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Cheat Sheet ] - Verification

Pensieve header: Cheat Sheet $J$ Verification; continues pensieve://2013-12/; continued
CheatSheetFreelLie-Verification @ pensieve://Projects/WKO4.

SetDirectory["C:\\drorbn\\AcademicPensieve\\2014-01"];
<< Freelie.m;
IntegratelieSeries|[ls LieSeries, {s_, s0_, sl1_}] :=
IntegratelieSeries[ls, {s, s0, sl1}] = Module[{ser},
ser = Unique[IntegratelieSeries];
ser[] = Hold[IntegratelieSeries[ls, {s, s0, s1}]1];
ser[d Integer] := ser[d] = Expand[Integrate[ls[d], {s, s0, s1}]];
LieSeries|[ser]
1;
LieSeries /: Integrate[ls LieSeries, {s_, s0_, sl1_}] :=
IntegratelieSeries[ls, {s, s0, s1}];

LieMorphism /: Inverse[mor LieMorphism] := InvertLieMorphism[mor];
InvertLieMorphism[mor LieMorphism] := InvertLieMorphism[mor] = Module[{uimg} ,
LieMorphism [Table [
ReleaseHold [Hold[

uimg[] = Hold[Inverse[mor] [u]];
uimg[1l] = u;
d-1
uimg[d_Integer] /; d>1 := uimg[d] = —Z (mor [uimg[k]][d])
k=1
u - LieSeries[uimg]
] /. uimg - Unique[InverseLieMorphismOnGenerator] ] ,

{u, mor [Support]}

Il
E
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tm[u , v_, w_ ] := LieMorphism[{u) -» (w), (v) > (w)];
CC[us: {___}, »rs:{_LieSeries ...}] :=
LieMorphism[MapThread[Function[{u, y}, u » Ad[»][u]]l, {us, »s}1]:

CC[u_, y LieSeries] := CC[{u}, {r}]-

CCy [».]1 := CC[u, »1;

RC[us: {___}, »rs:{_LieSeries ...}] := Inverse[CC[us, -ys]];

RC[u_, »y LieSeries] := RC[{u}, {r}];

RC, [». ] := RC[u, r];

ad[us: {___}, »rs:{_LieSeries ...}] :=
LieDerivation[MapThread[Function[{u, ¥}, u » b[y, ull, {us, rs}1];

ad[u_, » LieSeries] := ad[{u}, {»}];

ad, [».] := ad[u, »];

e /: €2:=0;
Print /@ {{t = <||t||> , u = <llull , v = <llvll , w = <llwll>} ,
a = RandomlLieSeries[{t, u, v}], éa = RandomLieSeries[{t, u, v}],

B = RandomLieSeries[{t, u, v}], 6B = RandomLieSeries[{t, u, v}],
¥ = RandomlLieSeries[{t, u, v}], 6y = RandomLieSeries[{t, u, v}]
};

$SeriesShowDegree = 3; $SeriesCompareDegree = 6;

(), ), (v, (W)}

— _ tu . 3uv
ILS|-2t+u-2v, ——+tv+ ,
2 2
5 —— — 1l — 1 — — 1 — — 1 —
-—ttu-2ttv-—tuv+—uuv +tuu-—tvu-tvv+—uvv
3 6 3 3 6
— . _ tv 3uv — — 33— 7 — — 5 — 1 — 7 —
LS{—t—2u—v,—— ,—ttu+2ttv—ftuv—7uuv+2tuu—ftvu+ftvv+fuvv}
2 2 2 6 3 2 6
. . 3tv uwv 55— 11— 1 —— . 5 — 5 — 1 — 5 —
LS{—t,—tu+ +—,—ttu——ttv——tuv—2uuv+—tuu+—tvu+—tvv+—uvv]
2 2 3 6 2 3 6 6 6
. [ . . T— 11— 11— 5 —— 11 — 1 — —
LﬂZt—2u,—tu+2tv+2uv,—fttu4~fttv——ftuv4~—uuv——ftuu+47tvu—tvv]
6 6 6 3 6 3
N 1 g R p—
LS{—t+2u+v,tu+—+2uv,——ttu+—ttv+—tuv——uuv+—uvv
2 3 3 6 3 6
— _ 3ty __ uv 44— T —— 1l —— 11 — — — 2 —
LS{2t—v, -2tv+ —, —ttu+— tuv - — uuv - — tuu - tvu -2 tvv + — uvv
2 2 3 6 6 6 3

