Dror Bar-Natan: Academic Pensieve: 2013-03: CheatSheetJ-Verification.nb 2013-04-04 08:02:38

Cheat Sheet ] - Verification

Pensieve header: Cheat Sheet $J$ Verification; continued pensieve://2013-04/.

SetDirectory["'C:\\drorbn\\AcademicPensieve\\2013-03"] ;
<< FreeLie.m;
tm[u_, v_, w_] == LieMorphism[{u) » (W), (V) = (W)];
CC[u_, y_LieSeries] := LieMorphism[u -» Ad[y][ul]l;
RC[u_, y_LieSeries, ub_J[ser_] :=
StableApply[LieMorphism[({u) -» Ad[¥][{ub)]1]1, ser];
RC[u_, y_ LieSeries][ser_] := ser // RC[u, ¥, {v)] // LieMorphism[{v) - (u)];
Print /e {{t="t"), u="u"), v="Vv", w="w')y,

a = RandomLieSeries[{t, u, Vv}],
B = RandomLieSeries[{t, u, V}],
¥ = RandomLieSeries[{t, u, V}]
}s

$SeriesShowDegree = 3; $SeriesCompareDegree = 6;
{{t), Uy, (v), (W)}

tu 5 4 —— 3 1 1 — —— —
LS{thv,f—uvsz,7—ttu+—ttv7—tW+—qu—tuuftvu+tvv+2Wv
2 3 3 2 3 6
tv 3—— 5 1 1— —— 3 —
LS{tfufv,tuf—+T,7—ttu+—tuv+—uW7—tuu7tvuf—tvv7Tv
2 2 6 3 6 2
3tu __ uv
LS{t72u+v,f +tva+—,
2 2
3—— 4 — 1 1 2 — 7 — — 3
-—ttu+—ttv-—tuv+—uUuuv+—tuu-—tvu+tvv +—Uuvyv
2 3 6 6 3 6 2
ad[u_, y LieSeries] := LieDerivation[u -» b[y, ull;

e /: 62=0;

= Some preliminary testing

m
Q

(a // RC[u, a] // CC[u, -al)

True

1. The Definition of J

1
Jlu_, v_] == j (div[u, ¥ // RC[u, s¥]] // CC[u, -sy]) ds
0
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J[u, a] [{4}]
OWB| -2 CWMu], 2 OWtu] - 3 CWuv],

8CWttu] 3CWtuv] 2CMtvu] 5CWMuuv] 2 CWMuvv]
-—— +3CWMtuu] + + - - ,
2 3 2 3
50CWtttu] 11 CWttuu] 3 CWttuv] 5CWMttvu] 19CWMtutu] 22CWMtutv]
+ + + - - +
24 4 2 2 2 3
31CWtuuu] 77 CWtuuv] 23 CWtuvu] 3 CWtuvv] 25 CWtvuu]
+ + - - +
24 24 3 2 24
13 CWtvuv] 23CWtvvu] CWuuuv] 97 CWuuvv] 11 CWuvuv] 13 CMuvvyv]
3 8 2 24 12 24

2. The t equation

Print /e {
0> {y, yw= vy // tm[u, v, w]},
1 -5 (€1 =J[w, yw] // RC[w, yw]),
2 » (t2=J[u, y¥] // tm[u, v, w] // RC[w, wyw]),
3 - (3=J[v, v // RC[u, ¥]] // RC[v, ¥ // RC[u, ¥]1 // tm[u, v, w]),
4 5 tl=1t2+1t3
}s
. 3uv 11 —— 1— 5
0»{LS{t+ufv,2tu+tvf - tTuU-—tTv-_tuUv+2unv +
2 6 3 6
7— 5 —— 11 —— 11 183 —— 3 ——
—tuu——tvu——tvv——Wv}, LS{t, 3tw, ——ttw—ftww]}
6 6 6 6 6 2
2 ttw 3 tww
190/\5[0, 3OMtw], - OMttw] 3OM w
3 2
5 CWMtw] 2CWttw] 25 CWt ww]
ZeCV\S{C\MW], L OMww, - . - 5 OW ww]
2 3 12
tw 43 tww
390As{7c,\/\/[w1, o ]7C,W[vwv}, L@QMW]
2 12

