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Free Lie Algebras Routines

Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series; continues pensieve://2013-02/,
continued pensieve://2013-04/.

Global Definitions
$SeriesShowDegree = 3; $SeriesCompareDegree = 3;
Words and Lyndon Words

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.-
math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html

http://drorbn.net/AcademicPensieve/2013-03/#MathematicaNotebooks


http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html

Dror Bar-Natan: Academic Pensieve: 2013-03: FreeLie.nb 2013-04-04 08:58:25

LyndonQ[AW[w_String]] := And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i], {i, 1, StringLength[w] -1}]
)
AllWords[O, _List] = {AW[""]1};
AllWords[n_ /; n>0, ab_List] := AllWords[n, ab] = AW /e Flatten[Outer]|
StringJoin[#l, #2] &,
First /e AllWords[n-1, ab],
ab
113
AllLyndonWords[n_Integer, ab_List] :=
LW eee Select[AllWords[n, ab /. LW[w_String] =» w], LyndonQ];
AllLyndonWords[{n_}, ab_List] :=
Joinee Table[AllLyndonWords[k, ab /. LW[w_String] =»w], {k, n}];
LyndonFactorization[LW[w_String] /; StringLength[w] == 1] := LW[w];
LyndonFactorization[LW[w_String] /; StringLength[w] > 1] := Module[
{rf},
rf = First[Sort[Table[StringDrop[w, i], {i, 1, StringLength[w] -1}11];
LW /e {StringDrop[w, -StringLength[rf]], rf}
1:
LW[s_Symbol] := LW[ToString[s]];
LWILW[w_1] == LW[w];
LW /: LW[x_] < LW[y_1 := OrderedQ[{X, Y}1;
LW /2 X_LW 2y LW = y < X;

LW /72 X_LW > y LW = ! (X<VY);

LW /2 X W<y LW 2= 1 (Y <X);

Format[LW[w_], StandardForm] := Defer[(w)];
BracketForm[w_LW] /; Deg[w] =1 := w[[1]];
BracketForm[w_LW] := BracketForm[w] = StringJoin[Flatten]{

Bl
BracketForm /@ LyndonFactorization[w],
nye
s
TopBracketForm[w_LW] /; Deg[w] =1 = w[[1]];
TopBracketForm[w_LW] := TopBracketForm[w] = Overscript]
Row[RiffFle[TopBracketForm /@ LyndonFactorization[w], ""1],

—

13

TopBracketForm[expr_] == expr /. w_LW :» TopBracketForm[w];
(W__) = LW[w];
LW[is__ Integer] := LW[StringJoinee

(StringTake[''1234567890abcdefghi jkImnopgrstuvwxyz'™, {#}] & /@ {is})];
Deg[LW[x_]]1 := StringLength[x];

{LyndonQ[AWe"abba'], LyndonQ[AWe'ababb™]}

{Fal se, True}
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{AllWords[3, {1, "2"3}], AllLyndonWords[{3}, {1, "2"}]}

((AW[111], AW112], AW121], AW[122], AW211], AW212], AW221], AW222]},
{((1), (2), (12), (112), (122)}}

Table[Length[AllLyndonWords[k, {"1', ""2"}1]1, {k, 10}]
(2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Table[Length[AllLyndonWords [k, {"1", "2', "3"}11, {k, 10}]
(3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}

BracketForm[LW["12122"]]
([12][[12]2]]

The Bracket for Lie Elements

b[O, _] =0; b[_, 0] =0;

blc_+ (X_AW | x_LW), y_] := Expand[cb[X, y]];
b[x_, c_x (y AW |y LW)] = Expand[cb[Xx, y11;
b[x Plus, y 1 = b[#, y] & /@ X;

bix_, y Plus] := b[x, #] & /e y;

biw_LW, z LW] := LWAdjoint[w][z];
ad[x_][y_] :=b[x, y1;

LWAdjoint[w_] := LWAdjoint[w] = Module[{u},
u = Unique [LWAct] ;
ufz_] := u[z] = Which[
w===2z, 0,
z<w, Expand[-b[z, w]],
Deg[w] ==1, LW[First[w] <>First[z]],
True, Module[{X, Y},
{X, Y} = LyndonFactorization[w];
If[ly >z,
LW[First[w] <> First[z]],
b[x, LWAdjoint[y][z]] + b[LWAdjoint[X] [Zz], Y]

bILW"112" ], LW"122"]]
(1121225 + (112212)
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Outer[b, AllLyndonWords[{3}, {'1", "2"}1,
AllLyndonWords[ {3}, {"1", "2"}1]1 // MatrixForm

0 (12 (112) (1112) (1122)
~(12) 0 ~(122) - (1122) ~(1222)
S(112)  (122) 0 - (11212) (12122)
S(1112) (1122) (11212) 0 (112122 + (112212)
S(1122) (1222) -(12122) -(112122) - (112212) 0

Union[Flatten[Outer[ (b[#1, #2] +b[#2, #1]) &,
AllLyndonWords[ {6}, {"1", "2"}1, AllLyndonWords[{6}, {"1", "2"}]

