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Free Lie Algebras Routines

Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series; continues 2012-12, continued
2013-03.

Global Definitions
$SeriesShowDegree = 3; $SeriesCompareDegree = 3;
Words and Lyndon Words

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.-
math.toronto.edu/drorbn/AcademicPensieve/Projects/FreelLie/index.html
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LyndonQ[AW[w_String]] := And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i], {i, 1, StringLength[w] -1}]
) ;
AllWords[0, _List] = {AW[""]1};
AllWords[n_ /; n>0, ab _List] := AllWords[n, ab] = AW /e Flatten[Outer|[
StringJoin[#l, #2] &,
First /e AllWords[n-1, ab],
ab
113
AllLyndonWords[n_Integer, ab_List] := LW eee Select[AllWords[n, ab], LyndonQ];
AllLyndonWords[{n_}, ab_List] := JoineeTable[AllLyndonWords[k, ab], {k, n}];
LyndonFactorization[LW[w_String] /; StringLength[w] == 1] := LW[w];
LyndonFactorization[LW[w_String] /; StringLength[w] > 1] := Module[
{rf},
rf = First[Sort[Table[StringDrop[w, §i], {i, 1, StringLength[w] -1}1171;
LW /e {StringDrop[w, -StringLength[rf]], rf}
1:
LW[s_Symbol] := LW[ToString[s]];
LWILW[w_]1 == LW[w];
LW /2 LW[x_] < LW[y_]1 := OrderedQ[{X, Y}1;
LW /2 X LW 2y LW = y < X;

LW /72 X_ LW > y LW 1= 1 (X<2Y);

LW /2 X W<y LW = 1 (y<X);

Format[LW[w_], StandardForm] := Defer[(w)];
BracketForm[w_LW] /; Deg[w] ==1 = w[[1]];
BracketForm[w_LW] := BracketForm[w] = StringJoin[Flatten[{

Bl
BracketForm /e LyndonFactorization[w],
vy
13
TopBracketForm[w_LW] /; Deg[w] =1 :-= w[[1]];
TopBracketForm[w_LW] := TopBracketForm[w] = Overscript[
Row[RiFFle[TopBracketForm /e LyndonFactorization[w], ""1],

—

1;

TopBracketForm[expr_] == expr /. w_LW :» TopBracketForm[w] ;
(W__) = LW[w];
LW[is__Integer] := LW[StringJoinee

(StringTake[''1234567890abcdefghi jkImnopqrstuvwxyz™, {#}] & /@ {is})];
Deg[LW[x_]]1 := StringlLength[x];

{LyndonQ[AWe"'abba'], LyndonQ[AWe''ababb™]}

{Fal se, True}

{AllWords[3, {"1', "2"}], AllLyndonWords[{3}, {"1", "2"}1}

({AW[111], AW[112], AW121], AW122], AW211], AW212], AW221], AW222]},
{(1), (2), (12), (112), (122)}}
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Table[Length[AllLyndonWords[k, {'1", "2"}11, {k, 10}]
{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Table[Length[AllLyndonWords [k, {"1", "2", "3"}11, {k, 10}]
{3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}

BracketForm[LW["12122"]]
(112][[12]2]]

The Bracket for Lie Elements

b[0, _] =0; b[_, 0] =0;

blc_+ (X_AW | x_LW), y_] Expand[c b[X, y1];
b[Xx_, c_x (Y AW |y _LW)] Expand[c b[X, y]1;
b[x Plus, y ] = b[#, y] & /e Xx;

b[x_, y Plus] = b[x, #] & /e y;

blw_ LW, z LW] := LWAdjoint[w][z];
ad[x_]1[y_] :=b[Xx, yI;

LWAdjoint[w_] := LWAdjoint[w] = Module[{u},
u = Unique [LWAct] ;
ulz_1 := u[z] = Which[
===z, 0,
z<w, Expand[-b[z, w]],
Deg[w] ==1, LW[First[w] <>First[z]],
True, Module[{X, Yy},
{X, Y} = LyndonFactorization[w];
Ifly =z 2z,
LW[First[w] <> First[z]],
b[x, LWAdjoint[y][z]] + b[LWAdJoint[X][Zz], Y]

bLW"112"], LW"122"]]
(112122 + (112212)

