Dror Bar-Natan: Academic Pensieve: 2013-02: JExperiments-Tests.nb 2013-03-01 10:35:04

Pensieve header: To be run after executing JExperiments-Program.nb.

Testing tm

Testing_tm
{({u="u™, v= Y, w= "W
tl= M[{
X - MakeLieSeries[u+Vv+Ww],
y -» MakeLieSeries[b[u, v] +b[v, w]]
}, MakeCWSeries[CW["uwvw"]]
1,
tl // tm[u, v, uj,
t2=tl1 // tm[u, v, u] // tm[u, w, u]j,
t3=t1 // tm[v,w, V] // tm[u, Vv, U],
12 = t3
} // ColumnForm

Testing_tm
M {X > LS[u+v+w, 0, 0], y >LS[0, uv+Vvw, 0]}, CW5[0, O, CWuvw]]]
M {x - LS[2u+w, O, 0], y »LS[0, tw, 0]}, CA5[0, O, CWuuw]]]
M[{x - LS[3u, 0, 0], y>LS[0, O, O]}, CW5[0, 0, CWuuu]]]
M[{x - LS[3u, 0, 0], y->LS[0, 0, 0]}, CW5[0, 0, CWuuu]]]
True
Testing hm
Testing_hm

{tl =R*[u, Xx]UR"[v, YIUR"[w, 2],
tl // hm[x, vy, X1,
t2=t1 // hm[x, y, x] // hm[x, z, X],
tl // hmly, z, y1,
t3=tl1l // hm[y, z,y] // hm[x, y, X],
12 = €3

} // ColumnForm

festina i M[{x - LS[u, 0, 0], y - LS[v, 0, 0], z->LS[w, 0, 0], (uy »LS[0, 0, 0], (v) »LS[0, 0, 0], (v
M[{x > LS[u+v, ?’ Luuv+ LTvv], z-Lsw 0, 0], (u) »LS[0, 0, 0], (v) >LS[0, 0, O
MHXeLS{U+V+W %quszrvzj’ %UUV+%UW+%UW+%VW+%uvv+_wv+%ﬁ
MHX»LS[u, 0. 0], y > LS|vew S 35 VW« 5 VWw], (u) 5LS[0, 0, 0], (v) >LS[0, 0, O:
MHX%LS[U+V+W, ?+§W+sz’ %uuVJf%UW*%UWJ’%VWJr% UVV+7WV+%E
True
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Testing C and RC

$SeriesShowDegree = 6;
{{u="u"y, w='whl,
A0 = MakeLieSeries[u+ ("uw")],
tl = MakeLieSeries[("uv'')],
t2 = tl // LieMorphism[u » Ad[-20][u]l],

t3 = t2 // RC[u, A0],
tl = t3

} // ColumnForm

{{u), (w)}

LS[u, TW, 0, 0, 0, 0]
LS[0, UV, 0, 0, 0, 0]

LS|0, uv, O, uuwv +uvuw, 7%uu uwv 7%UUVUW+% uuwuv, %uuu uwv +%UUUVUW+%l

LS[0, uv, 0, 0, 0, 0]
True

Testing the RC “composition property”

$SeriesShowDegree = 4;
{{u="uy, v= VY, w= 'whl,
A = MakeLieSeries[u],
X = MakeLieSeries[Vv],
Ay = MakeLieSeries[w],
BCH[AX, Aay]l,
tl = X // RC[u, BCH[XX, ay]]l,
t2 = A // RC[u, AX] // RC[u, ay // RC[u, ax]11,
tl =12
} // ColumnForm
{<uy, vy, <w)}
LS[{u, 0, 0, 0]
LSv 0, 0, 0]
w, 0, O, 0}

V + W, —VVW-%—ll—2 Vww, LAVVWW

uvyv + Uwv + UVVV—EUWVV— UWW V — UWWW]

uvyv + Uwv +

Uuwv v -

uwwyv —

NP NE
Nk N
R Ok

LS|u, W,
Tr

{
LS{U, uw,
| T

e
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$SeriesShowDegree = 4;
$SeriesCompareDegree = 6;
{({u="u™y, v VY, ow= (wh g,
A = MakeLieSeries[u],
AX = MakeLieSeries[v+b[u, v] +b[u, b[u, V]1]1,
Ay = MakeLieSeries[w+b[u, b[v, w]]],
BCH[AX, Aay]l,
tl = 2 // RC[u, BCH[xXx, ay]l],
t2 = X // RC[u, ax] // RC[u, ay // RC[u, aX]1],
tl =12
} // ColumnForm