= Some preliminary testing

mn
Q

(¢ // RCy[¥] // CCu[-¥])

True

(a // RCy[¥] // RCy[-¥ //RCy[¥]]) =a

True

1. The Definition of J
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1

Jlu_, ».]1 = J[u, ] = Module[{s},j (r // RC.[s ¥] // div, // CC,[-s »]) dls];
0

Jy [».]1 = J[u, 1’

Ju[a]l [{4}]

. o 5 ttu 8 tuu tuv 17 tvu 4 uuv 17 uvv
CWS|-2u, -tu-4uv, - - - - - -

’

6 3 2 6 3 6
7 tttu 13 ttuu 25 ttuv ttvu 19 tutu 19 tutv 5 tuuu 31 tuuv 25 tuvu
- + + - - - - + - -
4 12 24 8 6 4 3 12 3
3tuvvy 29 tvuu 43 tvuv 43 tvvu 81 Tuvv 17 Gvuv 4 avvv
- - - - 27uuuv - + -
4 12 24 24 8 4 3

2. The Juv equation

Print /@ {
0 - {a, B},
1 5 (tl=Jy[a] + (Jy[B // RCy[a]] // CCy[-al)),
2 » (t2=Jy[B] + (Jul[a // RCy[B]] // CCy[-B])),

35 tl=t2
};
Oe{LS{?—Zfﬁ-ZV, _Ev+2T7,
1 — 11 —— — — — I — 1 — 1 —
-—ttu-— ttv + tuv -2 uuv +2 tuu-— tvu+— tvv +— uvv|,
2 6 6 3 2
- . tv uw 1l— 3— 1l —— 2 —— 3—— —— 1l —
LS{Zt—u—v,—tu+———,fttu—fttv+ftuv+fuuv+ftuu+2tvu+—tvv]}
2 2 3 2 2 3 2 6
—_ —_ —_ @ —_—
1%CWS{—2u—v,—tu———2uv,
2
5 ttu 5 ttv 8 tuu 13 tuv 21 tvu 23 tvv 29 uuv 11 uvv
_ _ _ n _ _ n _
6 3 3 3 4 12 12 12
B =
2->CWS|-2u-v, ~tu- — -27uv,
2
5 ttu 5 ttv 8 tuu 13 tuv 21 tvu 23 tvv 29 uuv 11 uvv
_ _ _ " _ _ " _
6 3 3 3 4 12 12 12

3 > True

3. The t equation

Print /@ {
0 - v,
1> (tl=J[w, ¥ // tm[u, v, w]l]),
2 5 (t2=Jy[y] // tm[u, v, w]),
3 > (t3=Jy[y // RCu[¥]] // CCu[-¥] // tm[u, v, w]),
4 - tl=t2+t3
}:
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OALS[—Z?—ZF, 2Tu-2%v,

2 ——— 1 —— 2 — 11 —— 1
—ttu-—ttv+—tuv + — uuv - — tuu +
3 2 3 6 2

. 17 ttw 19 tww
1%CWS{—2 w, -2 tw, -

6 6 }

2%cws{fzw, 0, - -
3 6

4 ttw 5 tww 5 www ]
6

3 ttw 7 tww 5 www
3 cwsfo, -2 &, - + ]
2 3 6
4 - True
Print /@ {

0 - {7/ w =y // tln[ulvlw]}l

1 » (tl=J[w, yw] // RC,[¥W]),

2 » (£t2 =Ju[y] // tm[u, v, w] // RC,[¥yw]),

3 » (t3=J[y // RCu[¥]] // RCy[¥ // RCy[¥]] // tm[u, v, w]),
4 -5 tl=t2+t3

};

Oe{LS{—2?—2F, 2Tu-2%v,

2 ——— 1l——— 2 — 11 — 1 — 7T = 1 —
—ttu-—ttv+—tuv + — uuv - — tuu+— tvu-— tvv +uvv|,
3 2 3 6 2 6 6
LS{—2t—2w,—4tw,fttw+ftww]
6 2

