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Trees and Wheels and Balloons and Ho DS
Dror Bar-Natan, Toronto, March 2013

wel:=http://wuu. math. torente. edu/-drorbn/Talks/Toronte- 1303

15 Minutes on Algebra
ILet T be a finite set of “tail labels” and H a finite stt (1{
“head labels™. Set
My (T3 H) == FL(T)",

“H-labeled lists of elements of the degree-completed free Lic

~hly (.
EENC (1 1),

T

15 Minutes on Topology

balloons / tails

“Ribbon- 1

knotted

balloons ¢ ribbon Rt
and hoops™ embeddings ™ ¢4

anti-symmetry

plgebra generated by 77,
Jacobi )

FL(T) = {2:2 - é[‘l-[“-wl] + } /(

xamples.
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. with the obvious bracket |
(}: —

My (v, vsay) =

T
+ . -
Pt b\_}_ Pt b

(Operations My 5 — M.
[ail \1|l|l1|}|\ fm’” s A A (u v o= rr) satisfies “meta-)
fssociativity™, fool" Chm

Head Multiply hm=" is A — [,\\{ r.y}) U {A — beh(Ag, Ay)),

where

i tm™ § dr

beh(a, ) == log(e®e?) = a+ 8+ [Q;] —[G'[Q’ﬁ]]l_;[[ﬂ'ﬁ]"ﬂ
katisfies beh(beh(a, 5), ) = log(ﬁ"c = l)(‘ll(cr_.h(‘ll(ﬁ,jv)}

yﬂr)
lnd hence meta-associativity, |/ v 4
[Tail by Head Action tha"™ is )\ — /\ J RO}
7 FL — FL is the substitution u — ¢ Tue?
precisely,

Covu— e ™ ()

wherg
. Or mor

= u= [y + 3l byl] -

Note that Chdl[a 8)

“meta w' = (u”)Y”

band ¢ “",’ is the inverse of that.

CodRe.! Y Crr <111d |1( nee

tha™ ha'Y | him™Y

=cRes y C"‘ ,ﬂ’ fm”* and ho

/ tha'* tha' ! tha

) "fm
fand " C.':f-‘; v

nee “mets
(e )" = w"v™, L)

1 O /\ w

“the generators”

R R I

satisfies 11123, VR]‘Z? D. and

yet mJI
L

'/ § injects u-knots into )C”"' (likely u-tangles too},
‘o 4 maps v-tangles to KM the kernel is as above, and conje]

turally, that's all. ‘\llowing punctures and cuts, 4 is onto.

Jperations ) 'C(nm((h(l
Punctures & Cuts | Sums.

If X is aspace, (. ’(}
is a group, ma(X)
is an Abelian group,
and m; acts on mo.

(&6)-5%

K tmiy

Wheels.  Let M(T3H) = My,(TiH) x CW(T), wherqg
C'W(T') is the (completed graded) vector space of cyelic words

o 1°, or equaly well, on FL{T):

:' i v i i u (e i 'I-‘_
-
K = —
o v
el fantig-ave

“Meta-Grojpp-Action”

Operations. On M(T; H), define tm"" and hm:"
and tha' by adding some J-spice:

(A .J.} = (Aw A+ Ju(A)) J RCYL

where J,(v):= dx divy, (RO J O, and

V=

All green identities still hold.

elseey

Torossian|

[heorem Green.

|-
as before,

 “(uv)” =

homz”

o “ulmy) = (7).
langle concatenations —  mp x w9, With dmfé = Nm”hf
m J hnt®,
a ‘L b T}f‘”—} ?’—
Il .

