
Pensieve header: A concise implementation of the FastKh algorithm.

<< KnotTheory`

Loading KnotTheory` version of February 5, 2013, 3:48:46.4762.

Read more at http:��katlas.org�wiki�KnotTheory.

SetAttributes@8P, S<, OrderlessD;

dot �: dot@_Dk_ �; k ³ 2 := 0;

HΣ_SL@i_D := Σ@iD = First�Cases@Σ, P@i, j_D ¦ jD;

ECP@Λ_ListD := Module@8Ρ, ec<, H* "Equivalence Class Projection" *L
ec = Fold@

HΡ = First �� Position@ð1, ð2D;

Append@Delete@ð1, List �� ΡD, Union �� Hð1@@ΡDDLDL &,

Λ, Union �� ΛD;

Union �� Replace@ec, c_ ¦ HHð ® First@cDL & �� cL, 81<DD;

ECP@Λ__SD := ECP@Join@ΛD �. S P ® ListD;

ECR@Λ__D := Union@Last �� ECP@ΛDD H* "Equiv. Class Representatives" *L;

VCLaw@Β_S, Μ_S, Τ_SD := VCLaw@Β, Μ, ΤD = ModuleB
8p, ins1, ins2, outs, Χs, h, law1, law2, dec< ,

p = ECP@Β, Μ, ΤD;

ins1 = ECR@Β, ΜD; ins2 = ECR@Μ, ΤD; outs = ECR@Β, ΤD;

Χs =
Times �� Hh �� Join@ins1, ins2, outsD �. pL
PowerExpandAHTimes �� Hh �� HLast �� pLLL1�2E ;

dec = Χs �. h@i_DΧ_. ¦ H2 dot@iDLH2-ΧL�2
;

dec *= Times �� MapThread@If@ð1 � ð2, 1, dot@ð1D + dot@ð2DD &,

8outs, outs �. p<D;

law1 = dot �� ins1; law1 = Thread@law1 ® Hlaw1 �. pLD;

law2 = dot �� ins2; law2 = Thread@law2 ® Hlaw2 �. pLD;

8law1, law2, Expand@decD<F;

VC@Cob@Β_S, Μ_S, dots1_D, Cob@Μ_S, Τ_S, dots2_DD := Module@
8law1, law2, dec<,

8law1, law2, dec< = VCLaw@Β, Μ, ΤD;

Expand@dec * Hdots1 �. law1L Hdots2 �. law2LDD;

m0@i_, j_D@Σ_SD := m0@i, jD@ΣD = Which@
Σ@iD ¹ j, Append@DeleteCases@Σ, P@i, _D P@_, jDD, P@Σ@iD, Σ@jDDD,

Σ@iD � j, DeleteCases@Σ, P@i, jDDD;

m@i_, j_D@Σ_SD := m0@i, jD@ΣD * IfAΣ@iD ¹ j, 81<, 9q, q
-1=E;

m@i_, j_DAq
k_. Σ_SE := q

k
m@i, jD@ΣD;



m@i_, j_D@Cob@Β_S, Τ_S, dots_DD := ModuleB8p, ijdot, ndots, x<,

p = ECP@Β, ΤD; ijdot = dot@Min@i, jDD;

ndots = WhichB
Β@iD ¹ j && Τ@iD ¹ j, 88If@Hi �. pL ¹ Hj �. pL, 1, dot@Β@iDD + dot@Τ@iDDD<<,

Β@iD � j && Τ@iD ¹ j, 881, ijdot<<,

Β@iD ¹ j && Τ@iD � j, 88ijdot<, 81<<,

Β@iD � j && Τ@iD � j, K ijdot 0

1 ijdot
OF;

ndots = Expand@dots * ndotsD �.

dot@k_D ¦ dot@k �. 8i ® Β@iD, j ® Β@jD< �. 8i ® Τ@iD, j ® Τ@jD< �.

ECP@m0@i, jD@ΒD, m0@i, jD@ΤDD D;

If@Β@iD � j && Τ@iD � j, Coefficient@ndots �. ijdot ® x, xD, ndotsDF;

IKom@cs_, ds_D �� CobAq
p1_. Β_, q

p2_. Τ_, 1EM := ModuleA8L, Ρ, d, k<,

L = Length@csD; Ρk_ := Ρk = Length@cs@@kDDD; Ρ0 = ΡL+1 = 0;

KomA
MapThreadAJoin, List ��� 9

AppendAcs �. Σ_S ¦ q
p1

Join@Β, ΣD, 8<E,

PrependAcs �. Σ_S ¦ q
p2

Join@Τ, ΣD, 8<E =E,

TableA
IfAHΡk + Ρk-1L HΡk+1 + ΡkL � 0, 0,

d = Table@0, 8Ρk+1 + Ρk<, 8Ρk + Ρk-1<D;

If@k £ L && Ρk Ρk+1 ¹ 0, d@@1 ;; Ρk+1, 1 ;; ΡkDD = ds@@kDDD;

IfAk £ L && Ρk ¹ 0, d@@Ρk+1 + 1 ;; Ρk+1 + Ρk, 1 ;; ΡkDD = H-1Lk
IdentityMatrix@ΡkDE;

If@k > 1 && Ρk-1 Ρk ¹ 0, d@@Ρk+1 + 1 ;; Ρk+1 + Ρk, Ρk + 1 ;; Ρk + Ρk-1DD = ds@@k - 1DDD;

d

E, 8k, L< E E E
m@i_, j_D@Kom@cs_, ds_DD := Kom@

Flatten �� Map@m@i, jD, cs, 82<D,

Table@
If@Length@cs@@kDDD � 0 ÈÈ Length@cs@@k + 1DDD � 0, 0,

Table@
m@i, jD@Cob@cs@@k, bDD �. q ® 1, cs@@k + 1, aDD �. q ® 1, ds@@k, a, bDDDD,