Outer[b, AllLyndonWords[{3}, {"1", "2"}1],
AllLyndonWords[ {3}, {"1', "2"}]11 // MatrixForm

0 (12 (112) (1112) (1122)

~(12) 0 ~(122) - (1122) ~(1222)
S(112)  (122) 0 - (11212) (12122)
S(1112) (1122) (11212) 0 (112122 + (112212}
S(1122) (1222) -(12122) -(112122) - (112212) 0
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Union[Flatten[Outer[ (b[#1l, #2] + b[#2, #1]) &,
AllLyndonWords[{6}, {"1", "2"}1, AllLyndonWords[{6}, {"1", "2"}]
111

{0}
Outer[ (b[#1l, b[#2, #3]] +b[#2, b[#3, #1]] + b[#3, b[#1, #2]]) &,
AllLyndonWords[ {5}, {'1", "2"}1,

AllLyndonWords[ {5}, {'1', "2"}1, AllLyndonWords[{5}, {("1', "2"}]
1 // Flatten // Union

{0}
LieSeries

LieSeries[ser_Symbol][{dd_Integer}] := LSeeTable[ser[d], {d, dd}];

LieSeries[ser_Symbol][e___ ] := ser[e];

Format[s_LieSeries, StandardForm] := TopBracketForm[s[{$SeriesShowDegree}]];
ShowLieSeries[d_Integer][s_LieSeries] := s[{d}];

MakeLieSeries[s_LieSeries] := s;

MakeLieSeries[expr_] :=

MakeLieSeries[expr] = MakeLieSeries[Unique[MakeLieSeries], expr];
MakeLieSeries[ser_Symbol, expr_] := (

ser[] = Hold[MakeLieSeries[ser, expr]];

ser[d_Integer] := ser[d] = Expand[expr /. w_LW /; Deg[w] # d » 0];

LieSeries[ser]
)
sl LieSeries = s2_LieSeries := Module[{res = True, Kk},
For[k =1, res&&k <= $SeriesCompareDegree, ++k, res =res&& (sl[k] ==s2[k])];
res

13
Print /e {tsl = ('"1122") // MakelLieSeries, tsl[], tsl /e Range[6]};
LS[0, 0, 0]
Hol d [MakeLi eSeri es[MakeLi eSeri es$5040, (1122)7]]
{0, 0, 0, (1122, 0, O}
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AddLieSeries[ss___ LieSeries] := AddLieSeries[ss] = Module[{ser},
ser = Unique[AddLieSeries];
ser[] = Hold[AddLieSeries[ss]]:
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {SS});
LieSeries[ser]
1
ScalelLieSeries[c_, s _LieSeries] := ScaleLieSeries[c, s] = Module[{ser},
ser = Unique[ScalelLieSeries];
ser[] = Hold[ScaleLieSeries]c, s]];
ser[d_Integer] := ser[d] = Expand[c*s[d]];
LieSeries[ser]
1;
LieSeries /: c_=*s_LieSeries :-= ScalelLieSeries]c, s];
b[s_LieSeries, y ] := b[s, MakeLieSeries[y]l];
b[x_, s_LieSeries] b[MakeLieSeries[x], S];

b[sl LieSeries, s2 LieSeries] := b[sl, s2] = Module[{ser},
ser = Unique[b];
ser[] = Hold[b[sl, s2]1;

ser[d_Integer] := ser[d] = Sum[
b[sl(k], s2[d-K]1,

{k, 1,d-1}
1;
LieSeries[ser]
13
b[s_LieSeries, y_ ] := b[s, MakeLieSeries[y]];
b[x , s _LieSeries] := b[MakeLieSeries[x], S];

{ts2 = (""122") + ("'11122") // MakelLieSeries,
ts3 =b[tsl, ts2], ts3[], ts3 /e Range[10]}

(LS[0, 0, (122)], LS[0, 0, 0], Hol d[b[LS[O, 0, 0], LS[0, 0, (122)]]7,
(0, 0, 0, 0, 0, 0, (1122122), 0, -(111221122), 0}}

LieSeries /: EulerE[s_LieSeries] := Module[{ser},
ser = Unique[EulerE];
ser[] = Hold[EulerE[s]];
ser[d_Integer] := ser[d] = Expand[d*s[d]];
LieSeries[ser]
13