4 - True
3. The h equation

Print /e {
1- (tl=J[u, BCH[a, B1]).,
2 » (€2=J[u, a]),
3 > (t3=J[u, B//RC[u, al] //CC[uU, -a]),
4 -5 tl=1t2+1t3
}s
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3 CWuv] 13CWttu] 13 CWtuu] 20CWtuv] 23 CWtvu] 13 CWuvv]
5 , - 5 + 5 + 3 - 3 —C\N[uuv]+f

1»0/\8{0,

290As{-2c,\/\/[u], 2 CWtu] -3 CWuv],

8 CWttu] 3CWMtuv] 2CWtvu] 5CWMuuv] 2 CWMuvv]
-————— +3CWtuu] + + - - ]
2 3 2 3
9 CWuv ]

3 QVB[2 OWu], -2 OMtu] + —
CWttu] S5CWtuu] 31CMtuv] 25C0Mtvu] 3 CWMuuv]
- + - +

+5C,W[uvv]}
2 6 6 3
4 > True
4. The meaning(s) of RC
Print /e {
1- a,
2 (tl=a // CC[u, ¥] // RC[u, -¥1),
3> a=ztl
}s
1-
tu 5—— 4 — 3 1 1 — — —
LS[Zt—v,7—+tv72W,7—ttu+—ttv7—tu7+—uwfftuu—tvu+tvv+2u7v}
2 3 3 2 3 6
2 >
tu 5—— 4 —— 3 1 1 — —— — S
LS[Zt—v,——+tv—2W,——ttu+—ttv——tW+—uW——tuu—tvu+tvv+2Wv}
2 3 3 2 3 6
3 - True
Print /e {
1- a,
25 (tl=a // CC[lu, ¥ // RC[u, ¥]1),
35 (2= a // RC[uU, ¥1).,
4 5 tl=1t2
}s
1-
tu 5 4 — 3 1 1 — — — -
LS[Zt—v,——+tv—2W,——ttu+—ttv——tW+—UW—ftuu—tvu+tVV+2Wv
3 3 2 3 6
tu
2%Ls[2t_v,_—+tv_2w,
2
13— 4 — 1 1— — — —
-—ttu+—ttv -3tuUv+—uuv -—tuu-3tvu+tvv +4uvv
6 3 3 6
tu
3-5LS|2t -v, -— +tVv-2UV,
2
83— 4 — 1 1 — R _
-—ttu+—ttv -3tuUv+—uuv -—tuu-3tvu+tvv +4Tuvv
6 3 3 6
4 - True

5.
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© N o

9.
10. The cocycle condition for div
Print /e {

0 - {a, B},
1 - (tl=div[u, a] // ad[u, B]),

2 5> (t2=div[u, B] // ad[u, al),
3 » (t3=div[u, bla, B]11),
4 » (t4 =div[u, a//ad[u, B]1]),
5 s (t6=div[u, B//ad[u, a]l),
6 - t1l-t2=1t3+t4-1t5
}s
tv
Oe{LS{—Zt—2u+2v,——+W
2
4 —— 3 —— 3 1 5 — 2 — 5 — 5
——ttu——ttv+—tW+—uW——tuu——tvu+—tvv+—Wv},LS[2u+2v,
3 2 2 6 3 3 6 3
. 3uw 11— 5 — 1 2 7T — 7T — — 1
2tu-tv+ ,—ttu+—ttv+ftW+7UW—ftuu——tvu—Ztvva—Wv”
2 2 3 6 3 6 6 6

1-5COW5[0, 0, 0]
2 > CW5[0, 0, -CWtuv] + CWtvu]]
3 5>0N5[0, -4CWtu] +8CWMuv], -4CWttu] -4CWtuu] +7CWMtuv] +5CWMuuv] - CWuvv] ]
4 5 ON8[0, -4CWuv], 4CWtuu] -2CWtuv] +2CWtvu] -3 CWuuv] -2 CWuvv] ]
55 CW[0, -4CWMtu] +4CWuv], -4CWttu] +4CWtuv] + 3CWtvu] + 2 CWuuv] - 3 CWuvv] ]
6 - True

11.