(U, (v), (W)}
LS[u, 0, 0, 0]

UVW+%VVW+% UWV+%VWW, %UUVW‘F%UVVW‘F%U uwv +

Uww, -uuuv -u UVW+§U Uvvy +UUWV -UVUW-

uww, -uuuv -u UVW+§U Uvv +UUWV -UVUW-

Testing the Conjugation Relation

TestingConjugationRelation

$SeriesShowDegree = 3;

{
tl =R*[u, x] UR*[V, Y] UR*[w, z],
t2=tl1l// tm[v, w, V],
t3=t2//hm[x,y, X],
t4 = t3 // thalu, z],
t5 = R*[v, x] UR*[w, z] UR*[u, Y],
t6=t5 // tm[v, w, V],
t7=t6 // hm[x, vy, X],
t7 = t4
} // ColumnForm

TestingConjugationRelation

M {x - LS[u, O, 0], y - LS[v, 0, 0], z->LS[w, 0, 0], <(u) - LS[0, 0, 0], <(v) - LS[0, 0, 0], (v
M {x - LS[u, O, 0], y - LS[v, O, 0], z->LS[v, 0, 0], (u) - LS[0, 0, 0], <(v) - LS[0, 0, 0], (v
M[{XaLS{U+V, o Luuv e Wv}, z 5LS[v, 0, 0], (u)—>LS[0, 0, 0], (v) - LS[0, 0, O
MHX»LS[U+V, S Ly s L Wv], z > LS[v, 0, 0], (u) -»LS[0, 0, 0], (v) -LS[O, 0, (
M[{x - LS[v, O, 0], y > LS[u, 0, 0], z->LS[w, 0, 0], <(u) -LS[0, 0, 0], <(v) - LS[0, 0, 0], (v
M[{x - LS[v, O, 0], y - LS[u, 0, 0], z>LS[v, 0, 0], (u) -LS[0, 0, 0], <(v) - LS[0, 0, 0], (v
MHX»LS[U+V, S Ly s Wv], z 5 LS[v, 0, 0], (u) ->LS[0, 0, 0], (V) -LS[O, 0,
True
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Testing JA

$SeriesShowDegree = 3;

$SeriesCompareDegree = 6;

{
{u='u™y, v=Vv"), 20 = MakeLieSeries[u+Vv+b[u, v]]},
tl = JA[u, (s+e€) A0],

t2 = JA[u, sA0] // RC[u, ex0 // RC[u, sa0]1],
t3 = JA[u, €ex0 // RC[u, sx0]1,
tl = t2+t3

} // ColumnForm

{<uy, (vy, LS[u+v, uv, 0]}
CV8[s OWu] +e CWMu], -s CWuv] +%s2 CWuv] -e CWuv] +s € CWMuv] +%62CVV[UV], %sz CW uun
CWB[s OWu], -s CWuv] + %SZCVV[UV], %SZCW[UUV] - %se'CVWuuv} —%SZCVV[UVV] +%53CVV[UVV]
OWB[e CWu], -e OWuv] +s € CWuv] +%€2C\M:UV], s e CWuuv] - %szeC\N[uuv} + % €2 CWuuv] -
True

Testing J

$SeriesShowDegree = 6;

{u="u™y, v= VT, ws TwTH ),

AX = MakeLieSeries[v+b[u, v] +b[u, b[u, V]]],

div[u, A // RC[u, sax]] // LieMorphism[u » Ad[-sax][u]]
}

{1y, )y, w), LS|v, TV, uTV, 0, 0, 0], OMB[OMu], s OWMuv],
1 1 1
s CWuuv] + ) sZ2CWuvv], s CWuuuv] + Es;2 CWuuvv] +s? CWuvuv] + gs3CW[uvvv],
1 1 1
ESZC\N[uuuvv] +2s2 CWuuvuv] + gs3C\N[uuvvv] +s3 CWuvuvv] + as“C\/\/[uvvvv},
1 1 3
5 s2 CWuuuvuv] + g s CWuuuvvv] + 5 s2 CWuuvuuv] +