111
{0}

Outer[(b[#1, b[#2, #3]] +b[#2, b[#3, #1]] + b[#3, b[#l, #2]]) &,
AllLyndonWords[ {5}, {'"1", "2"}1,
AllLyndonWords[ {5}, {'1", "2"}1, AllLyndonWords[{5}, {"1", "'2"}]
1 // Flatten // Union

{0}
LieSeries

LieSeries[ser_Symbol][{dd_Integer}] := LSeeTable[ser[d], {d, dd}];

LieSeries[ser_Symbol][e_ ] := ser[e];

Format[s_LieSeries, StandardForm] := TopBracketForm[s[{$SeriesShowDegree}]];
ShowLieSeries[d_Integer] [s_LieSeries] := s[{d}];

MakeLieSeries[s_LieSeries] := s;

MakeLieSeries[expr_]
MakeLieSeries[expr] = MakeLieSeries[Unique[MakeLieSeries], expr];
MakeLieSeries[ser_Symbol, expr_] := (
ser[] = Hold[MakelLieSeries[ser, expr]l];
ser[d_Integer] := ser[d] = Expand[expr /. w_LW /; Deg[w] # d » 0];
LieSeries[ser]
) :

sl LieSeries = s2 LieSeries := Module[{res = True, k},
For[k =1, res&&k <= $SeriesCompareDegree, ++k, res =res&& (s1l[k] =s2[k])];
res

1:
RandomLieSeries[ab_List, opts Rule] :=
RandomLieSeries[Unique[RandomLieSeries], ab, opts];

RandomLieSeries[ser_Symbol, ab_List, opts Rule] := Module[

{rand = Randomizer /. {opts} /.

} Randomlinteger[{-2Deg[#] !, 2Deg[#] !}]
Randomizer - &J},

Deg[#]!
ser[] = Hold[RandomLieSeries[a, opts]];
ser[d_Integer] := ser[d] = Plus ee ((rand[#] »#) & /@ AllLyndonWords[d, ab]);
LieSeries[ser]

E
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Print /e {tsl = (""1122") // MakeLieSeries, tsl[], tsl /e Range[6]};
LS[0, 0, 0]

Hol d [MakeLi eSeri es[MakeLi eSeri es$5040, (1122)7]]

{0, 0, O, (1122, 0, O}

a = RandomLieSeries[{"a", "b"}]

ab 33— 7 —
LS{—2a+2b, —, — aab - — abb
2 2 6
a[{5}]
ab 3 (aab 7 (abb 11 (aaab 23 (aabb 19 (abbb
LS{72<a>+2<b>, < >' < >7 € >’ < >+ € >+ ( >,
2 2 6 8 24 12
7 (aaaab) 13 (aaabb) 181 (aabab) 163 (aabbb) 7 (ababb) 5 (abbbb)
- + + - - +
15 120 120 120 60 24
AddLieSeries[ss___ LieSeries] := AddLieSeries[ss] = Module[{ser},

ser = Unique[AddLieSeries];
ser[] = Hold[AddLieSeries[ss]]:
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {sS});
LieSeries[ser]
1;
LieSeries /: Plus[ss__LieSeries] := AddLieSeries[ss];
ScaleLieSeries[c_, s _LieSeries] := ScalelLieSeries[c, s] = Module[{ser},
ser = Unique[ScalelLieSeries];
ser[] = Hold[ScaleLieSeries|[c, s]];
ser[d_Integer] := ser[d] = Expand[c*s[d]];
LieSeries[ser]
1:
LieSeries /: c_=xs_LieSeries := ScalelLieSeries[c, s];
b[s_LieSeries, y_]1 := b[s, MakeLieSeries[y]];
b[x , s _LieSeries] := b[MakeLieSeries[x], S];

b[sl LieSeries, s2_LieSeries] := b[sl, s2] = Module[{ser},
ser = Unique[b];
ser[] = Hold[b[s1, s2]];

ser[d_Integer] := ser[d] = Sum[
b[sl[k], s2[d-Kk]],

{k,1,d-1}

13
LieSeries[ser]

1s
b[s_LieSeries, y_]1 := b[s, MakeLieSeries[y]];
b[x_, s_LieSeries] := b[MakeLieSeries[x], S];

{ts2 = (""122")y + (""11122"y // MakeLieSeries,
ts3 = b[tsl, ts2], ts3[], ts3 /e Range[10]}

(LS[0, 0, (122)], LS[0, 0, 0], Hol d[b[LS[0, O, 0], LS[0, 0, (122)]]],
(0, 0, 0, 0, 0, 0, (11221225, 0, - (111221122, 0} )
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LieSeries /: EulerE[s_LieSeries] := Module[{ser},
ser = Unique[EulerE];
ser[] = Hold[EulerE[s]]:
ser[d_Integer] := ser[d] = Expand[d=xs[d]];
LieSeries[ser]
1;