8a, Length@cs@@k + 1DDD<, 8b, Length@cs@@kDDD<
D �� ArrayFlatten D,

8k, Length@dsD<D D;
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Contract@kom_KomD := ModuleA8cs, ds, L, k, done, a, b, Φ, Γ∆<,

8cs, ds< = List �� kom; L = Length@dsD;

ForAk = 1, k £ L, ++k,

done = False; WhileA! done, done = True;

ForAa = 1, a £ Length@cs@@k + 1DDD, ++a, ForAb = 1, b £ Length@cs@@kDDD, ++b,

IfANumberQ@Φ = ds@@k, a, bDDD && Φ ¹ 0 && cs@@k + 1, aDD � cs@@k, bDD,

done = False;

IfALength@cs@@kDDD £ 1 ÈÈ Length@cs@@k + 1DDD £ 1, ds@@kDD = 0,

Γ∆ = Table@
VC@Cob@cs@@k, dDD, cs@@k + 1, aDD, ds@@k, a, dDDD �. q ® 1,

Cob@cs@@k, bDD, cs@@k + 1, cDD, ds@@k, c, bDDD �. q ® 1D,

8c, Length@cs@@k + 1DDD<, 8d, Length@cs@@kDDD< D;

ds@@kDD = ExpandADropAds@@kDD - Φ-1 Γ∆, 8a<, 8b<EE E;

cs@@kDD = Drop@cs@@kDD, 8b<D; cs@@k + 1DD = Drop@cs@@k + 1DD, 8a<D;

If@k > 1, ds@@k - 1DD = If@ds@@k - 1DD === 0, 0, Drop@ds@@k - 1DD, 8b<DDD;

If@k < L, ds@@k + 1DD = If@ds@@k + 1DD === 0, 0, Drop@ds@@k + 1DD, 8<, 8a<DDD;

If@a £ Length@cs@@k + 1DDD, --aD; b = Length@cs@@kDDD; E EE E E;

Kom@cs, dsDE;

Kom@D = Kom@88S@D<<, 8<D;

Cob@Xp@i_, j_, k_, l_DD :=

CobAq S@P@-i, jD, P@k, -lDD, q
2

S@P@-i, -lD, P@j, kDD, 1E;

Cob@Xm@i_, j_, k_, l_DD := CobAq
-2

S@P@-i, -jD, P@k, lDD,

q
-1

S@P@-i, lD, P@-j, kDD, 1E;

Cob@x_XD := Cob@If@PositiveQ@xD, Xp �� x, Xm �� xDD;

KhComplex@L_D := Module@
8pd = PD@LD, kom = Kom@D, inside = 8<, pos<,

While@Length@pdD > 0,

pos = Last@Ordering@HLength@HList �� ðL Ý insideDL & �� pdDD;

kom = kom �� Cob@pd@@posDDD;

Hkom = Contract@kom �� m@ð, -ðDDL & �� HHList �� pd@@posDDL Ý insideL;

inside = inside Ü HList �� pd@@posDDL; pd = Drop@pd, 8pos<D D;

kom D;

KhPoly@L_D := ExpandAt
Length�Select@PD�L, PositiveQD+Range@0,Crossings@LDD

.

HList �� Plus ��� First � KhComplex@LDL �. S@D ® 1E

Kom@D �� CobAq S@P@-1, 2D, P@3, -4DD, q
2

S@P@-1, -4D, P@2, 3DD, 1E �� m@-1, 2D ��
Contract

Kom@88S@P@-4, 3DD<, 8<<, 80<D
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Kom@D �� Cob@Xm@1, 2, 4, 3DD �� Cob@Xp@4, 6, 5, 3DD �� m@3, -3D �� m@4, -4D ��
Contract

Kom@88<, 8S@P@-2, 6D, P@-1, 5DD<, 8<<, 80, 0<D

R31 = Kom@D �� Cob@Xp@7, 9, 6, 1DD �� Cob@Xp@8, 4, 5, 9DD �� Cob@Xm@2, 3, 8, 7DD ��
m@-7, 7D �� m@-8, 8D �� m@-9, 9D �� Contract

KomA98<, 8q S@P@-3, -2D, P@-1, 4D, P@5, 6DD, q S@P@-3, 4D, P@-2, 5D, P@-1, 6DD<,

9q
2

S@P@-3, 4D, P@-2, -1D, P@5, 6DD, q
2

S@P@-3, -2D, P@-1, 6D, P@4, 5DD=,

9q
3

S@P@-3, 6D, P@-2, -1D, P@4, 5DD==, 80, 881, -1<, 81, -1<<, 881, -1<<<E

R32 = Kom@D �� Cob@Xp@2, 7, 9, 1DD �� Cob@Xp@3, 4, 8, 7DD �� Cob@Xm@9, 8, 5, 6DD ��
m@-7, 7D �� m@-8, 8D �� m@-9, 9D �� Contract

KomA98<, 8q S@P@-3, -2D, P@-1, 4D, P@5, 6DD, q S@P@-3, 4D, P@-2, 5D, P@-1, 6DD<,

9q
2

S@P@-3, 4D, P@-2, -1D, P@5, 6DD, q
2

S@P@-3, -2D, P@-1, 6D, P@4, 5DD=,

9q
3

S@P@-3, 6D, P@-2, -1D, P@4, 5DD==, 80, 881, -1<, 81, -1<<, 881, -1<<<E

R31 � R32

True

K = TorusKnot@9, 5D; 8TubePlot@K, ImageSize ® 80D, KhPoly@KD< �� Timing

:800.129129,
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