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A Quick Introduction What is Categorification=Concretization=de- :
abstraction? “3" is {cow,cow, cow} andi or even
to Khovanov { pig, pig, pig} and many other things. . f

Homok,gy .categorification is (}1()(;\1“0 \\]n(h 3it 1\1

“canceled debts”

IN. Natuxal numbers — finite sets, equalities — bi~ hmc "0

Dror Bar-Natan, jections, inequalities — injections and surjections: “equalitics” : ‘,,
Montreal, June 2013 n Z n\ 2 ; —— need 2
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Why Bother? X x {1,2} X X . Weaker C r\lounnlu ation. Do the same in the (.ategor} of

SN ( X ) U (k) A (,\) vector spaces: “3" becomes V sit. dimV = 3, or bet-

L = L, Vo = (- V-l 5 v oo VL) st ([2 0 and

b { /®) o =1\* A; A —_ A r

= Owe[Khovanov: K(L) is a chain complex of graded Z-modules; E(‘ )4 ’, ‘Z( 1Sk . 3 Z'( 1)"dim J1 =

% 1 Equalities become homotopies between complexes.

E B BV =span(vy,v-); deguy =41 qdimV=q+q 7 [~

£ N ! Categorifying Z[g™']. f = Y a;¢’ be-

- 'II 'N:l\'(Ok) =V K(X)=Flatten [0 = K0 O{1} = K(){2} 2 0); |comes V = @V; st qdimV =
U . o

: height 0 height 1 ‘E/:q_) dll(ll V}V 1: 5. Orv Eftter)v

e —. (.. .Yyr=1 LR r e

K () = Flatten (() - I\h(L,I;m{ _12} — K l(lil(gl;{t ul} - ()) st. @ = 0, dgd — 0, and

xq(V®) = Y (-1) @dimV" = f =

S -1)" qdim H".
e W Gal) N V4 QU_ =V VL QUp U 2( =%
O D —= C_\/ ) (Veviv) m: {p+ S yciin "+ g _p+ - 0+ Note. Setting
_®uvg v- v-Q@u_ V{l}j = Vj_y, we
B v, Vi @ 2 t ¢dimV{l} =
- Q0 A\ T P v uo+uv-Quy get
~_ AR ) — (V3 VeV) A Ve v @V ¢ gdim V.
. _ 3, .5_ 9
JXHIIII)lC. = q -+ q -4 QT —-q.
Pla+q ') = 3¢'(g+q7") + 3¢°(a+q7")? = “la+q7")
A A A
& . ;
z Y atatat) () lata )
e 'Cr V(g f——| A V*5)
5 e G .
-.:-; 100 Aed o 110 that's a
> = cobordism!
we 3 /cheat-pcgame g E
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Story/Theorem.  To every daon ’ 4 diis
inite-dimensional  metrized, - dro :
Jde  algebra 8 a lis . - = » " . ”
Lie algebra g and a list N Platay? ~ et ™ ara)? N lata-1)°
IRy R, of representad vELg) | N v J— vers) o S~y 2346}
i i () : i ) c${M = d |’ \ /)
tions thereof, there is anf'\ 7 ) 000 s =Y 010 e L 101 e ) & 111
associated invariant of n- -
_Q{ component links, valued in| )
ok Lal.ll‘Ollt polyn: ni‘als W al 5 N ¥ w
rariable ¢ (really, in'charac- B 00 i dana
ters on the space of metrics g i
m ﬂ) :: N ¢rg+ah) N ¢*(g+q~1)?
Queries. Do you know how t & ~ \‘ V{4} = O\ ‘/.'\ ve2(5}
tell/prove it? Really? With| z I 001 ot U o011
all the details? Could you| % : : :
=0 : H 3 H :
teach the story/proof leav- IL;U(-|)<41£ : > (“1)fdg ; lg}(-lli‘l{
ing no black boxes in a one- T i fel=:., i s
semester course on knot the- : ;
Y Y ¥ Y ¥ v
ory to students who are not| a0 pien at (o2 a2 A
already experts on Lie al{ K (“’) K(@) K(®) K(®)
gebras? Do I really need e
to know about Cartan subal- (here (=1) := (=1)%i<s & if £ = #) = K(&).
gebras and root and w(,ighrTheorcm 1. The graded Euler characteristic of K(L) is J(L).
spaces? Is this theorem at allTheorem 2. The homology Kh(L) of K(L) is a link invariant.
true? MTheorem 3. Kh(L) is strictly stronger than J(L): J(5;) = J(10y32) yet Kh(5;) # Kh(10y32).
References. Khovanov's arXivimath.QA /9908171 and arXivimath.QA /0103190 and my
http://www.math.toronto.edu/~drorbn/papers/Categorification/.
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Dror Bar—Natan: Talks: Montreal—1306: The Jones polynomial: O"“ — (q + q_l)I" / |>f VERY o R2
Local Khovanov J: s (= q‘lz, JiXos —q 2+ q_])(, g ,? == x' +Q+0—aQ
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(an outdated overview) (I.l
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Mikhail Khovanov

