
In[1]:= grow@f_flD := Append@f, 1D + â
i=1

Length@fD
MapAt@Hð + 1L &, f, iD;

grow@expr_D := Expand@expr �. f_fl ¦ grow@fDD
In[3]:= fl@D �� grow

Out[3]= fl@1D

In[4]:= fl@D �� grow �� grow

Out[4]= fl@2D + fl@1, 1D

In[5]:= fl@D �� grow �� grow �� grow

Out[5]= fl@3D + fl@1, 2D + 2 fl@2, 1D + fl@1, 1, 1D

In[6]:= sf@n_D := ModuleB8s = fl@D<, s + â
k=1

n

ExpandB s = grow@sD
k!

FF;

In[7]:= sf@3D
Out[7]= fl@D + fl@1D +

fl@2D
2

+

fl@3D
6

+

1

2

fl@1, 1D +

1

6

fl@1, 2D +

1

3

fl@2, 1D +

1

6

fl@1, 1, 1D

In[8]:= sf@2D
Out[8]= fl@D + fl@1D +

fl@2D
2

+

1

2

fl@1, 1D

In[9]:= cop@f_flD := Plus �� H
HPick@fl1 �� f, ð, 1D Pick@fl2 �� f, ð, 2DL & �� Tuples@81, 2<, Length@fDD

L;

cop@expr_D := Expand@expr �. f_fl ¦ cop@fDD
In[11]:= cop@fl@1, 2DD

Out[11]= fl1@1, 2D fl2@D + fl1@2D fl2@1D + fl1@1D fl2@2D + fl1@D fl2@1, 2D

In[12]:= cop@sf@2DD
Out[12]= fl1@D fl2@D + fl1@1D fl2@D +

1

2

fl1@2D fl2@D +

1

2

fl1@1, 1D fl2@D +

fl1@D fl2@1D + fl1@1D fl2@1D +

1

2

fl1@D fl2@2D +

1

2

fl1@D fl2@1, 1D
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In[13]:= sfsf@n_D := ModuleB8s<,

s = sf@nD;

â
k=0

n

ExpandB â
d1=0

k

Times@
s �. f_fl ¦ If@HPlus �� fL � d1, fl1 �� f, 0D,

s �. f_fl ¦ If@HPlus �� fL � k - d1, fl2 �� f, 0D
DF

F
In[14]:= cop@sf@2DD == sfsf@2D

Out[14]= True

In[15]:= cop@sf@3DD
Out[15]= fl1@D fl2@D + fl1@1D fl2@D +

1

2

fl1@2D fl2@D +

1

6

fl1@3D fl2@D +

1

2

fl1@1, 1D fl2@D +

1

6

fl1@1, 2D fl2@D +

1

3

fl1@2, 1D fl2@D +

1

6

fl1@1, 1, 1D fl2@D +

fl1@D fl2@1D + fl1@1D fl2@1D +

1

2

fl1@2D fl2@1D +

1

2

fl1@1, 1D fl2@1D +

1

2

fl1@D fl2@2D +

1

2

fl1@1D fl2@2D +

1

6

fl1@D fl2@3D +

1

2

fl1@D fl2@1, 1D +

1

2

fl1@1D fl2@1, 1D +

1

6

fl1@D fl2@1, 2D +

1

3

fl1@D fl2@2, 1D +

1

6

fl1@D fl2@1, 1, 1D

In[16]:= sfsf@3D
Out[16]= fl1@D fl2@D + fl1@1D fl2@D +

1

2

fl1@2D fl2@D +

1

6

fl1@3D fl2@D +

1

2

fl1@1, 1D fl2@D +

1

6

fl1@1, 2D fl2@D +

1

3

fl1@2, 1D fl2@D +

1

6

fl1@1, 1, 1D fl2@D +

fl1@D fl2@1D + fl1@1D fl2@1D +

1

2

fl1@2D fl2@1D +

1

2

fl1@1, 1D fl2@1D +

1

2

fl1@D fl2@2D +

1

2

fl1@1D fl2@2D +

1

6

fl1@D fl2@3D +

1

2

fl1@D fl2@1, 1D +

1

2

fl1@1D fl2@1, 1D +

1

6

fl1@D fl2@1, 2D +

1

3

fl1@D fl2@2, 1D +

1

6

fl1@D fl2@1, 1, 1D

In[17]:= cop@sf@3DD � sfsf@3D
Out[17]= True

In[18]:= cop@sf@7DD � sfsf@7D
Out[18]= True
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In[19]:= sf@4D
Out[19]= fl@D + fl@1D +

fl@2D
2

+

fl@3D
6

+

fl@4D
24

+

1

2

fl@1, 1D +

1

6

fl@1, 2D +

1

24

fl@1, 3D +

1

3

fl@2, 1D +

1

8

fl@2, 2D +

1

8

fl@3, 1D +

1

6

fl@1, 1, 1D +

1

24

fl@1, 1, 2D +

1

12

fl@1, 2, 1D +

1

8

fl@2, 1, 1D +

1

24

fl@1, 1, 1, 1D

Unprotect@NonCommutativeMultiplyD;

Ha_PlusL ** b_ := Hð ** bL & �� a;

a_ ** Hb_PlusL := Ha ** ðL & �� b;

Ha_. * fl@b___DL ** Hc_. * fl@d___DL := a c fl@b, dD;
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