Dror Bar-Natan: Academic Pensieve: 2013-02: WorkWithOleg.nb

Pensieve header: Finding the MVA in g-calculus, with Oleg Chterental.

<< KnotTheory™

Loadi ng Knot Theory™ version of February 5, 2013, 3:48:46.4762.
Read nore at http: //katl as. org/w ki /Knot Theory.

B =B[hs, ts, w, A]

BSimplify[B[hs_, ts_, w_, A_]] := B[hs, ts, Factor[w], Sum][
Factor [Coefficient[A, t[u] h[x]]] *»t[u] h[Xx],
{u, ts}, {x, hs}
113
BForm[B[hs_, ts , w_, A ]] := Module[{mat},
mat = Table[
Coefficient[A, t[u] h[X]],
{u, ts}, {x, hs}
13
PrependTo[mat, hs];
mat = Transpose[Prepend[Transpose[mat], Prepend[ts, w]]l];
MatrixForm [mat]
1
Format[B_B, StandardForm] := BForm[fg]
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B /: Blhsl_, tsl_, wl_, Al ]1B[hs2_, ts2_, w2_, A2_] :=
B[Union[hsl, hs2], Union[tsl, ts2], wl*xw2, Al+A2] // BSimplify;
tm[u ,v_, w ][B[hs_, ts_, w , A ]] = B[

hs, Union[Complement[ts, {u, v}], {w}],
w /. {t[u|Vv] > t[w], Tlu|v] > T[w]l},
A /. {t[u|Vv] » t[w], T[u|v] » T[w]}
1 7/ BSimplify;
u_y = p /. tU_] »1;
hm[x_,y_, z_1[B[hs_, ts_, w_, A_]] == Module[{a, B, ¥},

a = Coefficient[a, h[X]];
B = Coefficient[a, h[y]];
¥ =4A/. h[x|y] » 0O;

Bl

Union[Complement[hs, {X, y}1, {z}], ts,
w, (a+B+<{a)yB)h[z] +¥
1 7/ BSimplify
1;
swap[u_, X_][B[hs_, ts_, w_, A_]] = Module[{a, B, ¥, S, €},
Coefficient[a, t[u] h[X]]:
Coefficient[a /. h[x] » 0, t[u]];
Coefficient[a /. t[u] -» 0, h[X]];
A /. {t[u] »0, h[x] » 0};
= 1l+a;
[hs, ts, we,
a(l+<y>/e) U] h[X] +B (1+¥) /€) t[u]
+ (y/e)h[x] + 6-yB/€
1 7/ BSimplify
1;
gnfa_, b_,c_1[B_] =B // swap[a, b] // tm[a, b, a] // hm[a, b, a];
Rpla_, b_] := B[{a, b}, {a, b}, 1, t[alh[b] (T[a]-1)];
Rm[a_, b_] Bl{a, b}, {a, b}, 1, t[a]lh[b] (1/T[a]-1)];

a

B
Y
6
€
B

BZ[L_] := Module[{s, B},

s = Skeleton[L];

B =TimeseePD[L] /. X[i_,J ,k ,1_1 =» If[PositiveQ[X[i, J, k, 111,
Rp[l, 1], Rm[j, 1]
15
Do[

B =pB7//gm[s[[c, 111, s[[c, K]1, s[[c, 1111,
{c, 1, Length[s]}, {k, 2, Length[s[[c]]]}
1;
B
1
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B=B[{1,2}, {1,2,3, 4}, w, Sum[a[i, J]E[i] h[J], (i, 1,4}, {J,1,2}]]

1 2

A WNPEPE
Q Q Q Q
e
NN N

A WODNPF

[
[
[
[

B // tm[1, 2, 1]

w 1

1 afl, 1] +a[2, 1]
3 a3, 1]

4 a4, 1]

2
all, 2] +a[2, 2]
al3, 2]
al4, 2]

B // tm[1,2,1] // tm[1, 3, 1]

w 1
1 o[, 1] +a[2, 1]
4 a4, 1]