{ts4 = EulerE[ts3], ts4[], ts4 /e Range[10]}

(LS[0, 0, 0], Hol d[Eul erE[LS[O, 0, 0]]],
(0, 0, 0, 0, 0, 0, 7 (1122122, 0, -9 (111221122), 0}}

adPower, adSeries, and Ad

adPower [0, x_LieSeries] [¢_LieSeries] := adPower[0, X][¢¥] = Module[{ser},
ser = Unique[adPower] ;
ser[] = Hold[adPower [0, X][¥]1]:
ser[d_Integer] := ser[d] = ¥[d];
LieSeries[ser]
1;
adPower [n_Integer, x _LieSeries] [¢_LieSeries] := adPower[n, X][¢¥] = Module[{ser},
ser = Unique [adPower] ;
ser[] = Hold[adPower[n, x][¥]1];
ser[d_Integer] := ser[d] = b[x, adPower[n-1, X][¥]1]1[d];
LieSeries[ser]
13
adSeries[f_, x LieSeries] [y _LieSeries] := adSeries[f, x][¢¥] = Module[{ser},
ser = Unique[adSeries];
ser[] = Hold[adSeries[T, X][¥]];
ser[d_Integer] := ser[d] = Module[{c},
Expand [Sum[
c = SeriesCoefficient[f, {ad, 0, k}];
If[c === 0, O, cxadPower[k, x][¢][d]],
{k, 0,d-1}
11
1;
LieSeries[ser]
13
adSeries[f_, x ][¥_] := adSeries[Ff, MakeLieSeries[x]] [MakeLieSeries[¢]];
Ad[x_] := adSeries[E™ad, X];

{Xs = MakeLieSeries[LW["X"]], ys = MakeLieSeries[LW["y"]],
ts5 = adPower [0, XS] [ys], ts5[], ts5 /e Range[5]}

{LS[<x), 0, 0], LS[(y), 0, 0], LS[(y), 0, O],
Hol d [adPower [0, LS[(x), 0, 0]][LS[(y), 0, 0]]], {(y), 0, 0, 0, 0}}

adPower[3, xs][ys] /@ Range[5]
{0, 0, 0, (xxxy»y, 0}
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{adSeries[E™ (-ad), xs][ys] /@ Range[5], adSeries[E” (-ad), ys][xs] /@ Range[5]}

{{<y> xy) (XXY) _<XXXY> <XXXXY>} {<x> (xy) (Xyy) (Xyyy) <xyyyy>}}
’ ’ 2 1 6 1 24 1 1 1 2 ’ 6 L 24
Ad[xs] [ys] [5]
(XXXXY )
24
Ad[xs] [ys][]
Hol d[adSeri es[e?, LS[(x), 0, 0]][LS[<¢y), 0, 0]]]
LieDerivation, DerivationPower, DerivationSeries
LieDerivation[der_][es ] := der[es];
LieDerivation[rules___ Rule] := LieDerivation[{rules}];
LieDerivation[rules List] :=
LieDerivation[rules] = LieDerivation[Unique[LieDerivation], rules];

LieDerivation[der_Symbol, rules_List] := (
der[] = Hold[LieDerivation[der, rules]];
(der[w_LW] /; Deg[w] = 1) :=
(der[w] = MakeLieSeries[w /. Append[rules, LW - 0]1]);
der[w_LW] == der[w] = Module[{X, Yy},
{X, Y} = LyndonFactorization[w];
AddLieSeries[b[der[x], y], b[x, der[y]]]
1;
der[s _LieSeries] := der[s] = Module[{ser},
ser = Unique[LieDerivationOnLieSeries];
ser[] = Hold[der[s]];
ser[d_] := ser[d] = Sum[
der[s[k]][d],
{k, 1, d}
1;
LieSeries[ser]
13
der[as_ASeries] := der[as] = Module[{ser},
ser = Unique[LieDerivationOnASeries];
ser[] = Hold[der[as]];
ser[d_] := ser[d] = Sum[
Expand[as[k] /. AW[w_] = Sum]
NonCommutativeMultiply[
AW[StringTake[w, j-111,
c[der[LW[StringTake[w, {j}111[d-k+11],
AW[StringDrop[w, j]]
1,
{J. k}
11,
{k, 1, d}
13
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ASeries[ser]
13
der[cws_CWSeries] := der[cws] = Module[{ser},
ser = Unique[LieDerivationOnCWSeries];
ser[] = Hold[der[cws]];
ser[d_] := ser[d] = Sum[
Expand[cws[k] /. CW[w_] = Sum]
tr[NonCommutativeMultiply[
AW[StringTake[w, j-111,
c[der[LW[StringTake[w, {j}111[d-k+117],
AW[StringDrop[w, J1]
11,
{J. k}
11,
{k, 1, d}
1:
CWSeries[ser]
1;
der[expr_][d_] :=

Expand[expr /. {w_LW :» der[w][d], s_LieSeries =» der[s][d]}];

LieDerivation[der]
)
Print /e {
Idl = LieDerivation[{{(1) -» b[(3), (1)1}1,
Idif[],
(# » 1d1[#]1[{4}]) & /e AllLyndonWords[{3}, {"1", "2"}],
(""112"™y /7 1d1 /7 1d1) [{5}]
}:
Li eDerivation[LieDerivati on$5120]

Hol d[Li eDeri vati on[Li eDeri vati on$5120, {(1) - -(13)}]]

