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15 Minutes on Algebra
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Operations

Tail Multiply tmi?: My — My by A= A f (v0 = w),
batisfies “meta-associativity”. fm}" J tmy" = tm" J tm}".

Head Multiply hmI":
beh(A,, Ay 1), where

s My — Mg by A (N a oy} U(z —

beh(a, 3) = lug(f“( =a+f8+— [" Al 7{0,[11,6]|112[[r1.ﬁ],_.‘?:
katisfies beh(beh(e, 8),4) = log(e” r-’fr. ") = beh(a, beh(3,4))

bind hence meta-associativity, hmy? J hm®*
I'ail by Head Action tha"
where €, 7: FL — FL is the substitution u — e Tue?,
more precisely,

= hml" J hmi?.
or
Cyolvuw— o™ ady (u) =1 — [y, u
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inverse of that. Note that C,° {(a,6)

Y (.-‘,, and hence "meta v = (u")¥",
hmt? J tha® = tha"" [ tha" [ hm?¥

bnd (Ol e

()™ = w"v™, tml J tha™ = tha™ [ tha J tmhY.
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o & injects u-Knots into K" (likely u-tangles I.(m).

lemeister moves and the “overcrossings commute” relation,
and conjecturally, that’s all. Allowing punctures and cuts, d
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Meta-Group-Action. Kt

If X is a space, m(X) /1
is a group, m2(X) is an
Abelian group, and m
wets on .

Wheels.  Let M(T:H) My (T H) < CW(T), wherg

m T, or equaly well, on FL(T):

el antig-ave

CW(T') is the (completed graded) vector space of eyelic words i
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[Properties.

Operations. Ou M(T: H), define i’ and hm="
and tha™ by adding some J-spice:

(A-w) (Aw+ Ju(Ae)) f RO

as hefore

o Action axiom t: tm J tha™ = tha" J tha® J tml',

Associativities: m"™ J me = m"" St for m = tm, hm.

e Action axiom fi: h mJ’ N tha's

where J,(Ar) d'i lll\“ /\ ,{I’H(‘SA‘) ;"('_s’\ , and
n
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[Theorem Blue. All blue identities still hold.
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Merge Operation. (Azwn) = (Agiwa) == (A U Asiwy +ws).
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[he 4 quotient, 2. Let B = Q[{cy}uer] and Ly := R & T|
vith central R and with [u, v] = e,v —epu for u,v € T Ther
"L — Lg and CW — R. Under this,
p— (Aw) withdA= D Ao,
xeH, ueT

(r"" -1 Lot =1 )
u+ e v,
O Cy

Aurw € R,

ey + oy

beh(u, v
sehfie, v) — pror—
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= (Aw)  with A = L Aurttit,  App w € IR,
xeH, ueT
P Cy oy et — 1_ o e — 1.
beh(w, v) — prr— ( - w+te o 1) .
if A =35 A0 then with ey := 5" Ae,,
Ca =1

ko ( is formula-computable to all orders! Can we Hi]]l])w
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liv, A = ¢, Ay, and the ODE for J integrates to
Ju(A) = log (l + — 1(‘,,/\,,) .
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The Invariant ¢. Set {(pF) = (u,:0). This at least defi-

Repackaging. Given ((x : Aur)iw), set ¢ := 3, oA Teplad
Aur = @ 1= Gt and w — logw, use £,
and write oy, as a matrix. Get “9 calenlus”.

£lu

nes an invariant of u/v/w-tangles, and if the topologists will]
leliver a “Reidemeister” theorem, it is well defined on KM

¢ b.,-'_"@':ﬂLui“) Tb I—}E-:—”-_n)

I'heorem. ¢ is (the log of ) a universal finite type invariant (al
homomorphic expansion) of w-tangles.

lensorial Interpretation. Let g be a finite dimensional Lie
algebra (any!). Then there’s 7 FL(T) — Fan(@rg — a)
and 7 CW(T) — Fun(®rg). Together, = @ M(T:H) —
“un(@rg — Gga), and hence

e M(T: H) — Fun(opg — U (g)).
K and BF Theory. (See  Cattaneo-Rossi,
wXivimath-ph/0210037) Let A denote a g-
onnection on ST with curvature Fq, and B a
g*-valued 2-form on S§'. For a hoop ~,. let
hol,, (A) € U(g) be the holonomy of A along ~,.
[For a ball v, let O, (B) € g* be the integral of
B (transported via A to oc) on 7y,.
Loose Conjecture. For ~ € K(1'; H),

[ DADBeS B T OB Q) hol,, (A) = €7 (¢ (7).
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W | I we | T e
tha® - ula G o u lall+{H)/e) B(1+ (v}/e) .
v § : y/e & — /e
vhere e := 14w, (o) :== % o, and (v) =3 ~,. and leg
1 x 1 r
+ - .
T Boa =21
In long knots, w is the Alexander polynomial!

[That is, ¢ is a complete evaluation of the BF TQFT.
[ssnes. How exactly is B transported via A to 20?7 How does
the ribbon condition arise? Or if it doesn’t. could it be that
K can be generalized??

I'he 5 quotient, 1. e Arises when g is the 2D non-Abelian}
ILie algebra.

o Arises when reducing by relations satisfied by the weight
kvstem of the Alexander polynomial.

- “God ereated the knots, all else in
topology is the work of mortals.”

Leopold Kronecker {modified) wWW.katlas.org Thekees il

Yaper in progress: e/ kbh Class next year: wef/135

- Bee also wef /regina, wefi/gwa.
e Why bother?

Why bother? (1) An ultimate Alexander i
mvariant: Manifestly polynomial (time and si
ze) extension of the (multivariable) Alexan-z=
ler polynomial to tangles. Every step of th
omputation is the computation of the inva-
riant of some topological thing (no fishy Gans-
sian elimination!),  [f there should be an Alezander
riant to have an algebraic categorifeation, it is this one

FrEL

(2] Related to A-T. K-V, and E-K, shoulc
have vast generalization beyvond w-knots and the Alexander
polynomial. See also wef/wko, wefi/eacn, wefl/swis
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Trees and Wheels and Balloons and Hoops - Extras / Recycling

m ", map v € K"™{m.n) to the triple
(111 (%), (i), (7)), where the meridian of %~
the balls u; normally generate 11y, and the ~

“longtitudes™ @5 are some elements of 11;.
# acts like =, i acts by “merging” two
meridians /generators, hm acts by multi-

plving two longtitudes, and tha™" acts by
“eonjugating a meridian by a longtitude™: (but nearly)

(0, (uy ) (o)) e (T (@) (0 = i), (@, ), ()
[Failure #0. Can we write the x's as free words in the w's?
I = woe, compute & J tha™":

[nvariant 0. With IT; denoting “honest /‘ '_'_\
b

e

Not computable!

o ”u"l‘.l'?_.

. x v o
r=uv —iv=u'v=u"v=u"""v

[Why ODEs? Q. Find fs.t. fla+y) = fla)fly).
AL L = df(s+6) = #f($)I() = f(s)C.
Now solve this ODE using Picard’s theorem or
YOWer H“.l‘if‘h'. Alekseev Torossian|

Scheme. o Balloons and hoops in BY, algebraic structure and
relations with 3D.
 An ansatz for a “homomorphic” invariant: computable)
related to finite-type and to BF.

@ Reduction to an “ultimate Alexander invariant™.

An RC; example.
SN
" i (eler)
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