B // tm[2,3,2] // tm[1, 2, 1]

w 1
1 a1, 1] +a[2, 1]
4 a4, 1]

2
+al[3, 1] af[l, 2] +a[2, 2] +a[3, 2]
ald, 2]
2
+a3, 1] a[l, 2] +a[2, 2] +a[3, 2]
ald, 2]

B=B[{1,2,3,4}, {1,2}, w, Sum[a[i, J1E[i]h[j], {i,1,2}, {J,1,4}]]

w 1 2
1 afl, 1]
2 a[2, 1] a[2, 2]

B // hm[l, 2, 1]
w

1 afl, 1] +a
2 a[2, 1] +a

B // hm[l, 2, 1]
w

1 all, 1] +a[l, 2]
2 a2, 1] +a[2, 2]

B // hm[2, 3, 2]
w

1 all, 1] +«a
2 o[2, 1] +

(B // hm[1, 2,11 // hm[1, 3, 1]) =

True

3 4
all, 31 all, 4]
al2, 3] af2, 4
1 3
(1, 1] o1, 2] +a[l, 2] a2, 1] «a[l, 3
(1, 1] a[2, 2] +a[2, 1] a[2, 2] 2, 3
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B=B[{1,2}, {1,2,3}, w, Sum[a[¥, J1Et[i]h[j], {i,1,3}, {J,1,2}]]

w

1 ofl, 17 «all, 2]
2 o[2, 1] a[2, 2]
3 a[3, 1] a[3, 2]

01=p8// tm[1, 2,1] // swap[l, 1]

w((l+a[l, 1] +a[2, 1]) 1
1 (a[l,1]+a[2,1]) (l+a[d,1]+a[2,1]+a[3,1]) (a[1,2]+a[2,2]) (l+a[1,1]+a[2
l+all,1]+a[2,1] l+all,1]+a[2,1]
3 a[3,1] ~a[1,2] a[3,1]-a[2,2] a[3,1]+a[3,2]+a[1, 1
l+al,1]+a[2,1] l+al,1]+a[2,1]
02=8// swap[2, 1] // swap[l, 1] // tm[1, 2, 1]
w(l+all, 1] +a[2, 1]) 1 2
1 (a[1,1]+a[2,1]) (l+o[1,1]+a[2,1]+c[3,1]) (a[1,2]+a[2,2]) (l+a[1,1]+ax[2
l+a(l,1]+a[2,1] l+al,1]+a[2,1]
3 al3,1] ~a[1,2] o[3,1]-a[2,2] a[3,1]+x[3,2]+a[1,1
1+a[l,1]+a[2,1] l+a[l,1]+a[2,1]
01 == 02
True
B=B[{1, 2,3}, {1,2}, w, Sum[a; j t[i1 h[jl, {i, 1,2}, {J, 1, 3}]]
w 1 2 3
1 a1 a2 01,3
2 ap1 022 023
01=87// hm[1, 2,11 // swap[l, 1]
w(l+og 1+o1,2+01,100,2+01,2021) 1
1 (1+oq,1+02,1) (o, 1+0q,2+00,1 01,2+, 2 02,1) (1+0u, 2+a2,2)
l+ag, 1+00,2+00,1 1, 2+01, 2 02, 1
2 Q2,1+02,2+01,1 02,2+02,1 02,2 . %1,302,1+01,302,;
l+og, 1400, 2401, 1 01, 2+01,2 A2, 1
02=8// swap[l, 1] // swap[l, 2] // hm[1, 2, 1]
w(l+og 1+0g,2+01,100,2+01,2021) 1
1 (140, 1+02,1) (o1, 1+01,2+01,1 01,2+01,2 02,1) (l+ag, 2+02 2)
l+og, 1400, 2400, 1 01, 2+01,2 02,1
2 O2,1+02 2+01, 1 02 2+02 1 02 2 —01,3 02,1-01,3 02,2
l+og, 1400, 2+00,1 01,240, 2 02,1
01 == 02
w(l+og 1+o1,2+01,100,2+01,2021) 1
1 (1+oq,1+02,1) (o, 1+0q,2+00,1 01, 2+01,2 02,1) (1+0q, 2+a2,2)
l+og, 1+00,2+00,1 1, 2+01, 2 02, 1
2 O, 1+012, 2401, 1 02, 2402, 1 02, 2 _01,302,1+01,302,;

