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15 Minutes on Algebra Fa
Let T be a finite set of “tail labels” and H a finite set of
“head labels™. Set

My (T3 H) == FL(T)", H
“H-labeled lists of elements of the degree-completed free Lie

N hoops / heads
algebra generated by 17, ps /

Examples. 5

FL(T) = { 2ty — ~[t1. [t1.12]) + ... /(‘um 8y nn-m try ) €4 I //3 —a .’
2 Jacobi ) N
... with the obvious bracket. i LD
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Jperations

Tail Multiply tmy": Myme — My by A= A J (w0 — w) [\Imt on )/ & >< 8 )ggs/ -

katisfies “meta-associativity™, tm2" J tm!" = tm! " [ tmi. N 3 - /<(< - %}&
Head Multiply hm=": My — My by A= (W x, yHU(z = satisfies R123, VR123, D .mrl
(A, Ay ), where

seh(a, 3) == 1{;1.,[(”(’_5} —a+ A+ — [Q Al + —lnllmljjﬂ[alﬁ]“ji +... oc: ?Q / - jér :It( - T é;i_

2 12
satisfies beh(beh(a, 5), ) = log(e®e’e”) = beh(a, bf‘h .f) e § injects u-Knots into KPP (likely u-t angles 10o).

ind hence me [fl-f""'ﬂf‘lfﬂl\ ity, hmg? ff "””" = hmy” Jf f’”“‘a -l & maps v-tangles to K""; the kernel is as above, and conje
Tail by Head Action tha: My — My by A )\)}.‘z' RO feturally, that’s all. \]It:\ullg punctures and (ul'-. 4 is t:ni{:

where €7 FL — FL is the substitution u — ¢ Tue?, ofdperations 'C()I]]It(t(ll g
more precisely, Punctures & Cuts | Sums.

1 TN T o
Colliu— P—mi—,v{") =u—[y,u] + Gh" [voul] —.... If X is a space, 7 (X
s a group, wa(X
and RCY is the inverse of that. Note that ), =lis an Abelian group,
(.-'::‘YH('“' ,r?'(]f and hence “meta v = (u*)¥", and 7 acts on wa.
hmI¥ [ tha"* = tha™" [ tha" | hm"Y,
md fm! ,;’n"(f':;".’?r””:'r = cyIReT SO ftm and hence “met:
(ww)” = w"o™ dml [ tha = tha™ [ tha" [ tm!’.
Wheels.  Let M(T:H) = M»(T:H) x CW(T), where
CW(T') is the (('ouml(*lm] umnlvd) vector space of eyelic words
m 1, or (-¢|1|.1.\ well, on ,"L

Properties.
we fantig-ave

Associativitios: m Ty

beh(a.3)

[ ab
- =my" [ my?, for m = tm. hin.
Jperations. On M(T: H), define tm"" and him:" as before a | #mas

o Action axiom t: tm’ ,jr’ ?‘ha” T = tha"" J tha™" fj/fm‘”.

and (ha'" by adding some J-spice:
‘ & ! e Action axiom h: hmi” [ tha"s = tha"" [ tha"¥ [ hmt".

{,\w)e (Aw+Ju(A)) [ RCA

/\ A l'angle concatenations — 71 % m. With fhn:'.h = H?-n.”f’;'
where J,(Ay) :_ u!e (11\“ A ,{z‘ RO ;ff(* = and me® f himah,
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Moral. To construet an M-valued invariant ¢ of (v-)Jtangles,
Theorem Blue. All blue identities still hold. wd nearly an invariant on K" it is enough to declare ¢ on

Merge Operation. (Ay:w )J#(Ao;wa) := (A1 U Xazwy + wa). he generators, and verify the relations that & satislies.

It is the universal solution to a topological problem and it has many siblings (who talk to each other). It
is explicitly computable. Its target space is in itself a space of "universal formulas in Lie algebras"
(that's "the miracle"). It seems to be a complete(?) evaluation a certain gauge theory. It is related to a
deep conjecture in Lie theory proven by Alekseev and Meinrenken. It has even-better-computable
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specializations, including one which is an "ultimate
to be done.