{(1y - LS[0, -(18), 0, 0], (2) »LS[0, O, O, O], (12) - LS[O0, O, -(132), 07,

(112) - LS[0, 0, 0, -(1132) + (1213)], (122) - LS[0, 0, 0, - (1322)]}
LS[0, 0, 0, 0, (11332) - (12133) +2 (13132)]
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DerivationPower [0, der_LieDerivation] [¢_LieSeries] :=
DerivationPower [0, der] [¢] = Module[{ser},
ser = Unique [DerivationPower] ;
ser[] = Hold[DerivationPower [0, der][¥]1];
ser[d_Integer] := ser[d] = ¥[d];
LieSeries[ser]
1;
DerivationPower [n_Integer, der_LieDerivation] [¢_LieSeries] :=
DerivationPower[n, X] [¢] = Module[{ser},
ser = Unique [DerivationPower] ;
ser[] = Hold[DerivationPower[n, der][¥]];
ser[d_Integer] := ser[d] = der[DerivationPower[n-1, der][¢]][d];
LieSeries[ser]
1:
DerivationSeries[___]1[0] = O;
DerivationSeries[f_, Id_LieDerivation] [¢_LieSeries] :=
DerivationSeries[f, Id][¢] = Module[{ser},
ser = Unique[DerivationSeries];
ser[] = Hold[DerivationSeries[f, Id][¥]];
ser[d_Integer] := ser[d] = Module[{c},
Expand [Sum[
c = SeriesCoefficient[f, {der, 0, k}];
If[c=0, 0, c=xDerivationPower[k, 1d][¢][d]],
{k, 0, d}
11
13
LieSeries[ser]
1:
DerivationExp[ld_LieDerivation] := DerivationSeries[E~der, 1d];

(""112")y // MakeLieSeries // DerivationExp[LieDerivation[{{(1l) -» b[{(3), (1)>1}11 //
ShowLieSeries[6]

(11332)  (12133)
LS|0, 0, (112), -(1132) + (1213), -

+(13132),

(113332) (121333) (131332) (132133)
- + - +
6 6 2 2

(""122"y // MakelLieSeries // DerivationExp[LieDerivation[{{(1l) -» b[{(3), (1)>1}11 //
ShowLieSeries[6]

(13322)  (133322)

LS|0, 0, (122), -(1322), , -
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LieMorphism

LieMorphism[mor_][es_ ] := mor[es];
LieMorphism[rules_List] :=
LieMorphism[rules] = LieMorphism[Unique[LieMorphism], rules];

LieMorphism[rules_ Rule] := LieMorphism[{rules}];
LieMorphism[mor_Symbol, rules_List] := (
mor[] = Hold[LieMorphism[mor, rules]];
(mor[w_LW] /; Deg[w] = 1) := (mor[w] = MakeLieSeries[w /. rules]);
mor [w_LW] := (mor[w] = b e@ (mor /e LyndonFactorization[w])) ;

mor [AW[""""]] = MakeASeries[AW[""]]:
(mor [AW[w_]1] /; StringLength[w] == 1) :=
(mor[w] = c[MakeLieSeries[LW[w] /. rules]]):
mor [AW[w_]] := mor[w] = Module[{wl, w2},
wl = StringTake[w, Floor[StringLength[w] /2]];
w2 = StringDrop[w, Floor[StringLength[w] /2]1];
(mor [AW[w1]]) »* (mor [AW[w2]])
13
mor [CW[w_]1] == tr[mor[AW[w]]];
mor[s_LieSeries] := mor[s] = Module[{ser},
ser = Unique[LieMorphismOnLieSeries];
ser[] = Hold[mor[s]]:
ser[d_] := ser[d] = Sum|
mor [s[k]][d],
{k, 1, d}
13
LieSeries[ser]
13
mor [cws_CWSeries] := mor[cws] = Module[{ser},
ser = Unique[LieMorphismOnCWSeries];
ser[] = Hold[mor[s]]:;
ser[d_] := ser[d] = Sum[
mor [cws[k]][d],
{k, 1, d}
13
CWSeries[ser]
1;
mor[expr_][d_] := Expand[expr /. (W_LW |w_AW|w_CW) :» mor[w][d]];
LieMorphism[mor]
)

Print /e {
ImO = LieMorphism[{LW["X"] - LW["y"1}1,
LW["x"1 // 1mO,
AW["Xx™] // 1m0,
Cw["x"™1] 7/ ImO};
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Li eMor phi sm[Li eMor phi sn8978]
LS[<y», 0, 0]

L[LS[Cy>, 0, 01]

tr[c[LS[Cy), 0, 011]

Print /e {
Iml = LieMorphism[{LW["X"] > Ad[LW["y"]][LW["X"]]1}1,
Imi[],
ImL[LW[™Yy"]],
ImL[LW["X"]],
ImL[LW["X"]]1[4],
IML[("Xxy™) 1,
ImL[("xxy")] 8],
ImL[AW["X"]],
Im1[CW["X"]]

}s
Li eMor phi sm[Li eMor phi sn8979]

X
HoId[Lierrphisn{Lierrphisn$8979, {<x> - LS[<x>, (XY ), i—gzz]}]}
LS[<y>, 0, 0]
(Xyy)
LS| (x), <xy), |
(Xyyy)
6
LS[0, 0, (xxy)]
(XXYYYYYY)  (XYXYYYyy) +<nyXYYYY>
+
120 30 24
(Xyy)
c[Ls[ oo, xyy, 0
(Xyy)
tr{L{LS[<X>, (XY, ]}]
StableApply
StableApply[mor_LieMorphism, (type : (LieSeries | ASeries | CWSeries))[s_11 = (

