
Pensieve header: To be run after executing JExperiments-Program.nb.

Testing tm

Testing_tm 88u = X"u"\, v = X"v"\, w = X"w"\<;

t1 = M@8
x ® MakeLieSeries@u + v + wD,

y ® MakeLieSeries@b@u, vD + b@v, wDD
<, MakeCWSeries@CW@"uvw"DD

D,

t1 �� tm@u, v, uD,

t2 = t1 �� tm@u, v, uD �� tm@u, w, uD,

t3 = t1 �� tm@v, w, vD �� tm@u, v, uD,

t2 º t3

< �� ColumnForm

Testing_tm

M@8x ® LS@u + v + w, 0, 0D, y ® LS@0, u v
q

+ v w
q

, 0D<, CWS@0, 0, CW@uvwDDD
M@8x ® LS@2 u + w, 0, 0D, y ® LS@0, u w

q

, 0D<, CWS@0, 0, CW@uuwDDD
M@8x ® LS@3 u, 0, 0D, y ® LS@0, 0, 0D<, CWS@0, 0, CW@uuuDDD
M@8x ® LS@3 u, 0, 0D, y ® LS@0, 0, 0D<, CWS@0, 0, CW@uuuDDD
True

Testing hm

Testing_hm 8t1 = R
+@u, xD Ü R

+@v, yD Ü R
+@w, zD,

t1 �� hm@x, y, xD,

t2 = t1 �� hm@x, y, xD �� hm@x, z, xD,

t1 �� hm@y, z, yD,

t3 = t1 �� hm@y, z, yD �� hm@x, y, xD,

t2 º t3

< �� ColumnForm

Testing_hm

M@8x ® LS@u, 0, 0D, y ® LS@v, 0, 0D, z ® LS@w, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D, Xw

MB:x ® LSBu + v,
u v
q

2
,

1

12
u u v

q

s

+
1

12
u v
q

v

s

F, z ® LS@w, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D

MB:x ® LSBu + v + w,
u v
q

2
+

u w
q

2
+

v w
q

2
,

1

12
u u v

q

s

+
1

12
u u w

q

s

+
1

3
u v w

q

s

+
1

12
v v w

q

s

+
1

12
u v
q

v

s

+
1

6
u w
q

v

s

+
1

12
u
q

s

MB:x ® LS@u, 0, 0D, y ® LSBv + w,
v w
q

2
,

1

12
v v w

q

s

+
1

12
v w
q

w

s

F, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D

MB:x ® LSBu + v + w,
u v
q

2
+

u w
q

2
+

v w
q

2
,

1

12
u u v

q

s

+
1

12
u u w

q

s

+
1

3
u v w

q

s

+
1

12
v v w

q

s

+
1

12
u v
q

v

s

+
1

6
u w
q

v

s

+
1

12
u
q

s

True
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Testing C and RC

$SeriesShowDegree = 6;

88u = X"u"\, w = X"w"\<,

Λ0 = MakeLieSeries@u + X"uw"\D,

t1 = MakeLieSeries@X"uv"\D,

t2 = t1 �� LieMorphism@u ® Ad@-Λ0D@uDD,

t3 = t2 �� RC@u, Λ0D,

t1 º t3

< �� ColumnForm

8Xu\, Xw\<
LS@u, u w

q

, 0, 0, 0, 0D
LS@0, u v

q

, 0, 0, 0, 0D

LSB0, u v
q

, 0, u u w
q

v

s

+ u v
q

u w
q

, -
1

2
u u u w

q

v

s

-
1

2
u u v

q

u w
q

+
1

2
u u w

q

s

u v
q

,
1

6
u u u u w

q

v

s

+
1

6
u u u v

q

u w
q

+
1

2
u

LS@0, u v
q

, 0, 0, 0, 0D
True

Testing the RC “composition property”

$SeriesShowDegree = 4;