2 1 4
s® OWuuvuvv] + 3 s® OWuuvvuv] + oa s* OWMuuvvvv] + N s® OWuvuvuv] +

10 s% OWMuvvVvVV] } }

1 1
3 s* OMuvuvvv] + — s* CWuvvuvv] +
4
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$SeriesShowDegree = 6;

$SeriesCompareDegree = 6;

{{t=Ct), u=Cuy, v= "7, w="w"')y, uvw = LieMorphism[u->w, v->w]},
AX = MakeLieSeries[v+b[u, v] +b[u, b[t, V]]],

tl = J[w, AX // uvw] // RC[w, AX // uww],

t2 = J[u, AX] // RC[u, ax] // RC[v, Ax // RC[u, AX]] // uvw,
t3 = J[v, xx // RC[u, ax]] // RC[v, xx // RC[u, xx]] // uvw,
tl = t2+t3

} // ColumnForm
{((ty, Uy, (v), (w), LieMrphi smLi eMorphisn$77999]}

Ls{v, Uv, -tvu, 0,0, 0

COWS[CWw], 0, CWtww], - MW - ONtww - T otk wy] - S]]

2 6 2 24
CV\B[O, —C\N[\NW}, 7CV\{\QMIW]’ 72C\M;I\MAN\N], 7130/\/[2VL\1NW\MNV]’ OMIIZVWWVW] —Q/V[t\MWWW} + QN[IV\;M\MN] _ 190/\4:SW\AN
CV\S[QN[W], QN[VW\I], QN[IWW} + ON[\;WWV], 7ON[t2VWWV] 4 ZON[;WWWV], O/V[tgwww] + 13OA42V:1AIMANWV], 7C\Mt\/\£/vtvwv] B C
True

$SeriesShowDegree = 3;

$SeriesCompareDegree = 6;

{({u="u™y, v VY, ow= (wh g,
AX = MakeLieSeries[v+b[u, v] +b[u, b[u, V]1],
Ay = MakeLieSeries[w+b[u, b[v, w]]],

tl = J[u, BCH[AX, ay]l] // RC[u, AX],
t2 = J[u, xx] // RC[u, ax],

t3 = J[u, Ay // RC[u, ax]11,

tl = t2+t3

} // ColumnForm

{uy, vy, (w)}
Ls{v, v, uT]

v
LS[w, 0, uvw]|
OW8[0, -CWuv], -CWuuv] - OM;W] - OWuvw] + CWuw ] |

OW8[0, -CWuv], -CWuuv] —M]

CW\5[0, 0, -CWMuvw] + COWuwv ] ]
True
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Testing the relationship between J and JA

$SeriesShowDegree = 3;
$SeriesCompareDegree = 7;
{{u=uy, v= VDY,
20 = MakeLieSeries[v+b[u, v] +b[u, b[u, V]1],
tl = J[u, 207,
t2 = JA[u, A0] // LieMorphism[u -» Ad[-A0][ul],
tl =12
} // ColumnForm

{<uy, (v}
Ls{v, UV, uuv

CW8[0, -CWuv], -CWuuv] - 2]

CW8[0, -CWuv], -CWuuv] - W]
True

Computing 8,7.

p0 = R-[12, 11UR 2, 71UR 8, 31U
R[4, 111 UR*[16, 5] UR*[6, 13] UR*[14, 9] UR*[10, 15]
M {1 >LS[-b, 0, 0], 2 5LS[0, 0, 0], 35LS[-8, 0, 0], 4 >LS[0, 0, 0],
5 LS[f, 0, 0], 6 5LS[0, 0, 0], 7 >LS[-2, 0, 0], 8 5LS[0, 0, 0], 9 >LS[d, 0, 0],
10 - LS[0, 0, 0], 11 5 LS[-4, 0, 0], 12 - LS[0, 0, 0], 13 - LS[6, O, 0],
14 5 LS[0, 0, 0], 15 > LS[0, 0, 0], 16 - LS[0, 0, 0]}, CW8[0, O, O]]

po /7 dm[i, 2, 1]