StableApply[mor, type[s]] = Module[{ser},
ser = Unique[StableApply];
ser[] = Hold[StableApply[mor, type[s]]];
ser[d_] := ser[d] = Nest[mor, type[s], d][d];
type[ser]
1
)
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BCH

BCHBase = Module[{bch},
bch = Unique["'BCHBase'] ;
bch[] = Hold[BCHBase];
bch[1] = ("X") + {"y");
bch[d_Integer] := bch[d] = Expand[Plus[
adSeries[E™ (-ad) , MakeLieSeries[("y'")]] [MakeLieSeries[(""x")]1]1[d],
-adSeries[(1-E”(-ad)) /fad -1, LieSeries[bch]][
EulerE[LieSeries[bch]]][d]
1/d1;
LieSeries[bch]
13
BCH[X_, y_] == LieMorphism[{LW["X"] -» X, LW["y"] - y}][BCHBase];
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{BCHBase, BCHBase[], BCHBase[8]}

X XX X
{LS[<X>+<Y>, < y>, ooy +< o , Hol d [BCHBase],
2 12 12
(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - + - + +
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY) (XXXYXXYY ) (XXXYXYXY) 13 (XXXYyXyyy) (XXXYYXYY)
+ - + + -
120960 4032 10080 30240 20160
(XXXYYYXY) (XXXYYYYY) (XXYXYXYY ) (XXYXYYYY) (XXYYXYYY) (XXYYYYYY) }
- + - - +
3024 10080 2520 4032 10080 60480

(XY ) (XXY)  (XYyY)
{Ls[<x>+<y>, , +
2 12 12

(XXXXXXYY D) (XXXXXYXY D) (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- + - + +

, Hol d [BCHBase],

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXyXy) 13 (XXXYXYYYy) (XXXYYyXyy)
120960 4032 10080 30240 T 20160
COXYYYXY ) OOXYYYYY)  OYXYXYY)  OYXYYYY)  OOYYXyYy) <xxyyyyyy>}
3024 10080 2520 4032 10080 60 480
{LS[<x> Ly, <Xy>, Oxy) oY) , Hol d[BCHBase],
2 12 12
(XXXXXXYY D) (XXXXXYXY Y (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXyXy) 13 (XXXYXYYy) (XXXYyXyy)
120960 4032 10080 30240 " 20160
COXXYYYXY) — OXYYYYY)  CXYXYXYY)  OXXYXYYYY)  CXYYXyyY) <Xxyyyyyy>}
3024 10080 2520 4032 10080 60 480
{BCHBases (Xy + (Y)Y, <Xy>, Ooxy) oY) , Hol d [BCHBase],
2 12 12
(XXXXXXYY DY (XXXXXYXY )  (XXXXXYYY)  (XXXXYXXY) — (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXYy) 13 (XXXYXYYYy) (XXXYYyXyy)
120960 4032 10080 30240 T 20160
COXYYYXY)  OOXYYYYY)  OXYXYXYY)  OXYXYYYY)  OXYYXyYy) <Xxyyyyyy>}
3024 10080 2520 4032 10080 60 480

{LieSeries[BCHBaseB}, Hol d [BCHBase],

(XXXXXXYY ) (XXXXXYXY )  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- + - + +

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) — (XXXYXYXY) 13 (XXXYXYYY) — (XXXYYyXyy)
+ - + + -
120960 4032 10080 30240 20160

(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYY)  (XXYYYYYY) }
- + - - +
3024 10080 2520 4032 10080 60480
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{BCHLLW[™y"], LW["z"]], BCH[LW["y"], LW["Z"]][6]}

(yzy (yyz) (yzz)
LS , )
{Ls[)+ @ . PR ]

yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzizz) }
- + + + -

1440 720 360 240 1440
(yz) (yyz) (yzz)
LS +(2Y, , + )
{Ls[w)+ @ T
yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzizz) }
- + + + -
1440 720 360 240 1440

(yz) (yyz) (yzz)
LS zZ)y, , + )
{Ls[)+ @ TR

yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzizz) }
- + + + -
1440 720 360 240 1440

{LieSeries[LierrphianhLieSeries$1011

yyyyzz,) Kyyyzyz) (Yyyyzzz) (yyzyzz) (yyzziz) }
- + + + -
1440 720 360 240 1440

tl = BCH[LW["X"], BCH[LW["Y"1, LW["Z"111.,
12 = BCH[BCH[LW["X"], LW["y"1], LW["Zz"]],
t1 == t2,

Table[tl[d] = t2[d], {d, 10}]

} // Timing

{4. 056, {LS[<x> (Y)Y + (2, <X2y> N <X22> N <y22>

(XXY)  (XXZ) (XYY) (Xyz) (Xzy) (Xzz) (yyz), (yzz)
+ + + + + + +

| Ls| oo+ vy + @,

12 12 12 3 6 12 12
(XYy)  (XZ) (Y¥zZ) (XXYy) (XXZ) (XYYy) (XyzZ) (Xzy) (Xzz) (Yyz) (YyzZ)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12
Xy) (Xz) (yz)
LS| (X) +(y) +(Z), e