R 17 ttw 19 tww
leCWS{—Z w, -2 tw, - }
6 6

R 4 ttw 5 tww 5 www
2%CWS{—2 w, 0, - - ]
3 6 6

3 ttw 7 tww 5 www
3 cws|o, -2 &w, - + ]
2 3 6

4 -» True

4 The h equation

Print /@ {
1 » (tl=J[u, BCH[a, B]]),
2 » (t2=J[u, a]),
3 > (t3=J[u, B//RC[u, a]] // CC[u, -al),
4 > tl =t2+t3
}i
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14 ttu 13 tuu 89 tuv tvu 79 uuv 13 uvv

1ecws{f3ﬁ, _4Tu-5Tv, - . _ _ ]
3 2 12 4 12 4
P . 5ttu 8 tuu tuv 17 tvu 47uuv 17 uvv
29CWS{—2 u, —tu-4uv, - - - - - }
6 3 2 6 3 6

+ — —

23 ttu 23 tuu 83 tuv 37 tvu 21 uuv 5uvv ]
6 6 12 12 4 12

3»cws{fi, 3% -V, -

4 > True

m hand S

(Plus]|
Jul¥] // RCy[¥],
Ju[-¥ // RCy[¥]]
1 // RCy[-¥ // RCy[¥]]) @ {6}

CWS[0, 0, 0, 0, 0, 0]

S The meaning(s) of RC

Print /@ {
l1-5 a,
2 » (t1l=a // CC[u, y] // RC[u, -¥]),
35> a=tl
};

1%LS[?—2F+27, _Tv+ 2T,

1 11 7T 1= 1 }

- ttuU-— tEtvV+ tuUv -2 uUv +2 tUu - — tvu +— tVV + — Uvv
2 6 6 3 2

2%LS[?—2?+27, _EV 42TV,

11— 11 —— — — — 7T — 1 — 1 —
—fttu——ttv+tuv—2uuv+2tuu—ftvu+ftvv+fuvv}
6

2 6 3 2

3 > True

Print /@ {
1l1-5 a,
2 5 (tl= a // CC[u, ¥ // RC[u, ¥11),
3> (t2= a // RC[u, ¥]),
4 5 tl =t2

};
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19LS[?—2?+27, “tv+2Uv,

1— 11— —— — — 7 — 1 — 1 —
—fttu——ttv+tuv—2uuv+2tuu—ftvu+ftvv+fuvv}
2 6 6 3 2

29LS[?—2T+27,4E—"C—V+2W,

9 11 —— — 7 — 1 — 1
——ttu——ttv—3tﬁ—2uﬁ+2tuu——tvu+—tvv+—ﬁv}
2 6 6 3 2
3%LS[?—2F+27,4E—E+2W,
9 — 11— = 7 — 1 — 1 —
——ttu——ttv—3tuv—2uuv+2tuu——tvu+—tvv+—uvv}
2 6 6 3 2
4 - True

®. ¢,C,andRC,RC,

Print /@ {
1> {a, B, ¥},
2 5> (tl=y // CCy[a // RCy[-B]] // CCyI[B]),
3 (t2=y // CCy[B // RCy[-a]] // CCy[a]l),
4 » tl =+t2
};

1%{LS{?—2?+27, _Ev 42TV,

1 —— 11 — — — — T = 1 — 1 —

-—ttu-— ttv +tuv -2 uuv +2 tuu-— tvu+— tvv+— uvv|,

2 6 6 3 2

— . tv uw 1l— 33— 1l — 2 — 3—— —— 1l —
LS[2t—u—v,—tu+———,fttu—fttv+ftuv+fuuv+ftuu+2tvu+—tvv,

2 2 3 2 2 3 2 6

LS{—Z?—ZT,—2E—2E,

2 l1l—— 22— 1ll— 1l — T 1= —
fttu—fttv+ftuv+—uuv—ftuu+7tvu—ftvv+uvv}}

3 2 3 6 2 6 6
29LS[—2?—2?,—4E—2E+4W,

T 99— 32 —rnr 11— 5 — 31 —— 1—
—fttu—fttv+—tuv+—uuv—ftuu+—tvu—ftvv—3uvv}

3 2 3 6 2 6 6
3%LS[—2?—2?,—4E—2E+4W,

7T 99— 32—+ 11—+ S5—— 31— 11— —
——ttu——ttv+—tuv+—uuv——tuu+—tvu——tvv—3uvv}

3 2 3 6 2 6 6
4 - True
Print /@ {

1 - {a, B, ¥},

2 » (tl=y // RCy[a] // RCy[B // RCy[al]),
3 > (t2=vy // RCy[B] // RCy[a // RCy[BI]),
4 - tl=t2