M {1 >LS[-b, 0, 0], 35LS[-8, 0, 0], 4 5LS[0, 0, 0], 5 LS[f, 0, 0],
6 > LS[0, 0, 0], 7>LS[-1, 0, 0], 8 >LS[0, 0, 0], 9 »LS[d, 0, 0],
10 - LS[0, 0, 0], 11 5 LS[-4, 0, 0], 12 - LS[0, 0, 0], 13 > LS[6, 0, 0],
14 5 LS[0, 0, 0], 15 LS[0, 0, 0], 16 - LS[0, 0, 0]}, CW8[0, O, 0]]

u0=R7[12, 11UR[2, 7]URT[8, 31U
R™[4, 111 UR*[16, 5] UR*[6, 13] UR*[14, 9] UR"[10, 15],
Do[u0 = w0 // dm[1, k, 11, {k, 2, 16}]; rO
} // ColumnForm
M[ {1 >LS[-b, O, O], 2 5LS[0, O, O], 3 >LS[-8, 0, 0], 4 -LS[0, 0, 0], 5 LS[f, 0, 0], 6 >
M {1 ->LS[0, O, 0]}, CW5[0, -CW11], 07]]

kO[[2]1]1[{6}]

31 1111 1351 111111
aws|0, -CwW 11, O, —L, 0, - N :
12 360
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i 1-4X+8X2-11X3+8X*-4X54+x8
Print /e {/3: - 3 /. X e&¥,
X

Series[B, {x, 0, 8}],
Series[Log[B] ., {X, 0, 9}]

—e X (1—4ex+8@2’(—11 e3x+8e4x—4e5x+eex>
25x*  481x% 1109x®

12 360 4032

31x* 1351x5 123271x8
- - + O[x
12 360 20160

The Borromean Link

9

1-x°- +O[X]

x2 10

(x {r=<ry, g=<g@), b=(by}; *)
w0 = R™[r, 6] UR'[2, 4] UR [g, 91 UR*[5, 71 UR [b, 3] UR*[8, 1]

M[ {1 >LS[8, 0, 0], 2 5LS[0, 0, 0], 35LS[-b, 0, 0], 4 >LS[2, 0, 0],
5 LS[0, 0, 0], 6 >LS[-r, 0, 0], 7 >LS[5, 0, 0], 8 5LS[0, 0, 0],
9 5LS[-g, 0, 0], b »LS[0, 0, 0], g >LS[0, 0, 0], r »LS[0, 0, 0]}, CW8[0, O, 0]]

(/. wO[[11]1)[1] 7/ FullForm
LW"8" ]

u0 // dm[r, 1, r]

MHZ»LS[O, 0, 0], 35LS[-b, 0, 0], 4-LS[2, 0, 0], 5-LS[0, 0, 0],
— 1l —
6-LS[-r, -8r, - 88|, 751515 0,01, 8-1S(0, 0, 0], 9> LS[-g, 0, 0],

b-LS[0, 0, 0], g »LS[0, 0, 0], r - LS[8, 0, 01}, CWS[0, 0, 0]

Do[u0 = w0 // dm[r, k, r1, {k, 1, 3}1;
Do[u0 = w0 // dm[g, k, g1, {k, 4, 6}1;
Do[u0 = w0 // dm[b, k, b], {k, 7, 9}1;
u0

_ 1 —

— — l'T e — — —
ggr +brg+EWr], geLS{O, -br, Ebbr -bgr -brg+—brr

N

| 1
reLS[O, bg, 5 bbg +bgTr+E bgg”, CWS[0, 0, 2 CWbgr ]]

ul = Sort /e ((LieMorphism[(r) - (g, (g) » (b), (b) »(r)] /e u0) /.
Thread[{r, g, b} » {g, b, r}])

