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15 Minutes on Algebra el

Lot T be a finite set of “tail labels” and H a finite set of
“head labels™. Set

My (T3 H) o= FL(T)?

“H-labeled lists of elements of the degree-completed free Lid

SRl (1 H ).

15 Minutes on Topology

balloons / tails

“Ribbon-

knotted

balloons ribbon mt
and hoops™ embeddings gl

anti-symmetry

Algebra generated hy 1.
Jacabi )

R BTy

i iy

Y-

T

v
'2

Y

. with the obvious bracket.,
(I' —

My palu, vy, y) = {/\

uov }
Jperations My o — M 9.

=
Examples,
—i

™

T

w o 1@

"
p;tr: :b\: Puat b

“the generators”
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Tail l\lultl]}l\ tmlis A — A J (u, v — w), satisfies “meta-

wsociativity™, tml" ftm" = tm" ) tmlY.

Head Multiply hm=” is A — (A\{z,y}) U (z

where

— beh(Az Ay ),

[ex, A [ex, [ex, B]]+[ex. 3].53]

seh(a, §) = log(e®e®) = a+ f+ — - B

More on
0

satisfies R

satisfies beh(beh(a, 3), ) = log(e®e?e) = beh(a, beh(3,7))

wd hence meta-associativity, hmy” | hmi® = hm;z Jhmg?

lail by Head Action tha™ is A w— A J HC\,):‘,_ where

‘@ & maps v-tangles to K"; the kernel is as above, and cond

o § injects n-knots into KM (lik(,l_\, ll—t.rlllgl{.h t00).

jecturally, that’s all. All(miug puuctu]m and cuts, 4 is onto

(" FL — FL is the substitution v — e Tue”, or mord
precisely,

Cov i — e " (u) = u— [y,u] + %['}-,h‘,u]] -

Shehi(o,3)
u

b RO is the inverse of that. Note that
Caf o’ V4 % and hence “meta u™ = (u®)¥m,
hmi¥ [ tha"s = tha"" [ tha™ [ hm2¥,

b Hnjj.";}’(,”"{””' =T e ftm™ and hence ¢
(uv)" = uw'v™", tml ) tha" = tha™ [ tha™ [ tm}).

meta)

Wheels.  Let M(T7H) = M,»(T:H) x CW(T), wher
CWI(T) is the (completed graded) vector space of eyclic words

m 1, or oqlml\ well. on ifL{J.'

[Properties

Dperations
Punctures & Cuts

is a  group,
is an Abelian group,

ud mpacts on .

“Meta-Group-Action”

ac

Dperations. On M(T; H), define tm!" and himt?

wefd /antig-ave
as hnf()re.
and tha" by adding some J-spice:

o Suly) = (yr)r

mb“ ;,.’fm‘”’ for m = tm, hin.
stmit Hm" T = tha" [ tha [ tm!),
J’?m""r [ tha's = tha"* [ tha"¥ | hm".

Associati mm ma
o Sluw)t = et

Qwﬁ*kw+%&}fH7

vhere .

Ju(vy) = rl"f divy, (v RCT) O, and
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All blue identities still hold.

I'heorem Blue.

Merge Operation. (Apzwy)#(Aaws) == (A U Agiwy + wa).

the generators, and verify the relations that § satisfies.

Moral.

To construct an M-valued invariant ¢ of (v-)tangles,
and nearly an invariant on K", it is enough to declare ¢ on

| Cut out
] N/org)

YR = L on / -/4(7[/'0/;/’
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Trees and Wheels and Balloons and Hoops: Why [ Care

I'he Invariant (. Set {(e;) = (z — 0;0), {(e,) = (():0), and

¢ IR, = (fr:0)

I'heorem. ¢ is (log of) the unique homomor-
l oo 2o a] ﬁ . 2 . - . K:bh

phic universal finite type invariant on :

(... and is the tip of an iceberg)

Paper in progress with Dancso, we3/wko

1

See also wel/tenn, wef/bonn, wef/swiss. wel/portfolic

I'he & quotient is M divi- |
led by all relations that uni-
rersally hold when when g is |
he 2D non-Abelian Lic alge- |

ra. Let R = Q{eutuer] and ! [wv] = v — cou |
g = R&T with central R and with [u,v] = c,v — ¢ u for
u.v € T. Then FL — Lg and CW — R. Under this,
p— ((e)iw) with de =) Az, Aur,w € R,
uel
beh(u.v) — f"' + = ((a = lu + el — l:‘) &
efetes — 1 Cy Cy
fy =3 7 then with ¢y := Y 760,
oy — ] e —1

S

//R(';’ - (l + ('u')n‘
vEu

-1
) U — ey

livyy = eyyu, and Ju(y) = log (l o=l "c"’ e, ,,,). so (i
formula-computable to all orders! Can we \lmplll_\ ?

L is computable! ¢ of the Borromean tangle, to degree 5:

+ cyclic rolmu
E ot ?AY.:vw‘ permuts l||(lll'~

*%-Zf-:;}--?’«?’«?’
06000 C

Repackaging. Given ((x — Aur)iw), set ¢

replace Ay — Oy = CuA e =t and w — €,
.

and write a,, as a matrix. Get

j Calenlus. Let 8(H,T) be

= Z,. Colur
. (y"u

use ty, =

*3 calculus”.

Let g be a finite dimensional Lic
FL(T) — Fun(®&rg — @)
Together, 7 : M(T:H) —

I'ensorial Interpretation.
algebra (any!). Then there’s 7 :
wd 7 : CW(T) — Fun(&rg).
Fun(@rg — @©yg). and hence

T M(T: H) — Fun(27g — UPH (g)).
K and BF Theory. (See  Cattaneo-Rossi,
arXivimath-ph/0210037) Let A denote a g-

connection on S with curvature F4. and B a
g*-valued 2-form on S'. For a hoop 7., let
holy_(A) € U(g) be the holonomy of A along ~,.
For a ball ~,, let Oy, (B) € g* be (roughly) the
integral of B (transported via A to o) on 7.

/j"’\

C |n anco

w and the a,.'s are
U Cur Quy rational functions in
V| Quze Oy variables f,, one for
cach ueT. “'"l.,"zﬁ‘f.'.",f-'ff
H, H>
o 7‘1 'l'
tm™? w|a+3 s | Hy u_,
5 g - T,'
! ]2
wlx y w | z
¥ —
: |u 8 A : |(.t+ﬂ+(n)ﬁ ~y
Wla e we >
tha* . w|la 8  u|a(l+(y)/e) B(1+ (v}/e)
) ¥/e 0 —v3/e
vhere € := 1+ a, (o) := Z ay, and () := Y, _, Yo, and let
1 T 1 T
R, = B = .
o wlt,—1 e ulty  —1
Jn long knots, w is the Alexander polynomial!

€ K(T; H),

/ DADBe! B T] OB Q) hol,, (4) = ¢ (¢())

[That is, ¢ is a complete evaluation of the BF TQFT.

L.oose Conjecture. For 5

“God created the knots, all else in
topology is the work of mortals.”

www.katlas.org n wrel ik
May class: wef/aarhus Class next year: we,i/l.bl,
Paper in progress: weB/kbh

Leopold Kranecker (modified)

“ \der invariant with a

Why happy? An ultimate Alexander inva-
riant: Manifestly polynomial (time and si
ze) extension of the (multivariable) Alexan-
ler polynomial to tangles. Every step o
the computation is the computation of the
invariant of some topological thing (no fi- .
shy Gaussian elimination). If there should be an Alexan
algebraic categorifeatiop il is this one
caen, we/newton.

See also wef/regina,
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