Y

http://drorbn.net/AcademicPensieve/2014-01/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2014-01: CheatSheetJ-Verification.nb 2014-09-01 10:57:50

19{1.5[?—23#27, _tv+2TV,

1 11 ———— — — — R — 1 — 1 —
-—ttu-— ttv + tuv -2 uuv +2 tuu-— tvu+— tvv +— uvv|,
2 6 6 3 2
— . tv uv 1 3— 11— 2 —— 3—— —— 1l —
LS{Zt—u—v,—tu+———,fttu—fttv+ftuv+fuuv+ftuu+2tvu+—tvv,
2 2 3 2 2 3 2
LS{—2?—2F,—2E—2‘C—V‘,
22— 11— 22— 1l— 11— T=—= 1= —
—ttu——ttv+—tuv+—uuv——tuu+—tvu——tvv+uvv}}
3 2 3 6 2 6 6
2%LS[—2?—2F,—4G—2E+4W,
T — 9 — 32 35 —— 3 — 17 — 1 — —
——ttu——ttv+—tuv+—uuv+—tuu——tvu——tvv—3uvv}
3 2 3 6 2 6 6
3518[-2T -2, -4TU- 2TV + 4T,
7T — 9 32 —— 35— 33— 17 — 1 — —
——ttu——ttv+—tuv+—uuv+—tuu——tvu——tvv—3uvv}
3 2 3 6 2 6 6
4 > True
/.
8.
9.
TU.
1. div property uv
Print /@ {

0 - {al /3}1
1 5 (tl=divy[a] // ad,[B]),

2 »> (t2 =divy[B] // ady[a]l),
3 » (t3 = MakeCWSeries|[0]),

4 » (td4 =divy[a // ad,[B]]).,
5 » (t5=div,[B // ady[a]l]l),
6 - tl1-t2=t3+td4-t5

};

http://drorbn.net/AcademicPensieve/2014-01/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2014-01: CheatSheetJ-Verification.nb 2014-09-01 10:57:50

O%{LS{?—ZE#ZV, STV 42TV,

1 11 ———— — — — R — 1 — 1 —
-—ttu-— ttv + tuv -2 uuv +2 tuu-— tvu+— tvv +— uvv|,
2 6 6 3 2
- _ . tv uw l— 3— 1l—— 2 —— 3—— —— 1l —
LS{Zt—u—v,—tu+———,fttu—fttv+ftuv+fuuv+ftuu+2tvu+—tvv]}
2 2 3 2 2 3 2
1%CWS[O, O,4tuv—4tvu}
tuv tvu
29CWS{O, 0, - + ]
2 2
3 > CWS[0, 0, 0]
4%CWS[O,ZTJ_\7,6tuv—5tvu+2uuv—uvv}
3 tuv tvu
59CWS{O, 2 uv, - + 2 uuv - uvv]
2 2
6 - True
1<. div property uu
Print /@ {
0 » {a, B},
1 » (tl =divy[a] // ady[B]).,
2 » (t2=divy[B] // ady[al),
3 » (t3=divy[b[a, B11),
4 » (t4 =divy[a // ady[B]]),
5 > (5 =divy[B // ady[a]l]),
6 » tl-t2=t3+td4-t5
};
O%{LS[?—2F+27, “Ev+2Tv,
1 11 —— — — — I — 1 — 1 —
-—ttu-—ttv+ tuv -2 uuv +2 tuu -— tvu+— tvv+—uvv|,
2 6 6 3 2
- _ . tv uw 1l— 33— 1 —— 2 —— 3—— —— 1l —
LS{Zt—u—v,—tu+———,fttu—fttv+ftuv+fuuv+ftuu+2tvu+—tvv”
2 2 3 2 2 3 2 6
1> CWs[0, 0, -4 tuv +4 tvu]
5 tuv 5 tvu
2»cws{0, 0, - }
2 2
— . PR . 13 tvu P
3%CWS{O,3tu—4uv,—ttu+2tuu—4tuv+ —3uuv—uvv}
2

4%CWS[O, ~4tu+2Uv, -2 tuu -3 tuv - tvu + uuv + 2 uvv}

tuv

5»cws[o, ~Tu-27v, -tea -

- tvu - 2 uuv + uvv}
2

6 - True
13.