12.

13.

14.

15.

16.

17.

18. The differential of BCH
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Print /e {

1 - (bch=BCH[u, v]),
BCH[u+e t, v+ew] -bch

- ’
€
BCH[u+et, v+ew] -bch i 1-e2d
3 -5 |tl-= // adSerles[—, bch] .
€ ad
1_e—ad
4 5 |t2=t // adSeries[—,u] // Ad[-Vv]|,
ad
1_e—ad
55 |t3=w // adSeries[—,v]
ad
tl = t2+t3
uv 1 1
1»LS[u+v, —, — uUuvV + — uvv
2 12 12
tv uw 1 1 1 1 — 1 — 1
29LS['[+W, — 4+ —, —tUV +— UUW+ —UVW- —tVU+—1tVV +— UWV
2 12 12 12 12 12 6
tu . vw 1 1 1 — 1 — 1 —
3%LS['[+W, —+tvVv-—, —tuV+—VVW+—tuu+—tvu+—tvyv
2 2 2 6 6 2 2
tu 1 1 — 1 — 1—
4eLS[t, LTV, StUvV s tUuU+ S TVUu s = TV
2 2 6 2 2
vw 1
5%Ls[w, -, T vvw
2 6
True

19. The differential of C

Print /e {

O _) {a’ B’ Y}’
(¥ // CClu, a+ep]) - (¥ // CC[u, a]l) )

€

1 - (tl:

edd -1

2 > [t2=x // ad[u, adSeries[ ,a] [B] // RC[u, -a]] // CClu, a]],

ad
tl = 2

}:
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tv
Oe{LS[—Zt—2u+2v,——+uv,
2
4 —— 3 3 1 5 — 2 — 5 5
-—ttu-—ttv+—-—tuv+—uuv-—tuu-—tvu+—tvv +—uvv |,
3 2 2 6 3 3 6 3
. 3uv 11— 56— 1 2
LS{2u+2v,2tu7tv+ , —ttu+—ttv +—tuv + —uuv -
2 2 3 6 3
7T — 7 — — 1 . 3uv
—tuu——tvu—Ztvv+—Wv},LS{t+u—v,2tu+tv— ,
6 6 2
11— 11— 5 — 7 — 5 — 11 — 11
——ttu——ttv——tW+2uW+—tuu——tvu——tvv——Wv”
6 3 6 6 6 6 6
3 — —
151S[0, -2UV, -~ uTV +4 TUu + TVu +7TVV |
2
— 3 — — — p——
2»LS[0, -2UuvV, -— uuv +4tuu+tvu+7uvv}
2

True
20. The differential of RC

Print /@{
0> {a, B, ¥},

(¥ // RC[u, a+epB]) - (¥ // RC[u, a])

1- (tl:
€

).

1 - e2d
2 > [tZ:x // RC[u, a] // ad[u, adSeries[;Z,a] [B] // RClu, a]]],
a

tl =

}:

t2

tv
Oe{LS{—Zt—2u+2v,——+uv,
2
4 —— 3 — 3 1 5 2 — 5 — 5
-—ttu-—ttv+—-—tuv+—uuv-—tuu-—tvu+—tvv +—Tuvv |,
3 2 2 6 3 3 6 3
. . 3uw 1l— 55—+ 1 — 2 —
LS{2u+2v,2tu—tv+ , —tfuU+—tTV+-tUV +— ulv -
2 2 3 6 3
7 — 7 — — 1 __ __ 3uv
—tuu——tvu—Ztvv+—uvv},LS{t+u—v,2tu+tv— ,
6 6 6 2
11— 1—— 5 7 5 — 11 — 11
—ttu7—ttv7—tW+2uuv+—tuuf—tvuf—tvvf—WvH
6 3 6 6 6 6 6
3 —
1%LS[O, —2uv,——uW+tvu+7Wv]
2
3
ZaLS[O, 72W,7—UW+tvu+7uvv]
2

