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15 Minutes on Algebra 2
Let T be a finite set of “tail labels™ and H a finite set of
“head labels™. Set

Myp(T 1) = FLTYH
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“H-labeled lists of elements of the degree-completed free Lic
lgebra generated by 17,
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Jperations.  “Tail Multiply™ tmj": Mys — Mys by A '—>
D (0,0 — w), satisfies “meta-associativity™, tm5" J bmi™
my™ ftmit.

“Head Multiply™ himts My — My by A= (A, y}) U
z = heh(A,, Ay )}, where

g [0 T e e
hice. 3) 1= log(e® Ay = A
seh(ea, 3) og(e®e’) = a > T3

catisfies beh(beh(o, 3),7) beh{ e, ]){h iR }) and hence
meta-associativity, hm,“’ ¥ hm‘* = hmy)" [ hmy?
“Tail by Head Action™ fha"": My —> My by A= X f

R, where O : FL — FL is the substitution u — ¢ Vue?
r more precisely,

e~ 1
Co%u— e ™ Vw) = u—[y,u] + Syl =

md RCY is the inverse of that. Note that ("hthm #)

o rec.” Y (.-Ti? and hence
hnt [ tha™ = tha"" [ tha" § hmI¥,

d tme f O = oRCT o imi and hence
timy J tha™ = tha™ [ tha™ [ tm)".

_If X s a space, ‘?T]_(X)
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.o § injects n-Knots into X" (likely u-tangles too).
o & maps v/w-tangles map to K*; the kernel contains Reid
lemeister moves and the “overcrossings commute” relation,
and conjecturally, that’s all. Allowing punctures and cuts, §

lis onto,
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Meta-Group-Action.

lis a group, ma(X) is an
IAbelian group, and
acts on .

“MGA”

Properties.

e Action axiom t: tm"" J tha"" =
o Action axiom fi: it J tha*

o Associativities: m2® J m2 = mp® J m, for m = tm, hm.
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Trees and Wheels and Balloons and Hoops and Why I Care

T'he 5 quotient, 2. Let B = Q{ey}uer] and Ly := R a2 T
with central R and with [u, v] = eyv —cyu for u,v € T Then|
'L — Lg and C'W — R, Under this,

= (Arw)  with X = Z Auruz, Ay w € R,
el ueT

Cy + Oy e —1 Lot —1
wA et v,
efuten — ] ey s
if A =57 Av then with ey := 5" A,
EE R e —1
(I + g o ) ey — ey Z)\,.-;'

59 ”
livy, A = e, Ay, and the ODE for J integrates to
J A = log (1 + — lf‘,,,\,,) ,
[5)

ko ¢ is formula-computable to all orders! Can we simplifv?

behfu, v) —

w1 E’Cf}

Repackaging. Given ((x @ A, )iw). set e, == 3 eph,, red
oz .
slace Ay — o 1= CuAus - L and w — logw, use t, = %

liver a “Reidemeister” theorem, it is well defined on KM
"
¢ brl_""'ﬁ.‘:-l-‘”:{]) bl_z"ér:—r:ﬂj

lhomomorphic expansion) of w-tangles.

I'he Invariant (. Set C(;Ji] = (i, 0). This at least defines
i invariant of u/v/w-tangles, and if the topologists will de-

T'heorent. ¢ is (the log of ) a universal finite type invariant (|

2 "
and write o, as a matrix, Get ©7 calenlns™.

3 Calculus. Let S(H,T) be
- ¥ Y lw oand the a,,'s are
rational functions in
variables #,. one for

cach we T
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Im preparation.
Selmani & B-N.

Tensorial Interpretation.

Let g be a finite dimensional Lig

g*-valued 2-form on S'.  For a hoop =, let 7
hol, (A) € U(g) be the holonomy of A along ~,.
lFor a ball ~,, let O, (B) € g* be the integral of
I3 (transported via A to oc) on 7,
ILoose Conjecture, For ~ € KT, H),

/ DADBel P TT e ) Q) hol,, (4) = ¢7(¢(7)).

[That is, { is a complete evaluation of the BF TQFT.
[ssnes. How exactly is B transported via A to 00?7 How does
the ribbon condition arise? Or if it doesn’t, could it be that]
K can be generalized??

The 7 quotient, 1.
ILie algebra.

» Arises when reducing by relations satisfied by the weight]
kvstem of the Alexander polynomial.

™

Cattanen

o Arises when g is the 2D non-Abelian

~ "God created the knots, all else in 7 %
topology is the work of mortals.”