{ts4 = EulerE[ts3], ts4[], ts4 /e Range[10]}

(LS[0, 0, 0], Hol d[Eul er E[LS[O, 0, 0]]]7,
{0, 0, 0, 0, 0, 0, 7(1122122), 0, -9 (111221122, 0}}
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adPower, adSeries, and Ad

adPower [0, x_LieSeries][¢ LieSeries] := adPower[0, X] [¢] = Module[{ser},
ser = Unique[adPower] ;
ser[] = Hold[adPower[O, x][¥]1];
ser[d_Integer] := ser[d] = ¥[d];
LieSeries[ser]
1
adPower [n_Integer, x _LieSeries] [y _LieSeries] := adPower[n, X][¢] = Module[{ser},
ser = Unique[adPower] ;
ser[] = Hold[adPower[n, x][¥]1];
ser[d_Integer] := ser[d] = b[x, adPower[n-1, X][¢]1]1[d];
LieSeries[ser]
1;
adSeries[f_, x _LieSeries] [¢_LieSeries] := adSeries[f, X][¢] = Module[{ser},
ser = Unique[adSeries];
ser[] = Hold[adSeries[Tf, x][¥]];
ser[d_Integer] := ser[d] = Module[{c},
Expand [Sum [
c = SeriesCoefficient[f, {ad, 0, k}];
If[c=0, 0, cxadPower[k, X][¥][d]l],
{k, 0, d-1}
1]
1;
LieSeries[ser]
1;
adSeries[f_, X ][¥_] := adSeries[f, MakeLieSeries[x]] [MakeLieSeries[¥]];
Ad[x_] := adSeries[E™ad, X];

{Xs = MakeLieSeries[LW["X"]], yS = MakeLieSeries[LW["y']],

ts5 = adPower [0, xs][ys], ts5[], ts5 /@ Range[5]}

{LS[(x), 0, 0], LS[(y), 0, 0], LS[(y), O, O],

Hol d [adPower [0, LS[(x), 0, 0]][LS[¢y), 0, 0171, {<y), 0, 0, O, 0}}
adPower [3, xs] [ys] /@ Range[5]

{0, 0, 0, (xxxy»y, 0}

{adSeries[E™ (-ad), xs][ys] /@ Range[5], adSeries[E”™ (-ad), ys][xs] /e Range[5]}

(XXY) XXXy ) (XXXXY) (Xyy) (Xyyy) <nyyy>}}
2 6 24 2 6 24

{a, —ow, b {oos o,

Ad[xs][ys][5]
(XXXXY)
24

Ad[xs][ys][]
Hol d [adSeries[e?!, LS[(x), 0, 0]][LS[(y), 0, 0]]]
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LieDerivation, DerivationPower, DerivationSeries

LieDerivation[der_] [es ] := der[es];
LieDerivation[rules_List] :=

LieDerivation[rules] = LieDerivation[Unique[LieDerivation], rules];

LieDerivation[der_Symbol, rules_List] := (
der[] = Hold[LieDerivation[der, rules]];
(der[w_LW] /; Deg[w] = 1) :=
(der[w] = MakeLieSeries[w /. Append[rules, LW - 0]]1);
der[w_LW] := der[w] = Module[{X, Yy},
{X, y} = LyndonFactorization[w];
AddLieSeries[b[der([Xx], Y], b[X, der[y]l]]
13
der[s _LieSeries] := der[s] = Module[{ser},
ser = Unique[LieDerivationOnLieSeries];
ser[] = Hold[der[s]]:;
ser[d_] := ser[d] = Sum[
der[s[k]][d],
{k, 1, d}
1;
LieSeries[ser]
1
der[as_ASeries] := der[as] = Module[{ser},
ser = Unique[LieDerivationOnASeries];
ser[] = Hold[der[as]];
ser[d_] := ser[d] = Sum[
Expand[as[k] /. AW[w_] = Sum[
NonCommutativeMultiply[
AW[StringTake[w, j-111,
c[der[LW[StringTake[w, {jJ}11]1[d-k+1]1,
AW[StringDrop[w, j11]
1,
J. k}
11,
{k, 1, d}
13
ASeries[ser]
1:
der[cws_CWSeries] := der[cws] = Module[{ser},
ser = Unique[LieDerivationOnCWSeries];
ser[] = Hold[der[cws]];
ser[d_] := ser[d] = Sum[
Expand[cws[K] /. CW[w_] = Sum[
tr[NonCommutativeMultiply[
AW[StringTake[w, j-111,
c[der[LW[StringTake[w, {J}]111[d-k+1]1,
AW[StringDrop[w, j1]
11,
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J. k}
]]’
{k, 1, d}
1s
CWSeries[ser]
1;
der[expr_][d_] :=
Expand[expr /. {w_LW > der[w][d], s _LieSeries »» der[s][d]}];
LieDerivation[der]
)

