
S 1 ΣS

,

Ω Α@1D
Σa

sa sS

sa 1 Θ@1D
Α@1D

sS 0 Α@1D X@1D-Θ@1D Φ@1D
Α@1D

S 1 ΣS

>

8Xp@S, aD �� G, Xp@S, aD �� G �� qD@a, b, cD �� dS@cD �� dm@c, b, aD<

:
1 sa sS

sa TS 0
sS 1 - TS 1
S TS 1

,

1 sa sS

sa 1 0
sS 0 1
S 1 1

>

Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

8t1 = Γ0 �� qD@a, b, cD �� dS@bD �� dS@cD,

t2 = Γ0 �� dS@aD �� qD@a, c, bD, Simplify@t1 � t2D<

:

Α Ω

Σa
sb sc sS

sb
-Α Tb+Α Tb Tc-Σa+Tb Σa

Α H-1+Tb TcL Σa
-

H-1+TbL HΑ-ΣaL
Α H-1+Tb TcL Σa

Θ H-1+TbL
Α H-1+Tb TcL

sc -
Tb H-1+TcL HΑ-ΣaL

Α H-1+Tb TcL Σa

-Α+Α Tb-Tb Σa+Tb Tc Σa

Α H-1+Tb TcL Σa

Θ Tb H-1+TcL
Α H-1+Tb TcL

sS -
Φ

Α
-

Φ

Α

Α X-Θ Φ

Α

S
1

Σa

1

Σa
ΣS

,

Α Ω

Σa
sb sc sS

sb
-Α Tb+Α Tb Tc-Σa+Tb Σa

Α H-1+Tb TcL Σa
-

H-1+TbL HΑ-ΣaL
Α H-1+Tb TcL Σa

Θ H-1+TbL
Α H-1+Tb TcL

sc -
Tb H-1+TcL HΑ-ΣaL

Α H-1+Tb TcL Σa

-Α+Α Tb-Tb Σa+Tb Tc Σa

Α H-1+Tb TcL Σa

Θ Tb H-1+TcL
Α H-1+Tb TcL

sS -
Φ

Α
-

Φ

Α

Α X-Θ Φ

Α

S
1

Σa

1

Σa
ΣS

, True>

dA tests for G
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dA tests for G

8Xp@1, 2D �� G, HXm@1, 2D �� GL �. T1 ® 1 � T1, Xm@1, 2D �� G �� dA@1D �� dA@2D<

:
1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

,

1 s1 s2

s1 1 1 - T1

s2 0 T1

S 1 T1

>

8Xm@1, 2D �� G, HXp@1, 2D �� GL �. T1 ® 1 � T1, Xp@1, 2D �� G �� dA@1D �� dA@2D<

:

1 s1 s2

s1 1 -1+T1

T1

s2 0 1

T1

S 1 1

T1

,

1 s1 s2

s1 1 -1+T1

T1

s2 0 1

T1

S 1 1

T1

,

1 s1 s2

s1 1 -1+T1

T1

s2 0 1

T1

S 1 1

T1

>

Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

:Γ0 = GBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F,

t1 = Γ0 �� dm@a, b, cD �� dA@cD, t2 = Γ0 �� dA@aD �� dA@bD �� dm@b, a, cD, t1 � t2>

:

Ω sa sb sS

sa Α Β Θ

sb Γ ∆ Ε

sS Φ Ψ X

S Σa Σb ΣS

,

-
H-Γ+Β Γ-Α ∆L Ω

Σa Σb
sc sS

sc
-1+Β

-Γ+Β Γ-Α ∆

-Ε+Β Ε-∆ Θ

-Γ+Β Γ-Α ∆

sS -
-Φ+Β Φ-Α Ψ

-Γ+Β Γ-Α ∆

-Γ X+Β Γ X-Α ∆ X+Ε Φ-Β Ε Φ+∆ Θ Φ+Α Ε Ψ-Γ Θ Ψ

-Γ+Β Γ-Α ∆

S
1

Σa Σb
ΣS

,

-
H-Γ+Β Γ-Α ∆L Ω

Σa Σb
sc sS

sc
-1+Β

-Γ+Β Γ-Α ∆

-Ε+Β Ε-∆ Θ

-Γ+Β Γ-Α ∆

sS -
-Φ+Β Φ-Α Ψ

-Γ+Β Γ-Α ∆

-Γ X+Β Γ X-Α ∆ X+Ε Φ-Β Ε Φ+∆ Θ Φ+Α Ε Ψ-Γ Θ Ψ

-Γ+Β Γ-Α ∆

S
1

Σa Σb
ΣS

, True>
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Clear@Α, Θ, Φ, X, ΩD;