l+og, 1+00,2+00,1 1, 2+01, 2 02, 1
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B=B[{1,2,3,4}, {1,2,3,4}, w, Sum[a; j E[i1 h[§1, (i, 1,4}, (i, 1,4}]]

1 2 3 4
01,1 Q1,2 01,3 01,4
02,1 Q2,2 02,3 02,4
03,1 Q03,2 03,3 03,4
04,1 Q4,2 04,3 04,4

A WDNPFPE

01=p8// gm[1,2,1] // gm[1, 3, 1]

A very large output was generated. Here is a sample of it:

w(l+og2+0a1,3+01,201,3+02,3+01,2023+01,3032+01,30472) 1
o1 1+01 2+ <<645>> +oq 3
1 i ’ )
l+oq, 2400, 3+ <<1>> <<l>> <1l>>+01 12 1
4 <«<1l>
<<1l>>
Show Less [| Show More || Show Full Output || Set Size Limit...
02=87//9gm[2,3,2] // gm[1, 2, 1]
A very large output was generated. Here is a sample of it:
w(l+og,2+01,3+01,2003+023+01 202 3+01,3032+01, 304 2) 1
a1 1+01 2+ <<645>> +oq 3 @
1 ) . ,
l+aq, 2400, 3+ <<1>> <<l>> <1>>+00 12 1
4 <«<1>
<«<1l>

Show Less [| Show More || Show Full Output || Set Size Limit...

01 == 02

True

L = Knot["8_16"]
Knot [8, 16]
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DrawMorseLink[L]
KnotTheory:loading : Loading precomputed data in PD4Knots'.

KnotTheory::credits: MorseLink was added to KnotTheory' by Siddarth Sankaran
at the University of Toronto in the summer of 2005.

KnotTheory::credits: DrawMorseLink was written by Siddarth Sankaran

at the University of Toronto in the summer of 2005.

=)

XX

PDIL]

PD[X[6, 2, 7, 1], X[14, 6, 15, 5], X[16, 11, 1, 12], X[12, 7, 13, 8],
X[8, 3, 9, 4], X[4, 9, 5, 10], X[10, 15, 11, 16], X[2, 14, 3, 13]]

BZ[Knot[4, 1]1]

-1+3T[1]1-T[112 1
1 0

s = Skeleton[L]
{Loop[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]}
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B=TimeseePD[L] /. X[i_,j_,k_ ,1_] » If[PositiveQ[X[i, Jj, k, 117,
Rp[l, 1], Rm[j, i]
1

1 1 2 3 4 5 6 7 8 9 10 11 12 13 14
10 0 0 0 0 -1+T[1] O 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
30 0 0 0 0 0 0 :1;;[]3] 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0

5 0 0 0 0 0 0 0 0 0 0 0 0 0 -1+T[5]
6 0 0 0 0 0 0 0 0 0 0 0 0 0 0
70 0 0 0 0 0 0 0 0 0 0 JlT*[T;]” 0 0

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0

9 0 0 0 -*1;;[]9] 0 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0 0 0 0 0 0
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0
13 0 -1+T[13] © 0 0 0 0 0 0 0 0 0 0 0
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0
15 0 0 0 0 0 0 0 0 [o = SN2 Ry 0 0 0

T[15]

16 0 0 0 0 0 0 0 0 0 0 0 0 0
Do[

B =pB7//gm[s[[c, 1]1], s[[c, k11, s[[c, 1111,
{c, 1, Length[s]}, {k, 2, Length[s[[c]]]}

1

B
1-4T[1]+8T[1]2-9T[1]%+8T[1]%-4T[1]5+T[1]® 1
T4
1 _ (-1+T[1]) (1+T[1])

T[1)?