(XXY ) (XXZ) (XYY) (Xyz) (XZy) (Xzz) (yyz) (Yyzz)
+ + + + + + +

| =Ls[oo+y+ @,

12 12 12 3 6 12 12 12
(XYy)  (XZ) (YZ) (XXYy) (XXZ) (XYy) (Xyz) (Xzy) (XZz) (yyz) (yzz)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12

{True, True, True, True, True, True, True, True, True, True}}}
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AW, ASeries, ¢, o

Unprotect[NonCommutativeMultiply];
X_%*%¥0=0; Oxxy_ =0;

(C_*X_AW) %% y_ := Expand[Cc (X**Y)];
X_ %% (C_»y AW) == Expand[C (X**Y)];
X_Plus *x y_ = (H#x*xxY) & /@ X;
X_*xy Plus 1= (X*x#) & /@ y;

Deg[AW[w_]1] := StringlLength[w];
AWLAW[W_1] == AW[w] ;

AW[wl_String] x* AW[w2_String] := AW[wl <>w2];

b[w_AW, z AW] = Wx%Z -Z %% W;]

ASeries[ser_Symbol][{dd_Integer}] := ASeeTable[ser[d],

ASeries[as_Symbol] [es ] = as[es];
Format[s_ASeries, StandardForm] := s[{$SeriesShowDegree}];
MakeASeries[as_CWSeries] := as;

MakeASeries[expr_] :=

MakeASeries[expr] = MakeCWSeries[Unique[MakeASeries], expr];

MakeASeries[ser_Symbol, expr_] = (
ser[] = Hold[MakeASeries[ser, expr]l];

ser[d_Integer] := ser[d] = Expand[expr /. w_AW /; Deg[w] # d » 0];

ASeries|[ser]
) :
(sl _ASeries x*x s2 ASeries) := (Sl*xxS2) =
ser = Unique [NonCommutativeMultiply];
ser[] = Hold[sl x%s2];

ser[d_Integer] := ser[d] = Sum[
s1[Kk] #*s2[d-K],

{k, 0, d}

13
ASeries[ser]

13
t[w_LW] /; Deg[w] == = AWeew;

Module[{ser},

L[W_LW] = c[w] = b ee (. /@ LyndonFactorization[w]) ;

c[expr_] :-= Expand[expr /. w_LW = c[w]];
t[Is_LieSeries] := c[Is] = Module[{as},
as = Unique[c];
as[] = Hold[c[Is]];
as[d_] := as[d] = c[Is[d]];
ASeries[as]
1;

L[BCHBase[3]]

AWXXY ] AWXYX] AWXYY]  AWyxX]  AWyxy]  AWyyx]

12 6 12 12
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{as = L[BCHBase], as[5]}
1

2013-04-04 08:58:25

Power:infy : Infinite expression — encountered. >
0

Infinity::iindet : Indeterminate expression 0 ComplexInfinity encountered. >

A A
{AS[Indeterm’ nate, AW x] + AWY], Wxy] - \MyXJ,

2 2
AW Xxy]  AWxyx] AWXxyy] AWyxx] AWMyxy] AWyyx]
- + + - + ,
12 6 12 12 6 12

AW XXXXY ] AW XXXYX]
- +

AW XXXYY]  AWXXYXX] AWXXYyxy] AWXXYyX]
" _ _ _

720 180 180 120 120 120
AWXXYYY]  AWXYxxx] AWXyxxy] ~AWXyxyx] AWXyxyy] AWXyyxx]
180 180 120 30 120 120
AWXyyxy] ~AWXYyyx] AWXYyyy] AWyxxxx] AWYXXxy] ~AWYXXyx]
120 180 720 720 180 120
AW YXxyy] AWyxyxx] AWYxyxy] AWyxyyx] AWYxXyyy] AWYyxxx]
120 120 30 120 180 180

AMyYyxxy]  AWMYyxyx]

AMYyxyy] AWMYyyxx]
- +

AWMYyyxy] AMYyyyyx]

120

120

120

180

+

180

720

J

o[y LW, w LW] /; Degl[y] ==1 := o[y, W] = Which[
y===w, AW["],
Deg[w] ===1, O,
True, Module[{wl, w2},
{wl, w2} = LyndonFactorization[w];
L[W1l] ** o[y, W2] - L [W2] **x o[y, W1]
1
13
oly_, Is_LieSeries] :=
as = Unique[o];

oly, Is] = Module[{as},

as[] = Hold[o[y, Is]1];
as[d_] := as[d] = o[LW[y], Is[d+1]1];
ASeries[as]
1:
o[y_, expr_] := Expand[expr /. w_LW = o[LW[y], w]];

(# ->0o[1, #]) & /@ AllLyndonWords[ {5}, {"1", "2"}]

((1y 5 AW, (2) 0, (12) > -AW2], (112) - -2 AW12] + AW21], (122) > AW22],
(1112) > -3 AW112] + 3 AW[121] - AW211], (1122) -2 AW212] - AW[221],
(1222) 5 -AW222], (11112) - -4 AW1112] + 6 AM1121] - 4 AW 1211] + AW2111],
(11122 - -AW1122] + 4 AW1212] - AW 1221] - 2 AW[2121] + AW[2211],