88u = X"u"\, v = X"v"\, w = X"w"\<,

Λ = MakeLieSeries@uD,

Λx = MakeLieSeries@vD,

Λy = MakeLieSeries@wD,

BCH@Λx, ΛyD,

t1 = Λ �� RC@u, BCH@Λx, ΛyDD,

t2 = Λ �� RC@u, ΛxD �� RC@u, Λy �� RC@u, ΛxDD,

t1 º t2

< �� ColumnForm

8Xu\, Xv\, Xw\<
LS@u, 0, 0, 0D
LS@v, 0, 0, 0D
LS@w, 0, 0, 0D

LSBv + w,
v w
q

2
,

1

12
v v w

q

s

+
1

12
v w
q

w

s

,
1

24
v v w

q

w

s

F

LSBu, -u v
q

- u w
q

,
1

2
u v
q

v

s

+ u w
q

v

s

+
1

2
u w
q

w

s

, -
1

6
u v
q

v

s

v -
1

2
u w
q

v

s

v -
1

2
u w
q

w

s

v -
1

6
u w
q

w

s

wF

LSBu, -u v
q

- u w
q

,
1

2
u v
q

v

s

+ u w
q

v

s

+
1

2
u w
q

w

s

, -
1

6
u v
q

v

s

v -
1

2
u w
q

v

s

v -
1

2
u w
q

w

s

v -
1

6
u w
q

w

s

wF
True
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$SeriesShowDegree = 4;

$SeriesCompareDegree = 6;

88u = X"u"\, v = X"v"\, w = X"w"\<,

Λ = MakeLieSeries@uD,

Λx = MakeLieSeries@v + b@u, vD + b@u, b@u, vDDD,

Λy = MakeLieSeries@w + b@u, b@v, wDDD,

BCH@Λx, ΛyD,

t1 = Λ �� RC@u, BCH@Λx, ΛyDD,

t2 = Λ �� RC@u, ΛxD �� RC@u, Λy �� RC@u, ΛxDD,

t1 º t2

< �� ColumnForm

8Xu\, Xv\, Xw\<
LS@u, 0, 0, 0D
LSBv, u v

q

, u u v
q

s

, 0F

LSBw, 0, u v w
q

s

, 0F

LSBv + w, u v
q

+
v w
q

2
, u u v

q

s

+
3

2
u v w

q

s

+
1

12
v v w

q

s

+
1

2
u w
q

v

s

+
1

12
v w
q

w

s

,
1

2
u u v w

q

s

+
1

12
u v v w

q

s

+
1

2
u u w

q

v

s

+

LSBu, -u v
q

- u w
q

, - u u v
q

s

+
1

2
u v
q

v

s

+ u w
q

v

s

+
1

2
u w
q

w

s

, -u u u v
q

s

- u u v w
q

s

+
3

2
u u v

q

v

s

+ u u w
q

v

s

- u v
q

u w
q

-

LSBu, -u v
q

- u w
q

, - u u v
q

s

+
1

2
u v
q

v

s

+ u w
q

v

s

+
1

2
u w
q

w

s

, -u u u v
q

s

- u u v w
q

s

+
3

2
u u v

q

v

s

+ u u w
q

v

s

- u v
q

u w
q

-

True

Testing the Conjugation Relation

TestingConjugationRelation

$SeriesShowDegree = 3;

8
t1 = R

+@u, xD Ü R
+@v, yD Ü R

+@w, zD,

t2 = t1 �� tm@v, w, vD,

t3 = t2 �� hm@x, y, xD,

t4 = t3 �� tha@u, zD,

t5 = R
+@v, xD Ü R

+@w, zD Ü R
+@u, yD,

t6 = t5 �� tm@v, w, vD,

t7 = t6 �� hm@x, y, xD,

t7 º t4

< �� ColumnForm

TestingConjugationRelation

M@8x ® LS@u, 0, 0D, y ® LS@v, 0, 0D, z ® LS@w, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D, Xw

M@8x ® LS@u, 0, 0D, y ® LS@v, 0, 0D, z ® LS@v, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D, Xw

MB:x ® LSBu + v,
u v
q

2
,

1

12
u u v

q

s

+
1

12
u v
q

v

s

F, z ® LS@v, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D

MB:x ® LSBu + v, -
u v
q

2
,

1

12
u u v

q

s

+
1

12
u v
q

v

s

F, z ® LS@v, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0

M@8x ® LS@v, 0, 0D, y ® LS@u, 0, 0D, z ® LS@w, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D, Xw