True

21. The differential of J

http://drorbn.net/AcademicPensieve/2013-03/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2013-03: CheatSheetJ-Verification.nb 2013-04-04 08:02:38

Print /@{
0 - {a, B},
1. (t0=J[u,a+e[3]—J[u,a]),
€

1
2 > [tl:j (div[u, B // RC[u, sa]] // CC[u, -sa]) dlsJ,
(0]

1
35 [t2=j (sdiv[u, « // RC[U, Sa] //
0

l_e—sad
ad[u, B// adSeries[—, a] // RC[u, Sa]]] // CClu, -sa]| ds|,
s ad
1 l_e—sad
4 > t3=j sdiv[u, a // RC[u, sa]l]] // ad[u, B// adSeries[—, a] //
0 s ad
RC[u, Sa]] // CClu, —Sa]]dlS],
t0 = t1+t2-13
tv
Oe{LS{—Zt _2U+2V, - — +TV,
2
4 —— 3 —— 3 1 5 — 2 — 5 — 5
——ttu——ttv+—tW+—uW——tuu——tvu+—tvv+—Wv},LS[2u+2v,
3 2 2 6 3 3 6 3
. 3uw 11— 5 — 1 2 7T — 7T — — 1
2tu-tv+ ,—ttu+—ttv+7tW+7UW—ftuu——tvu—Ztvva—Wv”
2 2 3 6 3 6 6 6
3 uv ttu tuu 8 tuv 2 tvu uuv 11 uvv
1»0/\8{20/\@},70/\{ }’70/\/{ }+CW[ }+CW[ ]+CW[ }+CW[ ] oW ]]
2 6 2 3 3 6 3
CWuv ] CWttu] CWtuu] 7CWtuv] 5CWtvu] 5CWMuuv]
290/\5{20/\/[u}, . - - . - . }
2 6 6 3 3 3
2 tuu 7 tuv 3 uuv 11 uvv
3%0/\8{0,72C,W[uv], Qtuul T OM J+5C,W[tvu]— Quuv] 11 OM ]]
3 3 2 3
8CWtuv] 8 CWtvu]
490/\5{0, 0, - .
3 3
True
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Print/@{
0 - {a,
Ju -J[u,
14(,(0_ [u, a+eB]-J[ a]),
€

2 > [tl j(dlv[u B // RC[u, sal] // CC[u, -Sa]l) dlsJ
l_e—sad
3 - [

div[u, B// adSeries[ , a] //RC[U, sa] //

ad
ad[u, a // RC[u, Sa]]] // CClu, —Sa]] dls],

e-S ad

1
4 [ts:j [div[u, B// adSerles[—, a] // RClu, Sa]] //
0

ad[u, a // RC[u, sa]] // CC[u, —sa]] dls],

o

RC[u, Sa]” // CClu, -Sa]] dls],

1_e—sad
div[u, b[a // RC[u, sal, B// adSeries[—d, a] //
a

a
{

t0 = t1+t2-t3-1t4

}:

3 tt t 8 t 2 t 11
1%%{20/\4“}’ ) C\Muv}l 7CW[ uj . CWtuu] . CWtuv] . CWtvu] . CWuuv] ) CWuvv]
OWuv]  OMttu] OWtuu] 7OWtuv] 5OMtvu] 5CWuuy]
ZeC\/\B{ZC\N[u], - - N _ . }
2 6 6 3 3 3