Γ0 = GBΩ, ha Σa + hS ΣS, 8ta, tS<.K Α Θ

Φ X
O.8ha, hS<F;

8t1 = Γ0 �� qD@a, b, cD �� dA@bD �� dA@cD,

t2 = Γ0 �� dA@aD �� qD@a, b, cD, Simplify@t1 � t2D<

:

Α Ω

Σa
sb sc sS

sb
-Α+Α Tc-Tc Σa+Tb Tc Σa

Α H-1+Tb TcL Σa
-

H-1+TbL Tc HΑ-ΣaL
Α H-1+Tb TcL Σa

Θ H-1+TbL Tc

Α H-1+Tb TcL

sc -
H-1+TcL HΑ-ΣaL
Α H-1+Tb TcL Σa

-Α Tc+Α Tb Tc-Σa+Tc Σa

Α H-1+Tb TcL Σa

Θ H-1+TcL
Α H-1+Tb TcL

sS -
Φ

Α
-

Φ

Α

Α X-Θ Φ

Α

S
1

Σa

1

Σa
ΣS

,

Α Ω

Σa
sb sc sS

sb
-Α+Α Tc-Tc Σa+Tb Tc Σa

Α H-1+Tb TcL Σa
-

H-1+TbL Tc HΑ-ΣaL
Α H-1+Tb TcL Σa

Θ H-1+TbL Tc

Α H-1+Tb TcL

sc -
H-1+TcL HΑ-ΣaL
Α H-1+Tb TcL Σa

-Α Tc+Α Tb Tc-Σa+Tc Σa

Α H-1+Tb TcL Σa

Θ H-1+TcL
Α H-1+Tb TcL

sS -
Φ

Α
-

Φ

Α

Α X-Θ Φ

Α

S
1

Σa

1

Σa
ΣS

, True>

n = 4; Γ0 = GBΩ, â
a=0

n

ha Σa, â
a=1

n

â
b=1

n

ta hb Α10 a+bF
Ω s1 s2 s3 s4

s1 Α11 Α12 Α13 Α14

s2 Α21 Α22 Α23 Α24

s3 Α31 Α32 Α33 Α34

s4 Α41 Α42 Α43 Α44

S Σ1 Σ2 Σ3 Σ4

Γ0 �� dA@1D �� dA@2D �� dA@3D �� dA@4D
Ω HΑ14 Α23 Α32 Α41-Α13 Α24 Α32 Α41-Α14 Α22 Α33 Α41+Α12 Α24 Α33 Α41+Α13 Α22 Α34 Α41-Α12 Α23 Α34 Α41-Α14 Α23 Α31 Α42+Α13 Α24 Α31 Α42+Α14 Α21 Α33 Α42-Α11 Α24

HΓ0 �� dA@1D �� dA@2D �� dA@3D �� dA@4DL ** Γ0

Ω2 HΑ14 Α23 Α32 Α41-Α13 Α24 Α32 Α41-Α14 Α22 Α33 Α41+Α12 Α24 Α33 Α41+Α13 Α22 Α34 Α41-Α12 Α23 Α34 Α41-Α14 Α23 Α31 Α42+Α13 Α24 Α31 Α42+Α14 Α21 Α33 Α42-Α11
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HΑ14 Α23 Α32 Α41 - Α13 Α24 Α32 Α41 - Α14 Α22 Α33 Α41 + Α12 Α24 Α33 Α41 + Α13 Α22 Α34 Α41 - Α12 Α23 Α34 Α41 -