What is it? A cube for each knot/link projection; Vertices: All fillings of Y with )

p—
Signs? . Ay More - %
A + . ) =
} L LN ’ i crossings? 5 =

s f —_— » =
=T ,l% x"dz e dyv"dz 5 2
b P & (R
dz —== dv"dz ~

Where does it live?

In Kom(Mat(<Cob= /{8, T, G, NC}}) / homotopy
Kom: Complexes Mat: Matrices 0= ( Q- =l S VI )
Cab' Cobordisms <...=: Fr)rma! lin. comb.

Complexes:

Morphisms: - .
s O e O =
Fl'—]l Fr'l F|-+IJ
Q-1 dr-t Q d" Q!
Homotopies:

—1 ! r d” 1
94 2 £

0
r r+1

P Iu(/u( h ;-"'+1H(;"+‘
ar-1 '

4

r—1 r d’ r+1
Q) 94 Q1

All arrows in an arbitrary additive category!

- . i
G F
Fr—G" =hHd +d ="
5 @ 0r @ 2 -0 The Main Point.  “The cube”, Kh(L), is an up-to-

homotopy invariant of knots and links. It’s Euler charac-

NC: 2 = @ + O) teristic is the Jones polynomial, vet it is strictly stronger
T than the Jones polynomial. It is functorial (in the appro-

priate sense) and practically computable.

Computable! @

1
3
/ : \ The Categorification Speculative Paradigm. e Every ob-
via Q Q ject in math is the Euler characteristic of a complex.
@ /’/é; e Fvery operation lifts to an operation between complexes.

"complex simplification” e Every identity remains true, up to homotopy.
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The case of
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tangles: :ji@ (

Local Khovanov Homology (2)

['mean bllsmcss,. T(7.6) 0Old techniques:
~1,000 years,
In 1 day says — ~1GGb RAM.

{now down to seconds)

dim; H,  is given by:
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is 1somorphic to the (direct sum) complex

[F]

The Reduction Lemma. If ¢ is au isomorphism then the complex
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Invariance under R2.
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After delooping:
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J. Rasmussen: Leads to a no-analysis prool of a conjecture by Milnor.

20z | 2= 0)
-

Kurt
Reidemeister

A more general theory:  Remove G and NC, add

P AN AN,
NS @&*s

(minor further revisions are necessary)

% Visit!

"Giodd created the knots,

http://www.math.toronto.edu/~drorbn/papers/Cobordism/
http://www.math.toronto.edu/~drorbn/papers/FastKh/
http://www.math.toronto.edu/~drorbn/Talks/Montreal-1306/

all else in topology is the work of mortals” ;
<a pe LA |
T'te Kot “Tilas Edit!

Leopold Kronecker {modified)

http://katlas.org
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