MHb%LS{O, gr, 5 ggr + brg +55Trr], g%LS{O, “br, 1ver Bra

1 1
reLS[O, bg, > bbg + bgT+5 bgg”, CWS[0, 0, 2 CWbgr 1]
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u2 = Sort /@ ((LieMorphism[(r) - (@), (g) » (r)] /@ u0) /. Thread[{r, g} -» {g, r}])

N — 1 — l_ — 1 — i gp— 1-——
MHbeLS{O, -gr, bgr +Eggr +brg+5 grr], geLS{O, br, Ebbr - bgr +E brr |,

r»LS[O, -bd, bbg +%bggfbrg]}, CWS [0, 0,2C,W[brg]}]

N |-

$SeriesShowDegree = 4; u0

1 P —

MHb»LS{O, gr, EggT+brg+%gTr,

bbT 1l —— 1 —— ITF lb_, 1F lﬁ]

~“bbrg+— r+—ggrr - — r-— br ~Zbrrg+=—grrr|, g

> g 6999 499 g > g9 > g 69 g
11— — — 1 — 1" — 1 1 1 —

Ls[o, “br, — bbr -bgr 7brg+£brr, - “bbbr - —bbgr -_bggr —Ebbrgf

=

1 — pr— _—— — — 1 — — 1
—bbrr +—bgrr + —bgbr +brgr-bgrg-— br +—brrg-—>brrrj,
. S b+ bg gr-bgrg- _brog: 9~ ]

— —_ — 1l = 1" — 1 ——=

r -LS|0, bg, — bbg + bgr + — b , —bbbg+—-—bbgr +
0. bg, ~bbg +bgr +_ bgg, —bbbg - _bbg

1 1" T — 1 — 1

—bggr +—bbgg+—bgrr + — bg ,
~b9gr + bbgg-_bgrr+—bgggl}

CWs(0, 0, 2CWbgr ], CWbbgr] - CWbgbr ] + CWbggr ] - CWbgrg] + CWbgrr ] - CWbrgr ]

$SeriesShowDegree = 4; ul

1 — 1 ——= —_—— — —
—bbrr +—-bgrr + —bgbr +brgr-bgr g-
1 2 g 2 g g gr g

l orgg. 1D
—brgg+—brrg-
2 gg 2 g

- 1l — 1= 1 — 1 —=
reLS[O, bg,Ebbg+bgr+5bgg,gbbbg+5bbgr+

1bﬁ 1bT_ lﬁﬁ 1Tﬁ ]
— r+ — + — rr + — )
2 99 1 99 2 g 5 999}

CW5(0, 0, 2 CWbgr ], CWbbgr ] - CWbgbr ] + CW bggr ] - CWbgrg] + CWbgrr ] -CWbrgr ]
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$SeriesShowDegree = 4; u2

MHb%
N [ p— 1 V— 1
LS[O, 7gr,bgr+—ggr+brg+—grr,f—bbgr7—bggr7£bbrgf—bgrr7
tygar-toTrr lb br-br bgr lb 1rT i
— r-— rro+— r-brgr- rg-— br - — rg-—grrrj,
6999 499 , Pg gr-bgrg 99- 9- @
Ls[o br. L obr - bar s —brr. ~bbbr bbar - - b
- , br, — ro- r+—brr, — rf— r+— r o+
g 5 T+ . , b bT ggr
b b 1b 1b } Ls[o b lbb 1b b
— rr+— re+—brrrf|,r- , -bg, — + — -brg,
. 5 gr . 9., bbg -+ bgg g
L bbb b b bb bgbr- b '3 1% ]}
- — - — - = rg-— r-— +— br - — brr ,
g gg g g s P9ggr_brogg-. g

CWs(0, 0, 2CWbrg], CWbbrg] —C,W[bger—CW[bgrg}+C\/\I[brgg]—0/\/[brgr]+CV\/[brrg]}]

$SeriesShowDegree = 5; 10

1 —_— 1 —

MHbeLS[O, 9T, ~'9gr+brg g,

1bb? 1l— 1 —= ITT lT 1r 1 ——
- — rg+— r+— rr - — r-—br -—brrg+—9rrr,
> g9 6999 499 2 g > gg > g 69