14.
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15 The growth map I

T'[-1, ___] = MakelLieSeries[O0];
I'[n_, u LW, y LieSeries, ss_] := I'[n, u, y, ss] = Module[{s, B0},

BO=r[n-1, u, y, s];
ad
= )

Ss
j (a’ // DerivationExp[ad,[s y]] // adSeries [
0 e2d -

]
I'[u LW, y LieSeries, s_] := T'[u, , s] = Module[{ser},
ser = Unique|[T];
ser[] = Hold[T[u, »]];
ser[d Integer] := ser[d] = T[d-1, u, », s][d];
LieSeries[ser]
1;
T'[u LW, y LieSeries] := I'[u, y] = Module][{ser, s},
ser = Unique|[T];
ser[] = Hold[»[u, »]1;
ser[d Integer] := ser[d] =T[d-1, u, y, s][d] /. s> 1;
LieSeries|[ser]

1;

Print /@ {
0 - v,
1> (t1l= T'[u, ¥]),
2 » (t2= B // DerivationExp[ad,[¥]]) .,
3 > (t3= B // CCu[T[u, ¥11),
4 »> t2=1t3
yi

tu 3tv

0-LS|-2t-2Uu+2V, — - -2uv,
2 2
1 11— 3—m—= 1—— S5 — 1l —— 11— —
-—ttu-—ttv-—tuv+—uuv -— tuu+ — tvu+— tvv - uvv
6 6 2 6 3 6 3
. 5%Tu 3tv
1->LS|-2t-2u+2v, - ,
2 2
— 1l 44— 7T — 17 = 14 — 1 — 1 —
-3ttu-—ttv-—tuv-—uuv - — tuu+ — tvu+— tvv +— uvv
6 3 6 6 3 3 3
— _tv 9uv
2->LS|-t+2u+v, “4tu- — -
2 2
19— 11 —/— 61 —— 16 1 — 1 — 5 — —
— ttu+— ttv+— tuv + — uuv + — tuu + — tvu - — tvv +6 uUvv
6 6 6 3 3 6 3
- _ tv 9uv
3->LS|-t+2u+v, " 4tu- — -
2 2
19— 11— 6l — 16 —— 1 — 1 — 5 — —
— ttu+ — ttv+— tuv + — uuv +— tuu+— tvu-— tvv +6 uvv
6 6 6 3 3 6 3
4 - True
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16. The many-variable growth map I
T'[-1, ___] = MakelLieSeries[O0];
I'[n_, u LW, us List, ys: {_LieSeries ...}, ss ] :=
I'[n, u, us, ys, ss] = Module[{s, ¥, T0},

¥y =u /. Thread[us - ys];
r0=r[n-1, u, us, ys, s];

Length[us]

Ss
j [7 // DerivationExp[ Z adyspig [s ys[[i]]]] // adSeries[ ad ) 1"0] ds
0 by ed_1
]:
T'lu LW, us_List, ys: {_LieSeries ...}, s ] := T'[u, us, s, s] = Module[{ser},
ser = Unique|[T];
ser[] = Hold [T [u, us, ys]];
ser[d_Integer] := ser[d] = T'[d-1, u, us, ys, s][d]:
LieSeries|[ser]
1;
T'[u LW, us_List, ys:{_LieSeries ...}] := T'[u, us, ys] = Module[{ser, s},

ser = Unique|[T];

ser[] = Hold[y[u, us, »ysll:;

ser[d_Integer] := ser[d] = T'[d-1, u, us, ys, s][d] /. s-»1;
LieSeries[ser]

1;