Leopold Kronecker {maodified )

gebra (any!). Then there’s 7 @ FL(T) — Fun(Dyg — g) e
md 70 CW(T) — Fun{©pg). Together, @ M{T.H) — ey
Fun(rg — Gga), and hence

¢ M(T.H) — Fun(drg — U2 (g)).
K and BF Theory. (See  Cattanco-Rossi, Ry . -
arXivimath-ph/0210037) Let A denote a g- i |(1' g : |(1'+5+{ﬂ'}.3 i
-onnection on S with ecurvature Fy, and B a w | a ‘”'fl

\ F(Why bother?
www katlas.org Trs ke nitfnave vast generalization bevond w-knots and the !

a § o u[a{l+{y)/e) S1+ (/e

tha": u

v 4 : /e d—~08/e
where e := 1+ a, (o) := 3 a,, and {7} : Zr,#“ ey Al let
1 x 1 x
+ - .
Boi==m—1  Pe=ae—

Jn long knots, w is the Alexander polynomial!

Why bother? (1) An ultimate Alexanderx
invariant: Manifestly polynomial (time and
kize) extension of the (multivariable) Alexan-=
ler polynomial to tangles. Everv step of the
omputation is the computation of the in-
wvariant of some topological thing (no fishy
Gaussian elimination!). [f there should be an Alexander in
variant to have an algebraic calegorifeation, it is this one)
See also weFregina, weFgwn.

(2) Related to A-T, K-V, and E-K, shoulc

>aper in progress: wekbh Class next year: wef3/13560)

polynomial. See also we Ffwko, we ﬁ;"{-u:‘n(’w
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Trees and Wheels and Balloons and Hoops — Extras / Recycling

[u\--,n‘i;:m #0. With Ty denoting “hon- {ﬁ\ /_\ T'he Meta-Group-Action M. Let T be a set of “tail labels”

- b inle m - N

st T . map 7y € K™ (m,n) to Hf‘“ "mpl(. (“balloon colours™), and H a set of “head labels” (“hooy
: E"f 1%‘_[”'*)‘{"'-12]'-1 where _th“ i_ll“’lf‘h‘;“l”f colours™). Let FL = FL(T) and FA = FA(T) be the (com-
' 1€ DAL Ui DOTMATY gener ate II;, and the pleted graded) free Lie and free associative algebras on gen-
10'13%13”'}“1("" *j Are some c;lclm.zr.].ts E’f . erators 1" and let CW = CW(T) be the (completed graded)
[+ ;uit-r'. 1[1{(}."{ *, Lmlm:ts IFb._\- 111:.‘119;11% t-lt:".u vector space of cvelic words on T, so there’s tr: 4 — CW.
meridians /generators, fun acts by multi- n TN — (e c) Tow e OW
Hlving twn[iongtiturln;a. and tha'® acts by 1ot computable! lLet M(T, H) := { A= (@i Adsemiw) s A €FLwe C W}
A : A oy . o v .

“conjugating a meridian by a longtitude”;  (Put nearly) _ ( H\/ i 2 \>/ u}:ﬁ j : )
(IL (o)) e (T () o = i ™), () () ! s v/

Failure #0. Can we write the x's as free words in the w's?  |Operations. Set (Ajwi) * (Azsws) 1= (A U Aoz wi + ws) ane

If & = v, compute @ J tha™: with g = (A;w) define
r=uy — v =T = u"e = u" Ty =u" o= tng! s e g ff (v = w),
Vhy ODEs? Q. Find f s.t. f{a+u f{;::).f[y)- . ——
N rtf(* _ 4 4 s+ e) = f{ V) = F(5)C hmi¥ s pp— ((.._,,r: P Y Ay sheh( Ay, A )) )
N owr '-,olu thls ODE uhmg Picard’s theorem or bl gt
power series. Alekzemy Toranrian ) —_ ad A
tha™ e p Jf (w— (@) f (0= ) + (0, 0, (A))
Scheme. o Balloons and hoops in B, algebraic structure and| - "l—;*—"
relations with 3D. wRcs e e

e An ansatz for a “homomorphic” invariant: computable,
related to finite-type and to BF.

e Reduction to an “ultimate Alexander invariant”. /
I'he Meta-Cocyele J. Set
- clllasdt.

T = A l (,\ J RCS J div,, ,;r(?,j-”‘) ds,

where div, A == tr{ue,(A)). o.(v) = b ou([Ae Ay])
LA )au(Ay) — e(Ay)ou(As) and ¢ is the inclusion FL — FA:

JI =Y

An RC? example.

/GJ'/(‘DM QJ'LX

)Y Y y 8/ &/ R
—1‘%{ \Q ‘{{( I i e ) = RO ,er"‘””“ /) f)a/l\h/} iy C}/

) RCY = L0 vyt g s
and L
Jo(As [ uvw) J} RCA=Tvw Cconsy (\\4 Lnc

= JulAe) f RCY= ) ROMITE f wpw
+. 0o Ar R(,":*}RE.-‘:,\"W".?}I J wow

and hence tm, im, and tha form a meta-group-action.

hoh(A Ay
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