M@8x ® LS@v, 0, 0D, y ® LS@u, 0, 0D, z ® LS@v, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0D, Xw

MB:x ® LSBu + v, -
u v
q

2
,

1

12
u u v

q

s

+
1

12
u v
q

v

s

F, z ® LS@v, 0, 0D, Xu\ ® LS@0, 0, 0D, Xv\ ® LS@0, 0, 0

True
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Testing JA

$SeriesShowDegree = 3;

$SeriesCompareDegree = 6;

8
8u = X"u"\, v = X"v"\, Λ0 = MakeLieSeries@u + v + b@u, vDD<,

t1 = JA@u, Hs + ΕL Λ0D,

t2 = JA@u, s Λ0D �� RC@u, Ε Λ0 �� RC@u, s Λ0DD,

t3 = JA@u, Ε Λ0 �� RC@u, s Λ0DD,

t1 º t2 + t3

< �� ColumnForm

8Xu\, Xv\, LS@u + v, u v
q

, 0D<
CWSAs CW@uD + Ε CW@uD, -s CW@uvD +

1

2
s2 CW@uvD - Ε CW@uvD + s Ε CW@uvD +

1

2
Ε2 CW@uvD,

1

2
s2 CW@uuv

CWSAs CW@uD, -s CW@uvD +
1

2
s2 CW@uvD,

1

2
s2 CW@uuvD -

1

6
s3 CW@uuvD -

1

2
s2 CW@uvvD +

1

6
s3 CW@uvvD

CWSAΕ CW@uD, -Ε CW@uvD + s Ε CW@uvD +
1

2
Ε2 CW@uvD, s Ε CW@uuvD -

1

2
s2 Ε CW@uuvD +

1

2
Ε2 CW@uuvD -

True

Testing J

$SeriesShowDegree = 6;

88u = X"u"\, v = X"v"\, w = X"w"\<,

Λx = MakeLieSeries@v + b@u, vD + b@u, b@u, vDDD,

div@u, Λ �� RC@u, s ΛxDD �� LieMorphism@u ® Ad@-s ΛxD@uDD
<
:8Xu\, Xv\, Xw\<, LSBv, u v

q

, u u v
q

s

, 0, 0, 0F, CWSBCW@uD, s CW@uvD,

s CW@uuvD +
1

2

s
2

CW@uvvD, s CW@uuuvD +
1

2

s
2

CW@uuvvD + s
2

CW@uvuvD +
1

6

s
3

CW@uvvvD,

1

2

s
2

CW@uuuvvD + 2 s
2

CW@uuvuvD +
1

6

s
3

CW@uuvvvD + s
3

CW@uvuvvD +
1

24

s
4

CW@uvvvvD,

1

2

s
2

CW@uuuvuvD +
1

6

s
3

CW@uuuvvvD +
3

2

s
2

CW@uuvuuvD +

s
3

CW@uuvuvvD +
2

3

s
3

CW@uuvvuvD +
1

24

s
4

CW@uuvvvvD +
4

3

s
3

CW@uvuvuvD +

1

3

s
4

CW@uvuvvvD +
1

4

s
4

CW@uvvuvvD +
1

120

s
5

CW@uvvvvvDF>
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$SeriesShowDegree = 6;

$SeriesCompareDegree = 6;