1 — 1T == 1 — 1 — 1 —
—bbbrg+—bbgbr+—bbrgg+—bbrrg+—gggg

6 6 4 24

~gggrr - —qgrrr.-bgbrg. bgbrr - ~brggr

— rr +— — rg+— rr - —br r -

12999 g9 > g g 1 9 > g9

1 — 1 —— 11— "
Ebrbrg——bbrbg—bgrgr—2bgrrg——zgngT+Zbggbr—

9 — 1 33— 11— 1 ——

—brgrg- —brgggf—brrgg+—brrrg+—grrrr g-

2 6 24
Ls[o, B, ~bbr -Dgr-brg+—brr, -~bbbr 1bT— Lo - Sbbr

, —br, — r - -brg+—>brr, -— r - — r- — r-— rg-

2 9 g 2 6 2 J 2 99 2 9

b Brr +SbGrr - -bgbrebrgr-bgrg- -~ brgg+ . brrg-— br

— rr +— rr +— r+brgr- rg-— br +—brrg-—>brrr,

2 > g > 9 g gr g > g9 2 9 6

1bbbT 1bbb* 1bb gr 1bbT 1bbT 3bb* 1b gr
— r - — r- — r- — rg+ — rr - — rr-— r+
24 6 9 4 99 6 g 12 4 J 6 999
b9 grT + - bbgbr+ - bbrgr--bb Y ob bbrr g~ bbr

— rr +— r+ — rgr-— rg-— r + = rr g+ — rrr-
) g9 3 g 2 g 5 grg 4 g9 g 12

L T - -bgbgr - -bgbrg-_bgbrr «-brggr+2brbrg--brarr
— rrr-— r-— rg-— rr +—br r+ rbrg-—brgrr +
6 9 > gbg > 9 g 2 g9 > g9 9 > 9
lT_, R — — l*
fbbrbgf—bbrbrfbgrbr+fbgrgrf—bggrg+—bgrrg+—bggb
6 12 2 2 4

1 — — 1 —— 11— 11— 11— 1 —
EbrrgT+brngfgbnggf—brggg+—brrggf—brrrg+§brrrr
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1 1 1
r - LS|0, bdg, Ebbg+bgr +fbgg, gbbbg +Ebbgr +—bggr +—bbgg+

1 ——

1 1 1 1
“bgrr +- bg ,—bbbb +—bbb gr + —bbggr + —bbbgg +
9 6 9949 24 9 6 g 4 99 12 gg

1 — 1 — 1 e r— 1 — —
—bbgTr+gbgggT+ZbggTr—bbng+Ebbggg—2bbrgg+

p— 1 —— 1

1" —— 1
—bgrr r+—bgbgr -bg brg—E bbg bg——bgr gr+—bgggg”

CW5|0, 0, 2CWbgr ], CWbbgr ] - CWbgbr ] + CWbggr ] - CWbgrg] + CWbgrr ] - CWbrgr ]
CWbbbgr] CWbbgbr] CwWbbggr] CWbbgrg]
+ +

3 2 2 2
CWbbgrr] CWbbrbg] 3CWbbrgr] CWhbgbrr]
2 : 2 ) 2 ' 2 )
3 CWbggbr] CWbgggr] CWbggrg] CWbggrr] CWMbgrgg]
2 : 3 ) 2 ' 2 : 2 -
3CWbgrrg; CWbgrrr] CWbrggr] CWbrgrr] CWhbrrgr]
2 : 3 : 2 ) 2 ' 2 J

(r /. First[u0]) [{5}]
(bbbg) . (bbgg)  (bbgr) . (bggg) . (bggr ) . (bgrr)

bb b
LS|0, <bg), b9 + (099 + (bgr ), + ,
4 2 6 2 2
(bbbbg)  (bbbgg) <(bbbgr) <(bbgbg) <(bbggg) (bbggr) (bbgrr)
+ + - + + - (bbgrg) + — -
24 12 6 12 12 4
(bgbgr ) (bgggg) <(bgggr) <(bggrr) <(bgrgr) (bgrrr)
2 (bbrgg) + ——— ~ (bgbrg) + + + - +
2 24 6 4 2 6
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