(11212) > ~AW[1122] + 4 AW1212] - AW[1221] - 3 AW[2112] + AW[2121],
(11222 - -2 AW[1222] + 3 AW[2122] - 3 AW[2212] + AW 2221],
(12122) -2 AM1222] - 3 AW[2122] + AW[2212], (12222) - AW[2222] }
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{o["'X", BCHBase] [5], o["y", BCHBase][5]}
{ AWMYxxxy]  AWMYxxyx] AWyxxyy] AWyxyxx] AWMyxyxy] AWMyxyyx] AWYxXyyy]
- + + - - + - +

360 240 240 360 60 240 360
AMyYyxxx] ~ AWMyyxxy] AWyyxyx] AWMyyxyy] AWyyyxx] AWYyyyxy] AMyyyyx]
+ + + - - +
1440 240 240 240 360 360 1440
AW XXXXY ]  AWXXXYX]  AWXXXYY] AWXXYyxx] AWXXYyxy] AWXXyyx] AWXXYyyy]
- + + - - - - +
1440 360 360 240 240 240 1440

AWIXYxxx] — AWXYxxy] —AWXyxyx] —AWXxyxyy] AWXyyxx] —AWXyyxy] AWXyyyx] }
- + + - - +
360 240 60 360 240 240 360

http://drorbn.net/AcademicPensieve/2013-03/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2013-03: FreeLie.nb 2013-04-04 08:58:25

CW, CWSeries, tr, div

Deg[CW[w_]] := StringlLength[w];

CWSeries[cws_Symbol][es___ ] := cws[es];
CWSeries[ser_Symbol][{dd_Integer}] := CWSeeTable[ser[d], {d, dd}];
Format[s_CWSeries, StandardForm] := s[{$SeriesShowDegree}];
MakeCWSeries[cws_CWSeries] := cws;

MakeCWSeries[expr_] :=
MakeCWSeries[expr] = MakeCWSeries[Unique[MakeCWSeries], expr];
MakeCWSeries[ser_Symbol, expr_] := (
ser[] = Hold[MakeCWSeries[ser, exprl];
ser[d_Integer] := ser[d] = Expand[expr /. w_CW /; Deg[w] # d -» 0];

CWSeries[ser]
)
sl CWSeries = s2_CWSeries :-= Module[{res = True, Kk},
For[k =1, res&&k <= $SeriesCompareDegree, ++k, res = res&& (sl[k] ==s2[k])1;
res

1;
AddCWSeries[ss___ CWSeries] := AddCWSeries[ss] = Module[{ser},
ser = Unique [AddCWSeries] ;
ser[] = Hold[AddCWSeries[ss]];
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {sSS});
CWSeries[ser]
13
CWSeries /: Plus[ss__CWSeries] := AddCWSeries[ss];
ScaleCWSeries[c_, s _CWSeries] := ScaleCWSeries[c, s] = Module[{ser},
ser = Unique[ScaleCWSeries];
ser[] = Hold[ScaleCWSeries[c, s]]:;
ser[d_Integer] := ser[d] = Expand[c*s[d]];
CWSeries[ser]
1;
CWSeries /: c_=xs_CWSeries := ScaleCWSeries[c, S];
IntegrateCWSeries[cws_CWSeries, {s_, sO_, sl }] :=
IntegrateCWSeries[cws, {s, sO, sl1}] = Module[{ser},
ser = Unique[IntegrateCWSeries];
ser[] = Hold[IntegrateCWSeries[cws, {s, sO, s1}11;
ser[d_Integer] := ser[d] = Expand[Integrate[cws[d], {S, sO, sl1}1]:
CWSeries[ser]
13
CWSeries /: Integrate[cws_CWSeries, {s_, sO_, sl _}] :=
IntegrateCWSeries[cws, {s, sO, sl1l}];
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tr[w_AW] := tr[w] = CW[RotateToMinimal eew] ;
triexpr_] = expr /. aw_AW :» tr[aw];

tr[as_ASeries]

= tr[as] = Module[{cws},

cws = Unique[tr];
cws[] = Hold[tr[as]];

cws[d_ ] :=

cws[d] = tr[as[d]];

CWSeries[cws]

13

Tr[AW["YyXXYyXX"] ]

CWXXYXXY ]

tl = o["y", BCHBase] // tr
s CWx] CNWXX]‘7CNWXYJ, 7CNWxxy}

2 12 12 24
t1[5]
CWEXXXXY ] B CWEXXXYY ] N CWEXXYXY ] . CWIXxXyyy] B CWIXyxyy]
1440 180 120 480 720
div[y LW, w_LW] /; Degl[y] == 1= div[y, w] = tr[(AWeey) xx o[y, W]];

div[y_, Is_LieSeries] := div[y, Is] = Module[{cws},
cws = Unique[div];
cws[] = Hold[div[y, Is]];

cws[d_] :=

cws[d] = div[LW[y], Is[d]];

CWSeries[cws]

13
div[y_, expr_]

= Expand[expr /. w_LW = div[LW[y], w]l];