88t = X"t"\, u = X"u"\, v = X"v"\, w = X"w"\, uvw = LieMorphism@u ® w, v ® wD<,

Λx = MakeLieSeries@v + b@u, vD + b@u, b@t, vDDD,

t1 = J@w, Λx �� uvwD �� RC@w, Λx �� uvwD,

t2 = J@u, ΛxD �� RC@u, ΛxD �� RC@v, Λx �� RC@u, ΛxDD �� uvw,

t3 = J@v, Λx �� RC@u, ΛxDD �� RC@v, Λx �� RC@u, ΛxDD �� uvw,

t1 º t2 + t3

< �� ColumnForm

8Xt\, Xu\, Xv\, Xw\, LieMorphism@LieMorphism$77999D<

LSBv, u v
q

, - t v
q

u

s

, 0, 0, 0F

CWSACW@wD, 0, CW@twwD, -
CW@twwwD

2
,

CW@twwwwD
6

,
CW@ttwwwwD

2
- CW@twtwwwD -

CW@twwwwwD
24

E
CWSA0, -CW@wwD, -

CW@wwwD
2

, -
2 CW@wwwwD

3
, -

13 CW@wwwwwD
24

,
CW@ttwwwwD

2
- CW@twtwwwD +

CW@twwtwwD
2

-
19 CW@wwwwww

30

CWSACW@wD, CW@wwD, CW@twwD +
CW@wwwD

2
, -

CW@twwwD
2

+
2 CW@wwwwD

3
,

CW@twwwwD
6

+
13 CW@wwwwwD

24
, -

CW@twwtwwD
2

-
CW

True

$SeriesShowDegree = 3;

$SeriesCompareDegree = 6;

88u = X"u"\, v = X"v"\, w = X"w"\<,

Λx = MakeLieSeries@v + b@u, vD + b@u, b@u, vDDD,

Λy = MakeLieSeries@w + b@u, b@v, wDDD,

t1 = J@u, BCH@Λx, ΛyDD �� RC@u, ΛxD,

t2 = J@u, ΛxD �� RC@u, ΛxD,

t3 = J@u, Λy �� RC@u, ΛxDD,

t1 º t2 + t3

< �� ColumnForm

8Xu\, Xv\, Xw\<
LSBv, u v

q

, u u v
q

s

F

LSBw, 0, u v w
q

s

F

CWSA0, -CW@uvD, -CW@uuvD -
CW@uvvD

2
- CW@uvwD + CW@uwvDE

CWSA0, -CW@uvD, -CW@uuvD -
CW@uvvD

2
E

CWS@0, 0, -CW@uvwD + CW@uwvDD
True
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Testing the relationship between J and JA

$SeriesShowDegree = 3;

$SeriesCompareDegree = 7;

88u = X"u"\, v = X"v"\<,

Λ0 = MakeLieSeries@v + b@u, vD + b@u, b@u, vDDD,

t1 = J@u, Λ0D,

t2 = JA@u, Λ0D �� LieMorphism@u ® Ad@-Λ0D@uDD,

t1 º t2

< �� ColumnForm

8Xu\, Xv\<
LSBv, u v

q

, u u v
q

s

F

CWSA0, -CW@uvD, -CW@uuvD -
CW@uvvD

2
E

CWSA0, -CW@uvD, -CW@uuvD -
CW@uvvD

2
E

True

Computing 817.

Μ0 = R
-@12, 1D Ü R

-@2, 7D Ü R
-@8, 3D Ü

R
-@4, 11D Ü R

+@16, 5D Ü R
+@6, 13D Ü R

+@14, 9D Ü R
+@10, 15D

M@81 ® LS@-b, 0, 0D, 2 ® LS@0, 0, 0D, 3 ® LS@-8, 0, 0D, 4 ® LS@0, 0, 0D,

5 ® LS@f, 0, 0D, 6 ® LS@0, 0, 0D, 7 ® LS@-2, 0, 0D, 8 ® LS@0, 0, 0D, 9 ® LS@d, 0, 0D,

10 ® LS@0, 0, 0D, 11 ® LS@-4, 0, 0D, 12 ® LS@0, 0, 0D, 13 ® LS@6, 0, 0D,

14 ® LS@0, 0, 0D, 15 ® LS@0, 0, 0D, 16 ® LS@0, 0, 0D<, CWS@0, 0, 0DD

Μ0 �� dm@1, 2, 1D
M@81 ® LS@-b, 0, 0D, 3 ® LS@-8, 0, 0D, 4 ® LS@0, 0, 0D, 5 ® LS@f, 0, 0D,