Print /@ {
0 - {a, B, ¥},
1 - (tl= T[u, {u, v}, {a, B}]),
2 » (t2= B // DerivationExp[ad,[a] +ad,[B]]),
3 > (3= B8 // CCly,wy [{T[u, {u, v}, {a, B}], T[v, {u, v}, {a, B}1}]),
4 -5 t2=1t3
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— _ tu . 3uv
Oe{LS{—2t+u—2v,——+tv+ ,
2 2
5 —— — 1l — 1 — — 1 — — 1 — .
——ttu—2ttv——tuv+—uuv+tuu——tvu—tvv+—uvv},LS[—t,
3 6 3 3 6
__ 3tv uv 5 1 1 5 —= 5 —= 1 — 5
-tu+ + —, — ttu-—ttv-—tuv -2 uuv +— tuu+— tvu+— tvv+—uvv|,
2 2 3 6 2 3 6 6 6
-tV 1l 1 71— 44— 7 —
LS{—t+2u+v,tu+—+2uv,——ttu+—ttv+—tuv——uuv+—uvv}}
2 3 3 6 3 6
—_ . 3tu 5uv
1%LS[—2t+u—2v,— +2tv+ ,
2 2
S—/— 56— 1l —— 7T —— 7 — A — 17 — 3 —
-—ttu-—ttv-—tuv - — uuv + — tuu + — tvu - — tvv + — uvv
6 2 6 12 12 12 6 2
. 3tv uv
2->LS|-t, —tu+ + —,
2 2
11— 5 — 7 —— — 5 = 1 — 1 — 11 —
— ttu-—ttv-—tuv -2uuv+— tuu+— tvu+— tvv +— uvv
3 3 2 3 3 6 6
. 3tv uv
3->LS|-t, —tu+ + —,
2 2
11— 55— 7 —— — 5 = 1 — 1 — 11 —
— ttu-—ttv-—tuv -2 uuv+— tuu+— tvu+— tvv +— uvv
3 3 2 3 3 6 6
4 > True
17.
18.
19.
20.  The differential of BCH
Print/@{
1 » (bch =BCH[u, v]),
BCH[u+et, v+ew] -bch
2 - ,
€
BCH[u+et, v+ew] -bch 1-e2d
35 |tl= // adSeries[ , bch] ,
€ ad
1_e—ad

4 - |t2=t // adSeries[ ,u] // Ad[—v]],

ad

1_e—ad
55 [t3=w // adSeries[—,v]]
ad
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. uv 1 — 1 —
1%LS[u+v, —) — uuv + — uvv
2 12 12
.tV w1l — 1 —— 1 —— 1 1 1 —
2%LS[t+w,—+—,—tuv+—uuw+—uvw——tvu+—tvv+—uwv
2 2 12 12 12 12 12 6
. tu VW le— 11— 1 — 1 — 1 —
3%Ls[t+w,—+tv——,ftuv+7vvw+ftuu+ftvu+ftvv
2 2 2 6 6 2 2
oty 1l —— 1 — 1 — 1 —
4%LS[t,—+tv,—tuv+—tuu+—tvu+—tvv
2 2 6 2 2
vw 1
SALS[W,——,va
2 6

True
21.  The differential of C

Print /@ {

0 » {a, da, ¥},

(y // CC[u, a+edbal) - (y // CC[u, a])
1 - tl = ’
€
ed_1
2 > [t2=~( // ad[u, éa // adSeries[—, a] // RC[u, —a]] // CClu, a]),
ad
tl = t2
oe{LsF-zﬁav, _EV+ 2TV,
1 11— —— — — 7 — 11— 1 —
-—ttu-— ttv +tuv -2 uuv +2 tuu -— tvu+— tvv +— uvv|,
2 6 6 3 2
3ty 1l—m 55— 5 — 11— l——" —— 1—— 2 —
LS{V,* -2uv, -~ — ttu-—ttv - — tuv + — uuv - — tuu -2 tvu+— tvv+—uvv |,
2 3 3 3 6 2 3 3
LS{—Z?—ZT,—2E—2E,
20— 11— 2 11 1 — 7 — 1 —
fttu—fttv+ftﬁ+—uﬁ—ftuu+7tvu—ftvv+ﬁv}}
3 2 3 6 2 6 6

HLs[o,zW, 4tTUV -6 uUUV +3 TUU + Tvu - 4 ﬁv]

ZALS[O,ZW, 4tTUV -6 uUUV +3 TUU + Tvu - 4 ﬁv]