{div["X", BCHBase][7], div["y", BCHBase][7]}

504

30240

2520

CWIXXXXXXY]  COWMXXXXXYY] COWXXXXyXy] 19 CWXXXXYYY]
(- 30240 2520 1008 15120 :
OWMxxxyxxy] — CMxxxyxyy] CWMxxxyyxy] 19 CWXXXyyyy]
2520 " 504 : 504 : 15120 :
CWIxxyxxyy] — CMxxyxyxy] —CMxxyxyyy] CWxxyyxyy] CWXXyyyxy]
1680 280 ) 504 - 1880
CNWXXYVYVYJAFCNWXyXyny]A*CNWXynynyAicywxyyxyyylAFCNWXVYVYVY]
2520 280 1008 2520
CWXXXXXXY] CWMxXxxxxyy] OCWxxxxyxy] 19 CMxxxxyyy] CWXXXYXXY]
30240 2520 1008 15120 -
CWIXxxxyxyy] — CWMxxxyyxy] 19 CWxxxyyyy] CWIXXyXxxyy]
504 } 504 ) 15120 " 1e80
CWMxxyxyxy] — CWXxxyxyyy] CMxxyyxyy] CWMXXyyyxy]
280 " 504 : 1680 : 504 "

CWIXXYYYYY ] B CWIXYXyXyy ] B CWIXYXyyyy ] N CWIXYyXyyy ] ~ CWIXYyyyyy]

2520

280 1008 2520
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tl = MakeCWSeries[CW["'xXyxyyyy"1] //
LieDerivation[ {LW["X"] - MakeLieSeries[b[LW["X"], LW["z"]1]1]}]

CWS[0, 0, 0]

tl /@ Range[10]
{0, 0, 0, 0, 0, 0, 0, -CWMxyxyyyyz] + CWxyxzyyyy] - QWM Xyyyyxyz] + CMxyyyyxzy], 0, 0}

The Meta-Cocycle JA

JA[-1, 1 = MakeCWSeries[0];
JA[n_, y LW, pu LieSeries, ss_] := JA[n, VY, u, SS] = Module[
{S, su, us},
su = ScalelLieSeries[s, ul;
us = StableApply[LieMorphism[{y - Ad[ScaleLieSeries[1l, sul][LW[z]1]1}], u];
us = us // LieMorphism[{LW[z] - Yy}];
IntegrateCWSeries|
AddCWSeries[
JA[n-1, y, u, s] // LieDerivation[{y -» b[us, Y]}1,
div[y, us]
1,
{s, 0, ss}
1
1:
JA[Y_LW, u LieSeries] := JA[y, u] = Module[{cws, s},
cws = Unique[JA];
cws[] = Hold[JALY, u]l;
cws[d_Integer] := cws[d] = JA[d-1, vy, u, S]1[d] /. s-1;
CWSeries[cws]
1;

Print /e {yO = LW["y"], uO = BCHBase,
JA[O, y0, u0, s],
JA[1, yO, uO, s],
JA[2, y0, 0, s],
JA[YO, uO]
}s
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Yo

(XYy)  (XXy)  (XYyY)
LS{(X) +{y), , +
2 12 12

1 1
CV\B[S WY, ES CWxy] + ESZ CWxy],
1 1 1 1
12

1 1
C,\/\B[s Wy, ES CWXy] + Esz CWxy],
1
12

1 1
C\/\S[sC\My], EsC\I\I[xy]+ESZC\I\I[xy],
1
12
CWixxy]  COMxyy]
2 2

OB | Oy ], CWixy],

2013-04-04 08:58:25

1 1
— s OW[xxy] + — s?2 OWxxy] + — s3 CWxxy] - — s CWxyy] - — s? CWxyy] - — s3 C\/\/[xyy]]
4 6 12 4 6
1 ) 1 3 1 1 ) 1 3
— s CWxxy] + Zs CWXxy] + gs CWxxy] - ES CWxyy] - 4—5 CWxyy] - gs O/V[xyy}]

1 1 1 1 1
— s OW[xxy] + Zsz CW XXy ] + 833 CWxxy] - ES CWxyy] - ZSZ CWxyy] - gss C\N[xyy}]

1 1 1 1
CWS[S CW["y"7], E sSCWI["xy"] + E SZCW["XY"], E S CW["xxy"] + Z s2 CW[""xxy"'] +

1 ?’CW[" ..] 1 CW[" ..] 1 2CW[" ..] 1 3CW[" ..]] / 1
— S XX - —S X -—S X -—S X . S
6 Yy 12 Yy 2 Yy 5 Yy

CWixxy]  CWxyy]
2 2

OB Oy ], OWixy],

$SeriesCompareDegree = $SeriesShowDegree = 8;
JA[3, y0, p0, s] =JA[4, yO, u0, s]

True

JA[YyO, uO][6]
CWxxxxxy] 31 CWxxxxyy] 11 CWxxxyxy] 109 CWXXXyyy]
+ - +

+

120 48 6 36
7 OWMxxyxxy] 23 CWxxyxyy] 23 CWxxyyxy] 31 CWXxyyyy]

8 ) 4 . 4 ' 48 '
28 QW xyxyxy] 11 CWxyxyyy] 7 CWxyyxyy] CWXyyyyy]

3 . 6 " 8 i 120
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