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Let 1" be a finite set of “tail labels” and H a finite set oi
“head labels”. Set

M, jo(T: H) := FL(T)#
“H-labeled lists of elements of the degree-completed free Li
ilgebra generated by 77,

C ribbon 4
embeddings .

b]

Examples.

- . 1 anti-sy . .
FL(T) = {252 — Z[t1, [t ) + } /( il '-,_\1111.1¥('t1}) € e

2 Jacobi )
... with the obvious bracket, &l D
woow o u v . /f/c
v g & i -
f—§> My o(u, v, y) AN Y Ly l 2 \>/ ) o } Poe’ :/‘E)\_r Pt \!b\
r y U _—

Jperations My — My . “the generators

Fail Multiply tmi" is ,\ = /\ ,-f {u oo )‘ satisfies “meta-\ore on )/ ) }&/\( >< ] 4
associativity™, fmll" . ) N T - B %

Head \[ul[u}l\ hm s ,\ — {A\{ T, :,r}) U (“ — beh( Az Ay) ) satisfies B 123, VR123, D. «uld

vhere _
. A S [ex, 8] 3], j yet no
reh(a, 3) := log(e®e’) = a +  + ln— - w +..] 0 ’—“ - \7 >[>’ - /év v t T /4
satisfies beh(beh(a, 8),7) = l()g_,{r if”‘ ) = h(h(“ I’(h{d Jo 5 injects 11@101’.‘3 into A (11}\01\ u-tangles too).
ind hence meta-associativity, o, 0l my” ) hm j' ) N N

" ‘o & maps v-tangles to K" the kernel is as above, and conje|
r'l] by Head Action tha"™® is )\ — '\ 4 RC3=. wher turally, that’s all. }\]1(]\\1111., punctures and cuts, § is onto.

on . ¢ FL — FL is the substitution uw — e 7ue”, or mordOperations 'C‘mmut(d g\ _9 . @ 9
precisely, Punctures & Cuts | Sums. &) —=
, L o _____ JI_AS LA

CoVru— e ™ (u) = u — [y,u] + ;h, [vull —..., I X is a space, ‘rl[’() K K J tme:

- N ; is a group., wa(X 1 w
e R(“;’ is the inverse of that., Nolo that (..‘,l,rh{a"'j] =.H a g I 2(X) /\ /— J (3

is an Abelian group,

af RO, g
C-*uy xe W and hence “meta u” {u JE and 7 acts on .
hn™ J tha* tha™" the .l
) Ay ftmiy Ji{ e
wd tm! colt = Cy ol ,ﬁ’ Y ;fr’ rm w and h(‘nco ‘mets
uv)® = u'v™, tmy" [ tha" W tha™ Jf tmliY.

Wheels.  Let M(T:H) = M;(T:H) x CW(T), wherc
C'W(T) is the (completed graded) vector space of cyclic words

on 7', or equaly well, on FL(T):
o ‘_1 P Y u? H u; ;a_
yperations. On M(T; H), define tmn!” and hin:" as h(‘.f(:l‘l?,_.

(8 i
wef/antig-ave
nd 1ha™ by adding :-;01114 Hapice:

J (,\ w) e+ (A + (A },5!1?(-*,1“.
=S| vhere ;‘ /ds div,, Mﬁh’ﬁ ;’C‘“ ”\6 and

langle concatenations — w1 X ma.

ma f hima?,

Iﬂb

Alcks a ¢¢ b " « ﬁ'\L
div _dive a rJ.’m”"’ [
- Tc’r‘°”i“\][1|;1| i '

. To (.mlsm.u( t an M-valued invariant ¢ of (v-)tangles,
Iheorem Greens All green identities still hold. and nearly an invariant on K| it is enough to declare ¢ on|
Merge Operation. (Azwi)#(Aosws) == (A U Aoswy +we).  [the generators, and verify the relations that § satisfies.
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I'he Invariant ¢. Set ((e;) = (x — 0;0), {(e.) = (();0), l)

¢ b_r — (l” ;0) b - (— lﬂ .n.?""

I
I'heorem. ¢ is (log of) the unigue homomorphic 1 llﬁ‘12
finite type invariant on K and is the tip of anficcl {’*rn

I'he 3 quotient is M divided by all relations that" hold Y-
hen when g is the 2D non-Abelian Lie algebra. Let R =
Q[{cu}tuer] and Lg := R ® T with central R and with
i, v] = e, v—cyu for u,v € T. Then FL — Lg and CW — R,
'nder this,

p ((Ae)iw) with A = Y e, Auz,w € R,

.

if‘ = Z\@I then

03 = (1 e ) (b Y

ps| [Repackaging. Given ((.Ih-_ak,,_,.):w). set ¢, 1=

ueT

Gty fe =1 e —1
bech(u, v) » —— u+ e v),
eCu e l S

with (5(:: z{xl,r, v

(" vF#u
li\',m\ = cuMu, and J,,(z) = log (1 + ﬁ!{—lr,,)\&). 50 C i

formula-computable to all orders! Can we simplify?

: > oA Teplad

o ~

e Aur —F Gz i= CyAur—— and w — €¥, use ¢, = e, and|
x .

write o as a matrix. Get “J calculus”.

3 Calculus. Let 8(H.,T) be

 is con able! [ the Borromean tangle, gree H:
is computable! ¢ of the Borromean tangle, to degree 5

T () @
BT Y

Tensorial Interpretation. Let g be a finite dimensional Lie
algebra (any!). Then there’s 7 :
md 7 : CW(T) — Fun(drg). Together, 7 :
Fun(@7g — @©pg), and hence

eT: M(T: H) — Fun(&pg — U (g)).

FL(T) — Fun(®rg — g)
M(T:H) -

K and BF Theory. (See  Cattanco-Rossi.
wXivimath-ph/0210037) Let A denote a g-
onnection on S with curvature Fy, and B a i
o*-valued 2-form on S'. For a hoop ~v,. let /\\
hol,_(A) € U(g) be the holonomy of A along ~,. -l(i,m*' —
For a ball 5,. let O, (B) € g* be (roughly) the

integral of B (transported via A to oc) on 7.

Loose Conjecture. For v € K(T; H),

/ DADBel BAFATT 278D (R) hol,, (4) = €7 (¢(7))-

u
I'hat is, ¢ is a complete evalfation of the BF TQFT.
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“"l &£ Y w and the a,,’s are
U | Qur Quy rational functions in
V| Qux Quy variables f,, onc for
cachu e T. e !
wh | 111 w2 | Hg
Tllnl "lfgl(lg
tmg,’ a+p H, H,
5y . (851 0
0 (D)
" 1 . w I z
hm?Y —
|o B A :|a+‘d+(a)‘d 5
w | x (R WeE T e
tha*: w|a B  ula(l+{y)/e) B(L+{7)/e)
ey 6 /e & —B/e
where € := 1+ a, {a) := 3, oy, and (y) == 3, 7, and let
1 % 1 x
RF = —F R, ;
e ult,—1 g wl|t;  —1
)n long knots, w is the Alexander polynomial!

Why happy? An ultimate

riant:

ler polynomial to tangles.

Manifestly polynomial (time and si

Alexander inva

Every step o

the computation is the computation of the i-
nvariant of some topological thing (no fishy

ey .
TC oo

Gaussian elimination!).

If there should be an Alexander i
nvariant 4 i

categorifeation, it is this one)

“God created the knots, all else in
topology is the work of mortals.
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