Alexander[L] [T[1]]

1 4 8
-9+ - + +8T[1]-4T[112+T[1]°

AllKnots[{3, 7}]

{Knot [3, 1], Knot [4, 1], Knot [5, 1], Knot [5, 2], Knot [6, 1], Knot [6, 2], Knot [6, 3],
Knot [7, 1], Knot [7, 2], Knot [7, 3], Knot [7, 4], Knot [7, 5], Knot [7, 6], Knot [7, 7]}
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Table[

Factor[BZ[L]1[[3]] / Alexander[L][T[1]111,
{L, AllIKnots[{3, 8}1}

]
1 1 1 1
{-————, TI1], , C1,1, 1, , L T[114, TI1)4, ,
T[1] T[1)2 T[1)? 11 T113 T13
1 1 1 1
—, T[1]%, , , Tr1y, Trij, T(113, ——, T[1], TI1j, T[],
T1] Tr1y T[1) T1]
1 1 1 1 1
T[1], ——, T[1], T[1], , , Tr1], 1, T[114, 1, }
T[1] Tr1) T TI1) T[1)

BZ[Link["L6a4"]]

KnotTheory:loading : Loading precomputed data in PDALinks".

(1-T[1]-T[5]+T[1] T[5]-T[91+T[1] T[9]1+T[5] T[9]) (T[L1]+T[5]-T[1] T[5]+T[9]-T[1]T[9]-T[5] T[9]+T[1]T[5]T[9])
T[] T[5] T[9]

1 -

5 P
9 - .

L = Link["L6a4"]
Link[6, Alternating 4]

Skeleton[L]
{LoopI[1, 2, 3, 4], Loop[5, 6, 7, 8], Loop[9, 10, 11, 127}

BMVAO[L_] := Module[{hs, ts, w, A, gS, mat, res},

{hs, ts, w, A} =ListeepZ[L];
gs = First /e Skeleton[L];
mat = Table[

Coefficient[A - ((A) /. h[a_] =» t[a] h[a]), t[u]l h[Xx]],

{u, gs // Rest}, {X, gs // Rest}

1
res = wDet[mat] / (T[Skeleton[L][[1, 1111 -1) // Factor;
res /. T[k_] =» T[Position[gs, k][[1, 1]11]

1

Btr[B[hs_, ts_, w_, A_]] := Module[{mat, res},

mat = Table[

Coefficient[A - ((A) /. h[a_] =» t[a] h[a]), t[u]l h[X]],
{u, hs // Rest}, {X, hs // Rest}
1;
res = wDet[mat] / (T[ts[[1]]] -1) // Factor;
res /. T[k_ ] =» T[Position[hs, k][[1, 1]1]1]
1;

BMVA[L_ ] := Btr[pZ[L]]
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BMVAL]
(-1+T[1]) (-1+T[2]) (-1+T[3])
T[1] T[2]

MultivariableAlexander[L] [T]

KnotTheory:loading : Loading precomputed data in MultivariableAlexander4Links'.

(-1+T[1]) (-1+T[2]) (-1+T[3])
VT[] VT[2] VTI3]

Table[
Factor [BMVA[L] / MultivariableAlexander[L][T]],
{L, AIILinks[{2, 7}1}

]
1 1 1 1
{_Tszm' CTIPRT2)32 T T(21%2 T(102T2]
1 1 NTI3] 1
CTI2T2)2 TIL2T(292 Ty Tr2] TILI2T(2]32T(3)%/2]
T31° 1 1 T(2)32  T[2]32
JTIT VT2 VT VTR TWRATERI? Ty VT
R S AT ! o ! )
T[1] T[2]? T[1132+/T2)  TILI¥2T(2]172 \T[1] T[2]52

B=B[{1,2,3}, {1,2,3}, w, Sum[a[i, J1 (1] h[j], {1, 1,3}, {J,1,3}]]