Alexander invariant". And plenty of work remains

\ [

Trees and Wheels and Balloons and HoopsSg¥d Why | Care
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I'he 4 quotient, 2. Let B = Q[{cu}uer] and L := R® 1
wvith central R and with [u, v] = ¢,v —eyu for w,v € T Ther
FL — Ly and C'W — R. Under this,

p— (Nw) withd= Y Agur, Ag.weR,

aeH, ueT lf
Oy + Cy ) el — 1 e —1 /hctl(//n)
beh(u, v) - ——— ( 1+ e z!) .
pluten — ] Cy Cy 0

fA =73 A then with ¢y = 3 Aute,

o N e
L RO = (1 + ey "—) ey — e = S
Cx A v
div, A = ¢, Ay, and the ODE for J integrates to

J(A) = log (] b ! r',,/\,,) ,

s0 ( is formula-computable to all orders! Can we simplily?

I,».f',\

Repackaging., Given ((@: Ay, )iw), set e := 3", e Ay, replad
o .
€ Ayr —F Onp = Cudyr et and w — log w, use t, = ™

I'he Invariant . Set C(pi) = (du,;0). This at least defi-

Cx
ad write o, as a matrix. Get “9 caleulus".

nes an invariant of u/v/w-tangles, and if the topologists will
eliver a “Reidemeister” theorem, it is well defined on K.

I Caleulus. Let 3(H.T) be

- w | - v |w and the a,.'s are
¢ b P = 671 +‘”. ; (}) b . E " :{]) I DA rational functions in
’ U Qua Oy variables f,, one for
I'heorem. ¢ is (the log of ) a universal finite type invariant (a each u e T. Jn preparation
homomorphic expansion) of w-tangles. '
— — — - wi | Hi | ws| Hy
lensorial Interpretation. Let g be a finite dimensional Lie o i T - T
algebra (any!). Then there's 7 : FL(T) — Fun(dbrg — g) . M| Q wla+ B ! | 1 2 | a2
LT | e . 3 . fm,, g aTp wiws | Hy Hs
wd 70 CW(T) — Fun(@rg). Together, T« M(T:H) — CHN PR e
Fun(org —» ©ya). and hence o ¥ - 'I'L ff]l
& 2 ol
€7 M(T: H) — Fan(erg — UZH (g)). ?
- wla w z
) and BF Theory. (See  Cattanco-Rossi, ™Y 4 —
arXivimath-ph/0210037) Let A denote a g- a B~ a+ B+ {a)3 v
-onnection on St with curvature £y, and B a “’Il 7 w€| T
E . - o ! 8 .
a*-valued 2-form on S*  For a hoop ~,, let tha'* . uwla 8 o u|all+{y)/e) B+ (/e
hol,, (A) € U(g) be the holonomy of A along 5. = © i} . )
For a ball 7, let Oy, (B) € g* be the integral of v o0 /e §—Be
B (transported via A to oo} on 4. where ¢ := L+, (o) 1= o, and (y) := ZI_#" Y, annd let
Loose Conjecture. For v € K(T'; H), 1 @ -1 T
DADBe! BAFs o, [Bn®l L (A) = ¢™(¢(7) B 2= |ty — 1 M= wlt,T—1"
) “ » ‘ - toh (4) = €7 ). In long knots, w is the Alexander polynomial!

I'hat is, ¢ is a complete evaluation of the BE TQFT.
lssues. How exactly is B transported via A to oo? How does
the ribbon condition arise? Or if it doesn’t, could it be that
L can be generalized??

Why bother? (1} An ultimate Alexander i
nvariant: Manifestly polynomial (time and si
) extension of the (multivariable) Alexan-=
ler polynomial to tangles. Every step of th

I'he 3 quotient, 1.
ILie algebra.

o Arises when reducing by relations satisfied by the weight
kystem of the Alexander polynomial.

e Arises when g is the 2D non-Abelian

e _'3 “God created the knots, all else in "

topology is the work of mortals.”

Leopold Kronecker (meodified) www.katlas.org The ke fils

e (Why bother?

:omputation is the computation of the inva-
riant of some topological thing (no fishy Gaus- F
If there should be an Alevander inva
riant to have an algebraic categorifeation, it is this one)
See also wef/regina, wef/gw.

(2] Related to A-T, K-V, and E-K, should
have vast generalization beyond w-knots and the Ale

sian elimination!).

mder

aper in progress: w3,/kbh Class next year: ef3/135(

polynomial. See also wefl/wko. wefl/cacn, wefl/swiss
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