Lo <je 2 C

Moral. To construct an M-valued invariant ¢ of (v-)Jtangles,
and nearly an invariant on K" it is enongh to declare ¢ on|

IMerge Operation. (Agzw)#(Aoiws) == (AL U Agswy + wa).

the generators, and verify the relations that § satisfies.
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Trees and Wheels and Balloons and Hoops: Why 1 Care S e

=

¢ W () W (-] o)

I'heorem. ¢ is (log of) the unique homomor-
phic universal finite type invariant on K",
(... and is the tip of an iceberg)

[u,v] = ev—cyu for u,v € T. Then FL — Lg and CW —

= ((Ar);w) with A\, = Z Az T, Az € R,

. . o
Paper in progress with Dancso, oe3/wko b .
e == Cy + ¢y e~ —1 5 €1
beh(u, v) — —— w+ e v) .,
efutee — Rii G

if v =" vpv then with ¢y := 3" yyey,

-1 . e — 1
_ ujf RC) = (1 + cu” ,,, - ) €U — cy— Z‘y,.l'

'~ «
y L vE®

livyy = cyYu, and Ju(v) = log (l + £
formula-computable to all orders! Can we .\lllll)llf_\ ?

I'he Invariant ¢. Set ((e,) = (& — 0:0), {(e,) = (();0), and [The 3 quotient is M divided by all relations that universally
10ld when when g is the 2D non-Abelian Lie algebra. L
? = Q{cutuer] and Lg := R@ T with central R and wit

Under this. U4

e, ,,,). so ¢ iy

R

replace Ay = Qup = CulyrS
and write o, as a matrix. Get ¢4 calculus”.

3 Calculus. L(‘l J(II T ) be

w and the a,,'s are
rational functions in

= e variables £, one for
. is computable! ¢ of the Borromean tangle, to degree 5: cach u € T'.

” ) v (+ cyclie u)lmn’) . w1

ar = Q:'; -2 e permutations o N Gl

- 2 .? for trees y S S I
& f e+ 8,

: =l 3 -

)

W Qyy Oy
Ul Que Quy

Repackaging. Given ((z — )\,,, )iw), set ¢z = Y CyAuz
=L and w — ¥, use f, = ¢

tha**: wla B 5 u 1+ (v)/e) ;J’(1+( ) /e)

O
)0 ¢
00 ¢

=3 -2
06000000 -

A /e 8 —Bfe
where € := 1+ and (v) := and

Fensorial Interpretation. Let g be a finite dimensional Lig ‘ a5 Z G RUAL) 00 e Too B1C
algebra (any!). Then there’s 7 : FL(T) — Fun(drg — g) Ri. = ] L R 1 =
and 7 : CW(T) — Fun(@®rg). Together, 7 : M(T;H) — w |ty —1 i —1
Fun(hrg —» hgg), and hence In long knots. w is the Alexander pulvu(nm.ll’

e": M(T: H) — Fun(erg — Z/I?‘H(g)). Why happy? An ultimate Alexander inva
' and BF Theory. (See Cattanco-Rossi, riant: Manifestly polynomial (time and si

ze) extension of the (multivariable) Alexan-==
der polynomial to tangles. Every step o
the computation is the computation of the i-
mvariant of some topological thing (no fishy

wXivimath-ph/0210037) Let A denote a g-
onnection on 8 with curvature Fyq, and B a
a*-valued 2-form on S?.  For a hoop ~,. let
10l (A) € U(g) be the holonomy of A along ~,.

let

2} Cattaneo N ] .
For a ball 4. let O, (B) € g* be (roughly) the ums..sldn <I.nuumtmn.). If there should be an Ale rumlu i
integral of B (transported via A to oc) on ~ nvariant with an algebraic categorifcation, it is this one

& ILEALL: ¢ u- * >
A - o See also wef/regina, «ebieu. May class: oef3/aarhus
P EANI LU B, Paper in progress: weB/kbh Class next year: oef3/135(

i, & b 1 9 . aj I ) Class next year: ef3/135
Yu —

DADBe! H ® oly, (A) = e (€(7))- - “God created the knots, all else in -4
u topology is the work of mortals. B\ S
llmt is, ¢ is a complete (\dllmtlon of the BF TQFT. Déspold: Kroreckss (inodified) wuw.katlas.org 1iexeet fil
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