390/\8{ _20Wtu] +2 OWMuv],

2CWttu] 8 CWtuu] CWtvu] 11 QWMuuv] 3 CWuvyv]
- - L2 OMtuv] + . - }
3 3 6 3 2
5 tuv 5 tvu
490/\5[0, 0, C'W; L CWES )

5%CV\S{ _20Wtu] +4 OMuv],
2CWMttu] 10CWtuu] 5CWMWtuv] 4CMtvu] 31CMuuv] 13 CWMuvv]
- - + - + +
3 3 6 3 6 6

True
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Print/@{
0 - {a,
Ju -J[u,
14(,(0_ [u, a+eB]-J[ a]),
€

2 > [tl j(dlv[u B // RC[u, sal] // CC[u, -Sa]l) dlsJ
l_e—sad
3 - [

div[u, B// adSeries[ , a] //RC[U, sa] //

ad
ad[u, a // RC[u, Sa]]] // CClu, —Sa]] dls],

e-S ad

1
4 [ts:j [div[u, B// adSerles[—, a] // RClu, Sa]] //
0

ad[u, a // RC[u, sa]] // CC[u, —sa]] dls],

o

CClu, —Sa]] dls] ,

dIV[ [ > B// adSeries[l_:;:ad,

a
{

a” // RC[u, sa]] /7

t0 = t1+t2-t3-1t4

}:

3 tt t 8 t 2 t 11
1%%{20/\4“}’ ) C\Muv}l 7CW[ uj . CWtuu] . CWtuv] . CWtvu] . CWuuv] ) CWuvv]
OWuv]  OMttu] OWtuu] 7OWtuv] 5OMtvu] 5CWuuy]
ZeC\/\B{ZC\N[u], - - N _ . }
2 6 6 3 3 3

390/\8{ _20Wtu] +2 OWMuv],

2CWttu] 8 CWtuu] CWtvu] 11 QWMuuv] 3 CWuvyv]
- - L2 OMtuv] + . - }
3 3 6 3 2
5 tuv 5 tvu
490/\5[0, 0, C'W; L CWES )

5%CV\S{ _20Wtu] +4 OMuv],
2CWMttu] 10CWtuu] 5CWMWtuv] 4CMtvu] 31CMuuv] 13 CWMuvv]
- - + - + +
3 3 6 3 6 6

True
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Print/@{
0 - {a,
Ju -J[u,
14(,(0_ [u, a+eB]-J[ a]),
€

2 > [tl j(dlv[u B // RC[u, sal] // CC[u, -Sa]l) dlsJ
l_e—sad
3 - [

div[u, B// adSeries[ , a] //RC[U, sa] //

ad
ad[u, a // RC[u, Sa]]] // CClu, —Sa]] dls],

e-S ad

1
4 [ts:j [div[u, B// adSerles[—, a] // RClu, Sa]] //
0

ad[u, a // RC[u, sa]] // CC[u, —sa]] dls],

1
5 > [t4=J (div[u, B // adSeries[1-e>2, a] // RC[uU, sa]] // CC[u, -Sa]) dls],
(0]

t0 = t1+t2-t3-1t4

}:

3 tt t 8 t 2 t 11
l%C\/\S[ZC\N[u}, . C\Muv}l 7CW[ uj . CWtuu] . CWtuv] . CWtvu] X CWuuv] ) CWuvv]
uv ttu tuu 7 tuv 5 tvu 5 uuv
2%cvxs{zcku},QM ] _OMttu] CMtuu) 7CMtuv) 5CWtvul 5CM }}
2 6 6 3 3 3

3%()/\8{ _20Wtu] +2 OWMuv],

2CWttu] 8 CWtuu] CWtvu] 11 QMuuv] 3 CWuvyv]
- - L2 OMtuv] + . - }
3 3 6 3 2
5 tuv 5 tvu
4 avs|o, o, C\M6 L CWES )