1 2 3
all, 1] o[l, 2] a[l, 3]
a2, 1] o2, 2] a[2, 3]
a3, 1] o[3, 2] a[3, 3]

WN P E

B // gm[2, 3, 2]

2013-02-20 16:36:06

w (l+al2, 3]) 1
1 all,1]-a[l1,3] a[2,1]+a[l,1] a[2, 3]
l+a[2, 3]
2 al2,1]+a[1,3] a[2,1]+a[2,1] a[2,3]+a[3,1]+a[2,3] a[3,1] af2,2]+a[l,3] a[2,2]+a[2,3]+a[1,2] a[2,
l+a[2, 3]

B // gmn[2,3,2] // Btr
1
~1+T[1]

B // gm[3, 2, 2]

w(a[l, 2] +a[l, 3] +a[l, 2] a[l, 3] +a[l, 2] a[2, 3] +a[l, 3] a[3, 2])

w(l+al3, 2]) 1
1 all,1]-a[l1,2] a[3,1]+a[l,1] a[3, 2]
1+a[3, 2]
3 al2,1]+a[3,1]+a[1,2] a[3,1]+a[2,1] a[3,2]+a[3,1] a[3, 2] al2,2)+a[l,3] a[2,2]+a[2,3]+a[2,2] a[2,
1+a[3, 2]
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B // gm[3, 2,2] // Btr
1

-—w (a[l, 2] +a[l, 3] +a[l, 2] a[l, 3] +a[l, 2] a[2, 3] +a[l, 3] a[3, 2])
-1+T[1]

(B /7 9gm[2,3,2] // Btr) = (B // 9gm[3, 2, 2] // Btr)

True
n=>5;
B = B[Range[n], Range[n], w, Sum[a[i, jJ] t[i]1 h[j], {i,1,n}, {J, 1, n}]]
w 1 2 3 4 5
1 ofl, 1] «a[l, 2] o[l, 3] «a[l, 4] «a[l, 5]
2 o[2, 1] a[2, 2] «a[2, 3] o[2, 4] a[2, 5]
3 o[3, 1] a[3, 2] «[3, 3] «o[3, 4] a[3, 5]
4 of4, 1] a4, 2] o4, 3] a4, 4] a4, 5]
5 a5, 1] a[b, 2] «a[5, 3] «o[5, 4] a[5, 5]

(B /7 9gm[2,3,2] // Btr) = (B // gm[3, 2, 2] // Btr)

True

(B // gm[2,3,2]) = (B // gm[3, 2, 2])

w (1+a[2, 3]) 1
1 all,1]-a[l,3] a[2,1]+a[1,1] a[2, 3]
1+a[2, 3]
2 af2,1]+a[l,3] o[2,1]+a[2,1] a[2,3]+a[3,1]+a[2,3] a[3,1]+a[2,1] a[4,3]+a[2,1] o[5, 3] al2,2]+a[l,
1+a[2, 3]
4 al4,11+a[2,3] al4,1]-a[2,1] a4, 3]
1+a[2, 3]
5 al5,1]+a[2,3] a[5,1]-a[2,1] a[5, 3]
l+a[2, 3]
n=2;
B =B[Range[n], Range[n], w, Sum[a[i, j]1E€[i1h[j], {i,1,n}, {J,1,n}]]
w 1 2

1 ofl, 1] «all, 2]
2 a[2, 1] a[2, 2]

(B // gm[l,2,1] // Btr) = (B // gm[2, 1, 1] // Btr)
Det:matsq : Argument {} at position 1 is not a non—empty square matrix. >

Det:matsq : Argument {} at position 1 is not a non—empty square matrix. >

wbDet [{}] (1+all, 2]) wbDet [{}] (1+a[2, 1])

~1+T[1] ~14+T[1]
(B // 9gm[1,2,1]1) = (B // gm[2, 1, 1])

w (l+all, 2]) 1
1 all, 1] +a[l, 2] +a[l, 1] a[l, 2] +a[2, 1] +a[l, 2] «[2, 1] +a[2, 2] +a[l, 1
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