Α14 Α23 Α31 Α42 + Α13 Α24 Α31 Α42 + Α14 Α21 Α33 Α42 - Α11 Α24 Α33 Α42 - Α13 Α21 Α34 Α42 +

Α11 Α23 Α34 Α42 + Α14 Α22 Α31 Α43 - Α12 Α24 Α31 Α43 - Α14 Α21 Α32 Α43 + Α11 Α24 Α32 Α43 +

Α12 Α21 Α34 Α43 - Α11 Α22 Α34 Α43 - Α13 Α22 Α31 Α44 + Α12 Α23 Α31 Α44 + Α13 Α21 Α32 Α44 -

Α11 Α23 Α32 Α44 - Α12 Α21 Α33 Α44 + Α11 Α22 Α33 Α44L � DetB
Α11 Α12 Α13 Α14

Α21 Α22 Α23 Α24

Α31 Α32 Α33 Α34

Α41 Α42 Α43 Α44

F

True

Q tests

Q@1, 2D �� A

1 h@1D h@2D

t@1D -c1+ã

c2

2 c1-ã

c1

2
+

c2

2 c2+ã

c2

2 c2

c1
2+c1 c2

-1+ã

c1

2
+

c2

2

c1+c2

t@2D -1+ã

c1

2
+

c2

2

c1+c2

ã

c1

2 c1-ã

c1

2
+

c2

2 c1-c2+ã

c1

2 c2

c1 c2+c2
2

HV �� AL ** HQ@1, 2D �� AL
21�4

SinhB
c1

2
F

c1

1�4
SinhB

c2

2
F

c2

1�4

SinhB
1

2
Hc1+c2LF

c1+c2

1�4 h@1D

t@1D
- 2 ã

c1

2
+

c2

2

SinhB
c2

2
F

c2

c2-2
SinhB

c1

2
F

c1

c1

SinhB
1

2
Hc1+c2LF

c1+c2

+2 ã

c2

2

SinhB
c1

2
F

c1

c1

SinhB
1

2
Hc1+c2LF

c1+c2

+2 ã

c2

2

2
SinhB

c1

2
F

c1

c1
2

SinhB
1

2
Hc1+c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c1 c2

SinhB
1

2
Hc1+c2LF

c1+c2

t@2D
2 ã

c1

2
+

c2

2

SinhB
c2

2
F

c2

-2
SinhB

c1

2
F

c1

SinhB
1

2
Hc1+c2LF

c1+c2

2
SinhB

c1

2
F

c1

c1

SinhB
1

2
Hc1+c2LF

c1+c2

+2
SinhB

c1

2
F

c1

c2

SinhB
1

2
Hc1+c2LF

c1+c2
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HXp@1, 2D �� AL ** HV �� A �� dΣ@1 ® 2, 2 ® 1DL
21�4

SinhB
c1

2
F

c1

1�4
SinhB

c2

2
F

c2

1�4

SinhB
1

2
Hc1+c2LF

c1+c2

1�4 h@1D

t@1D

SinhB
c1

2
F

c1

c1-ã

c2

2

SinhB
c1

2
F

c1

c1-ãc1+c2

SinhB
c1

2
F

c1

c1+ã
c1+

3 c2

2

SinhB
c1

2
F

c1

c1-ã

c2

2

SinhB
c1

2
F

c1

c2+ã
c1+

3 c2

2

-

SinhB
c1

2
F

c1

c1
2+ãc1+c2

SinhB
c1

2
F

c1

c1
2-

Sinh

t@2D

SinhB
c1

2
F

c1

-ãc1+c2

SinhB
c1

2
F

c1

+ 2 ãc1+c2 c1

SinhB
c2

2
F

c2

Sinh

-

SinhB
c1

2
F

c1

c1+ãc1+c2

SinhB
c1

2
F

c1

c1-

HV �� AL ** HQ@1, 2D �� AL � HXp@1, 2D �� AL ** HV �� A �� dΣ@1 ® 2, 2 ® 1DL �� Simplify

True

8t1 = Q@1, 2D �� A �� G, t2 = Qi@1, 2D �� A �� G, t1 ** t2<

:

1 s1 s2

s1
Log@T1D+Log@T2D T1 T2

Log@T1D+Log@T2D -
Log@T1D J-1+ T1 T2 N

Log@T1D+Log@T2D

s2 -
Log@T2D J-1+ T1 T2 N

Log@T1D+Log@T2D
Log@T2D+Log@T1D T1 T2

Log@T1D+Log@T2D

S T2 T1

,

1 s1 s2

s1
Log@T2D+Log@T1D T1 T2

HLog@T1D+Log@T2DL T1 T2

Log@T1D J-1+ T1 T2 N

HLog@T1D+Log@T2DL T1 T2

s2

Log@T2D J-1+ T1 T2 N

HLog@T1D+Log@T2DL T1 T2

Log@T1D+Log@T2D T1 T2

HLog@T1D+Log@T2DL T1 T2

S
1

T2

1

T1

,

1 s1 s2

s1 1 0
s2 0 1
S 1 1

>

HV �� AL ** HQi@1, 2D �� AL �

HXm@2, 1D �� AL ** HV �� A �� dΣ@1 ® 2, 2 ® 1DL �� FullSimplify

True
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HQ@1, 2D �� AL � HVi �� AL ** HXp@1, 2D �� AL ** HV �� A �� dΣ@1 ® 2, 2 ® 1DL �� Simplify

Simplify::time :

Time spent on a transformation exceeded 300.` seconds, and the transformation was aborted. Increasing the value of

TimeConstraint option may improve the result of simplification. �

Simplify::time :

Time spent on a transformation exceeded 300.` seconds, and the transformation was aborted. Increasing the value of

TimeConstraint option may improve the result of simplification. �

Simplify::time :

Time spent on a transformation exceeded 300.` seconds, and the transformation was aborted. Increasing the value of

TimeConstraint option may improve the result of simplification. �

General::stop : Further output of Simplify::time will be suppressed during this calculation. �

$Aborted

HXp@2, 1D �� AL � HV �� A �� dΣ@1 ® 2, 2 ® 1DL ** HQ@1, 2D �� AL ** HVi �� AL �� Simplify

True

Gb-Calculus

Clear@Α, Β, Γ, ∆, Θ, Ε, Φ, Ψ, X, Μ, ΩD;

:Γ0 = GbBΩ, ha Σa + hb Σb + hS ΣS, 8ta, tb, tS<.
Α Β Θ

Γ ∆ Ε

Φ Ψ X

.8ha, hb, hS<F,

Γ0 �� G �� dm@a, b, cD �� Gb>

:

Ω sa sb sS

sa Α Β Θ

sb Γ ∆ Ε

sS Φ Ψ X

S Σa Σb ΣS

,

-Β + Ω sc sS

sc
-Β Γ+Α ∆+Γ Ω

Ω

-Β Ε+∆ Θ+Ε Ω

Ω

sS
-Β Φ+Α Ψ+Φ Ω

Ω

-Β X+Θ Ψ+X Ω

Ω

S Σa Σb ΣS

>

V �� A �� Gb �� GbCollect@FullSimplify@PowerExpand@ðDD &D
HLog@T1D+Log@T2DL1�4 H-1+T1L1�4 H-1+T2L1�4

Log@T1D1�4 Log@T2D1�4 H-1+T1 T2L1�4

s1

Log@T1D1�4 Log@T1D Log@T1D+Log@T2D -1+T2 - Log@T1D Log@T1D+Log@T2D T1

s2

S
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V �� A �� Gb �� GbCollect@FullSimplify@PowerExpand@ðDD &D �� GbCollectA
AssumingAc1 > 0 && c2 > 0, FullSimplifyAð �. Log@x_D ¦ LogAx �. Ta_ ¦ ãcaEEE &E

HHc1+c2L H-1+T1LL1�4 H-1+T2L1�4

Hc1 c2 H-1+T1 T2LL1�4

s1
c1 Hc1+c2L H-1+T2L -T1 c1 Hc1+c2L H-1+T2L -T1 c1 Hc1+c2L H-1+T2L T2+T1

2 c1 Hc1+c2L H-1+T2L

H-1+

s2

c2
1�4 H-1+T2L1�4

S

V �� A �� G �� GCollect@FullSimplify@PowerExpand@ðDD &D �� GCollectA
AssumingAc1 > 0 && c2 > 0, FullSimplifyAð �. Log@x_D ¦ LogAx �. Ta_ ¦ ãcaEEE &E

HHc1+c2L H-1+T1LL1�4 H-1+T2L1�4

Hc1 c2 H-1+T1 T2LL1�4 s1

s1

c1 c1 c2 H-1+T2L +c2 c1 c2 H-1+T2L +c1
Hc1+c2L H-1+T1L

T1

-1+T1 T2

Hc1+c2L Hc1+c2L H-1+T1L
T1

-1+T1 T2

- c1 c2 Hc1+c2L H-1+T1L T1

Hc1+c2L -1

s2

-c1 c1 c2 H-1+T2L -c2 c1 c2 H-1+T2L +c2
Hc1+c2L H-1+T1L

T1

-1+T1 T2

Hc1+c2L Hc1+c2L H-1+T1L
T1

-1+T1 T2

c1 c2 Hc1+c2L H-1+T1L T1

Hc1+c2L -1

S 1 T1

V �� A �� G �� GCollect@FullSimplify@PowerExpand@ðDD &D �� GCollectA
AssumingAd1 > 0 && d2 > 0, FullSimplifyAð �. Log@x_D ¦ LogAx �. Ta_ ¦ ãda

2EEE &E
IId1

2+d2
2M H-1+T1LM1�4 H-1+T2L1�4

Id1
2 d2

2 H-1+T1 T2LM1�4 s1 s2

s1

d1 d1
2 d2 -1+T2 +d2

3 -1+T2 +d1
-1+T1

T1

Id1
2+d2

2M H-1+T1 T2L

Id1
2+d2

2M -1+T1

T1

Id1
2+d2

2M H-1+T1 T2L

d1 -d2 Id1
2+d2

2M H-1+T1L T1

Id1
2+d2

2M -1+T2

s2 -

d2 d1
3 -1+T2 +d1 d2

2 -1+T2 -d2
-1+T1

T1

Id1
2+d2

2M H-1+T1 T2L

Id1
2+d2

2M -1+T1

T1

Id1
2+d2

2M H-1+T1 T2L

d2 d1 Id1
2+d2

2M H-1+T1L T1

Id1
2+d2

2M -1+T2

S 1 T1
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