6 ® LS@0, 0, 0D, 7 ® LS@-1, 0, 0D, 8 ® LS@0, 0, 0D, 9 ® LS@d, 0, 0D,

10 ® LS@0, 0, 0D, 11 ® LS@-4, 0, 0D, 12 ® LS@0, 0, 0D, 13 ® LS@6, 0, 0D,

14 ® LS@0, 0, 0D, 15 ® LS@0, 0, 0D, 16 ® LS@0, 0, 0D<, CWS@0, 0, 0DD

8
Μ0 = R

-@12, 1D Ü R
-@2, 7D Ü R

-@8, 3D Ü
R

-@4, 11D Ü R
+@16, 5D Ü R

+@6, 13D Ü R
+@14, 9D Ü R

+@10, 15D,

Do@Μ0 = Μ0 �� dm@1, k, 1D, 8k, 2, 16<D; Μ0

< �� ColumnForm

M@81 ® LS@-b, 0, 0D, 2 ® LS@0, 0, 0D, 3 ® LS@-8, 0, 0D, 4 ® LS@0, 0, 0D, 5 ® LS@f, 0, 0D, 6 ®

M@81 ® LS@0, 0, 0D<, CWS@0, -CW@11D, 0DD

Μ0@@2DD@86<D
CWSB0, -CW@11D, 0, -

31 CW@1111D
12

, 0, -
1351 CW@111111D

360

F
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Print �� :Β = -
1 - 4 X + 8 X2 - 11 X3 + 8 X4 - 4 X5 + X6

X3
�. X ® ã

x
,

Series@Β , 8x, 0, 8<D,

Series@Log@ΒD , 8x, 0, 9<D
>;

-ã
-3 x I1 - 4 ã

x
+ 8 ã

2 x
- 11 ã

3 x
+ 8 ã

4 x
- 4 ã

5 x
+ ã

6 xM

1 - x
2

-
25 x

4

12

-
481 x

6

360

-
1109 x

8

4032

+ O@xD9

-x
2

-
31 x

4

12

-
1351 x

6

360

-
123 271 x

8

20 160

+ O@xD10

The Borromean Link

H* 8r=Xr\, g=Xg\, b=Xb\<; *L
Μ0 = R

-@r, 6D Ü R
+@2, 4D Ü R

-@g, 9D Ü R
+@5, 7D Ü R

-@b, 3D Ü R
+@8, 1D

M@81 ® LS@8, 0, 0D, 2 ® LS@0, 0, 0D, 3 ® LS@-b, 0, 0D, 4 ® LS@2, 0, 0D,

5 ® LS@0, 0, 0D, 6 ® LS@-r, 0, 0D, 7 ® LS@5, 0, 0D, 8 ® LS@0, 0, 0D,

9 ® LS@-g, 0, 0D, b ® LS@0, 0, 0D, g ® LS@0, 0, 0D, r ® LS@0, 0, 0D<, CWS@0, 0, 0DD

H1 �. Μ0@@1DDL@1D �� FullForm

LW@"8"D

Μ0 �� dm@r, 1, rD
MB:2 ® LS@0, 0, 0D, 3 ® LS@-b, 0, 0D, 4 ® LS@2, 0, 0D, 5 ® LS@0, 0, 0D,

6 ® LSB-r, -8 r
q

, -
1

2

8 8 r
q

s

F, 7 ® LS@5, 0, 0D, 8 ® LS@0, 0, 0D, 9 ® LS@-g, 0, 0D,

b ® LS@0, 0, 0D, g ® LS@0, 0, 0D, r ® LS@8, 0, 0D>, CWS@0, 0, 0DF

Do@Μ0 = Μ0 �� dm@r, k, rD, 8k, 1, 3<D;

Do@Μ0 = Μ0 �� dm@g, k, gD, 8k, 4, 6<D;

Do@Μ0 = Μ0 �� dm@b, k, bD, 8k, 7, 9<D;

Μ0

MB:b ® LSB0, g r
q

,
1

2

g g r
q

s

+ b r
q

g

s

+
1

2

g r
q

r

s

F, g ® LSB0, -b r
q

,
1

2

b b r
q

s

- b g r
q

s

- b r
q

g

s

+
1

2

b r
q

r

s

F,

r ® LSB0, b g
q

,
1

2

b b g
q

s

+ b g r
q

s

+
1

2

b g
q

g

s

F>, CWS@0, 0, 2 CW@bgrDDF
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