True

44 The differential of C,,
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Print /e {

0 > {a, é6a, B, 58, ¥},

1
1- (t1= — ((y // CCu,vy[{a+edba, B+ebB}]) - (¥ // CCr,vy[{a, B}]) )),
€

2 > [t2 = Plus[

e -1
¥ // adu[éa // adSeries[—d, a] /! RCruw[{-a, -/3}]],
a
ed-1
Yy // adv[5/3 // adSeries[—, /3] // RC,vy[{-a, -B}]]
ad
] 1/ Cc(urv}[{ar B}]]r
tl = t2
Oe{LS{?—2F+27, STV 2TV,
1 — 11 —— — — — 7 — 1 — 1 —
-—ttu-— ttv +tuv -2 uuv +2 tuu -— tvu+— tvv+—uvv|,
2 6 6 3 2
3%ty 11— 55— 5 —— 11— 1l— —— 1—— 2 —
LS{V,— —2uv,——ttu——ttv——tuv+—uuv——tuu—2tvu+—tvv+—uvv},
2 3 3 3 6 2 3 3
- _ . tv uww 1l— 33— 1l — 2 —— 3—— —— 1l —
LS{Zt—u—v,—tu+———,fttu—fttv+ftuv+fuuv+ftuu+2tvu+—tvv],
2 2 3 2 2 3 2 6
- 3%tV
LS{—2t+2u—2v,—tu— +2uv,
2
5— 55— 5— 1l—— 5—— 5—— —— — -
fttu—fttv—ftuv—fuuv+ftuu—ftvu+2tvv—uvv],LS[—2t—2u,
3 3 3 3 6 6
- 2/ 1/ 2— 11— 1= 7= 1= —
—2tu—2tv,fttu—fttv+ftuv+—uuv—ftuu+ftvu—ftvv+uvv]}
3 2 3 6 2 6 6

1%LS[O,2W, 4 ttv -6uuv +3 tuu+ tvu -4 uvv

[R——

ZALS[O,ZW, 4ttv -6uuv +3 tuu+ tvu -4 Wv]

True

23.  The differential of RC

Print /@ {

0 - {al ﬁ’ Y}I

( (¥ // RC[u, a+€B]) - (¥ // RC[u, a]) )
1 - t1= I
€
1-e2d
2 5 [t2=~( // RC[u, a] // ad[u, adSeries[ ,a] [B] // RC[u, a]]],
ad
tl = t2

}:
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O%{LS{?—ZE#ZV, STV 42TV,

1l ——— 11 —— — — — T = 1 — 1 —
-—ttu-— ttv + tuv -2 uuv +2 tuu-— tvu+— tvv +— uvv|,
2 6 6 3 2
- _ . tv uw l— 3— 1l—— 2 —— 3—— —— 1l —
LSPT:—u—v,—tu+4—f———,47ttu—Afttv+Aftuv+Afuuv+Aftuu+2tvu1~—ftvv,
2 2 3 2 2 3 2 6
LS{—2?—2F,—2E—2‘C—V‘,
20— 1l— 2 —— 11 —— 1 —— Y — 1 — —
—ttu——ttv+—tuv+—uuv——tuu+—tvu——tvv+uvv}}
3 2 3 6 2 6 6

HLs[o, —4TU-2TV, -8 tTU+4 tUV - UTV +7 TUU +2 TVu + 4 ﬁv}

2%LS[O, —4TU-2TV, -8 tTU+4 tUV - UTV +7 TUU +2 TVu + 4 ﬁv}

True

24. The differential of J

Print /@ {
0 - {a, B};
J[u, a+e ] -J[u, a]
1-> (tO = ],
€
l_e—ad
2 5 [tl =div[u, B// adSeries[—, a] // RC[u, a]] // CClu, —a]],
ad
t0 = tl1
7tu uv 5ttu 9 tuu 13 tuv 19 tvu 1l7uuv 13 7uvv
leCWS{—’E,— +—, - - - - - + }
2 2 3 2 3 12 6 6
7tu uv 5ttu 9 tuu 13 tuv 19 tvu 1l7uuv 13 7uvv
29CWS{—’E,— +—, - - - - - + }
2 2 3 2 3 12 6 6

True
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