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σ calculus. σ1 ∗ σ2 = σ1 ∪ σ2, tmuv
w = (Tu,Tv → Tw), hmxy

z : σ 7→ (σ\{x, y}) ∪ (z→ σxσy), thaux = I, R±ux 7→ T±1
u

β-calculus. Constraints. • Sum of column x is σx − 1. • At T∗ = 1, ω = 1 and A = 0.
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Gassner calculus Γ. Preserves C1 B [col sum = 1] (⇔OC) and X C2 B [∀a, b, (Ta − 1) | (Aab − δabσb)]
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Satisfies: X R±12�dS 1 or 2 = R∓12. X dmab
c �dS c = dS a�dS b�dmba

c .
X dS a�dS a = I. X q∆a

bc�dS b�dS c = dS a�q∆a
cb.

X Assuming C2, dηa�dεa = q∆a
bc�dS c�dmbc

a (also 3 variants).
The map (tangle T 7→ matrix A) is anti-multiplicative. The MVA mod units: L 7→ (ω, A) 7→ ω det′(A − I)/(1 − T ′) X

Burau. On b ∈ uBn, Bu : σ±1
i 7→ U±1

i . Unitarity. With U = Bu(b), ŪΩnUT = Ωn.
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, Ωn =
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
β-better calculus. Constraints. • Sum of column x is (σx − 1)w. • ωk−1 | ΛkA. • At T∗ = 1, ω = 1 and A = 0.
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The MVA (mod units): n-component L 7→ (σ,ω, A) 7→ ω2−n det′(A − ωdiag((σi − 1))/(1 − T ′) X

Note. Aux =
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=
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−
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Claim. ωk−1 | ΛkA and ωk | Λk+1A implies (ω + α)k−1 | ΛkAux, with α = aux.

Proof. With ū ∈ T k and x̄ ∈ Hk, ωk divides

∣∣∣∣∣∣ ω 0
0 aūx̄
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ω+αaūxaux̄

∣∣∣∣∣∣ = 1
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(ω+α)k−1
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That is, with Aū;x̄ denoting minors, if ωk−1µū;x̄ = Aū;x̄ and ωkµuū;xx̄ = Auū;xx̄, then (ω + α)k−1(µū;x̄ + µuū;xx̄) = Aux
ū;x̄.
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−
vy�tmuv
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Λ-calculus. Λ(T ; H) = R(T ) ⊗ (Λ(T ) ⊗ Λ(H))=, with R(T ) Laurent polynomials in {Tu}u∈T . λ1 ∗ λ2 = λ1(∧ ⊗ ∧)λ2
tmuv

w : u, v→ w, Tu,Tv → Tw hmxy
z : x→ z, y→ σxz thaux : λ 7→ (1 + iu ⊗ ix)λ�(u→ σxu) ρ±ux = 1 + (T±1

u − 1)ux

To do. • Full verification program. • Precise relation with Burau/Gassner. • Concordance. • Unitarity. • Planarity. • A depth-mirror
property for u-objects. •Mutations? • Link relations? • Behaviour of A/MVA under mirror/strand reversal?
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Furtherlings.

ω a b S
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b γ δ ε
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
ω + β c S

c γ + σaδ + σb(α + σaβ) +
βγ−αδ
ω ε + σbθ +

βε−δθ
ω

S φ + σaψ +
βφ−αψ
ω Ξ +

βΞ−ψθ
ω


Ta,Tb→Tc