5%(3\/\8{ _2OWtu] +4 OMuv],
2CMttu] 10CWtuu] 5CWMtuv] 4CMtvu] 31CMuuv] 13 CWMuvv]
- - + - + +
3 3 6 3 6 6

True
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Print /@{
0 - {a, B}:
1. (t0=J[u,a+eB]—J[u,a]),
€

1_e—sad
div[u, B// adSeries[

1
2 - {tl:j
0

ad[u, a« // RC[u, Sa]]] // CClu, —Sa]] dls],

1
3 - t2=J
0

ad[u, a // RC[u, sa]] // CC[u, —Sa]] dls),

, a] //RC[U, sa] //
ad

l_e—sad
div[u, B// adSeries[ , a] // RClu, sa]] /7

ad

1

4 > [t3=j (div[u, B // adSeries[e®®, a] // RC[U, sa]] // CC[u, -sa]) dlsJ,
0

t0 = t1-1t2+1t3

1%CV\S{2C\N[UJ, -

3 CWMuv] CWttu] CWtuu] 8CWtuv] 2CWtvu] CWuuv] 11CWMuvv]
2 ' s 2 3 3 s 3
25 CVB[0, -2 OWtu] +2 OMuv],
2CWttu] 8 CWtuu]

CWtvu] 11 CMuuv] 3 CWuvyv]
n _

+2CWtuv] +
3 3 6 3 2
5CMtuv] 5CWMtvu]
390/\5[0, 0, -
6 6
7 CWuv ]

4%CV\S{2C\N[U},2CN\UU}— -

CWttu] 19CWtuu] 3 CWtuv] CWtvu] 7CWMuuv] 13CWMuvv]
+ + - - -
2 6 2 3 2 6

True
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Print/@{
0 - {a,
Ju -J[u,
14(,(0_ [u, a+eB]-J[ a]),
€

2 > [tl j(dlv[u B//Ad[-sa] // RC[u, sal] // CClu, —sa])dls]
l_e—sad
3 - [

div[u, B// adSeries[ , a] //RC[U, sa] //

ad
ad[u, a // RC[u, Sa]]] // CClu, —Sa]] dls],

e-S ad

1
4 [ts:j [div[u, B// adSerles[—, a] // RClu, Sa]] //
0

ad[u, a // RC[u, sa]] // CC[u, —sa]] dls],

t0 = t1+t2-13

3 CWMuv] CWttu] CWtuu] 8CWtuv] 2CWtvu] CWuuv] 11CWMuvv]
1%CV\S{2C\N[UJ, - - N ; . . _
2 6 2 3 3 6 3
7 uv
2%0/\5{20Mu1, 2 OWtu] 7$,
CWttu] 19CMtuu] 3CWMtuv] OCWtvu] 7CMuuv] 13C\N[uvvw
+ + - - -
2 6 2 3 2 6

390\/\5{ _20Wtu] +2 OWMuv],

2C0Mttu] 8 CWtuu] CWtvu] 11 QMuuv] 3 CWMuvyv]
- - +2 CWtuv] + + - }
3 3 6 3 2
5CWMtuv] 5CWtvu]
4%CV\S[O, 0, -
6 6
True
Print /@{
0 - {a, B};
J[u, a+epB] -J[u, a
15 (tO: [ + € B3] [ ]),
€

1-e2d

2 5 [tl:div[u, B// adSeries[ a] // RC[u, a]] // CClu, -all|,

ad
t0 = t1

}:
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1 - ons[owul, 30N[ﬁfsckuv},
31CWttu] 5CWMtuu] 7CWMtuv] 19CWtvu] 41CWMuuv] 3 CWMuvv]
6 T 2 12 2 ]
2 eC\/\S{OMU}, m%fscwuw,
31CWttu] 5CWMtuu] 7CWMtuv] 19CWtvu] 41CWMuuv] 3 CWMuvv]
6 T 4 12 2 ]
True
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