a -\

>g£1 Addition, e This is really “just” a stitching

/. L (w.A) - wdet' (4 —1)/(1 - T") is the B8

{o There are also formulas for strand deletion,

/ [Implementafjon keyAdea: (w. 4 = (@) © (w, A = 3 aaplahy)
FRTa, M1r&aE T BT eTloeed, =27 - 7 7
\ &JJ 0' Ih‘ [:r[.. :I]]l:- umuxi_w cl v, 8, 8, L,o,Ju,E...},

{

Oberwolfach Handout on May 19, 2014

May-19-14 4:42 PM

[ror Bar-Natan: Talks: Oberwolfach-1405:

sefi=http: //ww. math. toronto. edu/ -drorbn/Talks/oberwol ach- 1405, S0ME very good formulas for the Alexander polynomial, 1 ‘

Abstract. 1 will describe some very good formulas for a (matrix
plus scalar)-valued extension of the Alexander polynnomial to
tangles, then say that everything extends to virtual tangles, then
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Why Tangles?
o Finitely presented. | (meta-associativity: m@ /m% = m)m3")
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e Divide and conquer proofs and computations.
e “Algebraic Knot Theory™: If K is ribbon,
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By, ho, ha, he}];

roughly to simply knotted balloons and hoops in 4D, then the tar- |y // my5.; 7/ misa) = (¥ 7/ Masaz /7 Mizar)
lzet space extends to (free Lie algebras plus cvelic words), and T T TTTTT T T T T TS o T mssms - -———-----s
. : i - : . frue_ _, R3 ... divide and conquer!
the result i1s a universal finite type of the knotted objects in its do-
i X X {Rms; Rmgy Rpsy // Mg // Masaz // magas, N
main. Taking a cue from the BF topological quantum field theory,
. . . . . Rpg; Rmgg Rmys // Mygan // Masaz // Magaa}
everything should extend (with some modifications) to arbitrary | .
codimension-2 knots in arbitrary dimension and in particular, to| ([ 1 M h hz) (1 I
iarbitrary 2-knots in 4D. But what is really going on is still a my-| | & % 0o 0 t1 %
|stery. ( t, T2 L g ||y, T2
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Theorem 1. 3! an invariant y: {pure framed S-component p
tangles} — R x Msys(R), where R = Rs = Z((T,)4es ) is the ring H
of rational functions in § variables, intertwining hoops / heads
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“the generators” : Shin Satoh

ormula for Burau/Gassner [LD, KLW, CT].

IMVA, mod units.
e The “fastest” Alexander algorithm.

reversal, and doubling.
e Every step along the computation is the invariant of somethmg
e Extends to and more naturally derfined on v/w-tangles.

e Fits in one column, i '/ncluding propaganda & implementation.
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Some very good formulas for the Alexander polynomial, 2
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If X is a space, ;r,(X) K ) i

is a group, m2(X) is an

IAbelian group, and m;
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Proposition. The gene- n

rators gencrate.

I'heorem 3 [BND, BN]. 3! a homomorphic expansion, aka a ho-
omorphic universal finite type invariant Z of w-knotted balloons

nd hoops. £ := log Z takes values in FL(T)! x CW(T).
¢ is computable! £ of the Borromean tangle, to degree 5:
+ cyclic colour
v: ?yé’ 8. ( permutations, )
for trees
2 .12 ?.e .sé&.g’.a?’-e?’-« st .ot
'§’>’ X% -5’;’ ¢
|- 2 I have a nice free-Lig

calculator!

Definition. /,, is the linking number of hoop x with balloon u.
For x € H, oy = [luer T € R = Ry = Z((To)uer), the ring of
rational functions in 7" variables.

Theorem 2 [BNS]. 3! an invariant g: wK"(H;T) — R x
Mr.;(R), intertwining

1 w||H| w2|H3
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Proposition. If 7' is a u-tangle and S(67) = (w,4), then y(T) =
w, o — A), where o = diag(o,)ses -

_on S*and Sy. Then | Cottanco |
maio fi o Ji )
Z Dlw Dow
i dwmlAut(D)I it Jwe r[ : L_! !

Proposition [BN]. Modulo all re- |
ations that universally hold for |
e 2D non-Abelian Lie alge-,
ra and after some changes-of- |
ariable, { reduces to g and the ! [wv] = cv - cu
H operations on ¢ reduce to the formulas in Theorem 2.
A Big Question, Does it all extend to arbitrary 2-knots (not neces-
sarily “simple™)? To arbitrary codimension-2 knots?
BF Following [CR]. 4 € Q'(M = R*,g), B € Q*(M.qg"),

S(4,B) = J (B,Fy).
M
With : (S = R?) = M, B € Q(S.g), @ € Q(S, g*), set
O(4, B,k) = fDﬁ.'Daexp (i f B, dy g + K'B)).

The BF Feynman Rules. For an edge e, let ®, be its: P
direction, in S3 or S'. Let w; and w; be volume forms, ]
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modulo some S 7'U- and /H X-like relations).

degree = f(rattles)
Issucs. o Signs don’t quite work out, and BF seems to reproduce
only “half” of the wheels invariant.

e There are many more configuration space integrals than BF
Feynman diagrams and than just trees and wheels.

® | don’t know how to define “finite type™ for arbitrary 2-knots.
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“God created the knots, all else in
topology is the work of mortals.”

Leopold Kronecker (modified)
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