Print /e {
Idl = LieDerivation[{{(1) -» b[(3), (1)1}1,
1di[],
(# » 1d1[#]1[{4}]) & /@ AllLyndonWords[ {3}, {'1", "2"}],
(""112"y /7 1d1 /7 1d1) [{5}]
};
Li eDerivation[Li eDerivation$5120]
Hol d[Li eDeri vati on[Li eDeri vati on$5120, {(1) - -(13)}]]
{(1y - LS[0, -(13), 0, 0], (2) » LS[0, O, O, O], (12) - LS[0, 0, -(132), 0],
(112y - LS[0, 0, 0, -(1132) + (1213)], (122) - LS[0, 0, 0, -(1322)]}
LS[0, 0, 0, 0, (11332) - (12133) +2 (13132)]
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DerivationPower [0, der_LieDerivation] [¢_LieSeries] :=
DerivationPower [0, der] [¢] = Module[{ser},
ser = Unique [DerivationPower] ;
ser[] = Hold[DerivationPower [0, der][¥]];
ser[d_Integer] := ser[d] = ¥[d];
LieSeries[ser]
13
DerivationPower [n_Integer, der_LieDerivation] [¢ LieSeries] :=
DerivationPower[n, X] [¢] = Module[{ser},
ser = Unique [DerivationPower] ;
ser[] = Hold[DerivationPower[n, der][¥]];
ser[d_Integer] := ser[d] = der[DerivationPower[n-1, der][¢]1][d];
LieSeries[ser]
1;
DerivationSeries[__]1[0] = O;
DerivationSeries[f_, Id_LieDerivation] [¢_LieSeries] :=
DerivationSeries[f, Id][¢¥] = Module[{ser},
ser = Unique[DerivationSeries];
ser[] = Hold[DerivationSeries[f, Id] [¥]];
ser[d_Integer] := ser[d] = Module[{c},
Expand [Sum [
c = SeriesCoefficient[f, {der, 0, k}];
If[c=0, 0, cxDerivationPower[k, 1d][¢][d]],
{k, 0, d}
11
1;
LieSeries[ser]
1;
DerivationExp[ld_LieDerivation] := DerivationSeries[E~der, 1d];

(""112"y // MakelLieSeries // DerivationExp[LieDerivation[{{(1l) -» b[{(3), (1)>1}11 //
ShowLieSeries[6]

(11332)  (12133)

LS|0, 0, (112), -(1132) + (1213), +(13132),

(113332) (121333) (131332) (132133)
- + - +

6 6 2 2

("'122"y // MakelLieSeries // DerivationExp[LieDerivation[{(1) -» b[{(3), (1)>1}11 //
ShowLieSeries[6]

(13322)  (133322)
6

LS|0, 0, (122), -(1322),
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LieMorphism

LieMorphism[mor_][es___ ] := mor[es];
LieMorphism[rules_List] :=
LieMorphism[rules] = LieMorphism[Unique[LieMorphism], rules];

LieMorphism[rules_ Rule] := LieMorphism[{rules}];
LieMorphism[mor_Symbol, rules_List] := (
mor[] = Hold[LieMorphism[mor, rules]];
(mor[w_LW] /; Deg[w] == 1) = (mor[w] = MakeLieSeries[w /. rules]);
mor [w_LW] := (mor[w] = b e@ (mor /e LyndonFactorization[w])) ;

mor [AW["™"']] = MakeASeries[AW[""']];
(mor [AW[w_]1]1 /; StringLength[w] = 1) :=
(mor[w] = c[MakeLieSeries[LW[w] /. rules]]);
mor [AW[w_1]1] := mor[w] = Module[{wl, w2},
wl = StringTake[w, Floor[StringLength[w] /2]1];
w2 = StringDrop[w, Floor[StringLength[w] /2]];
(mor [AW[w1]]) ** (mOr[AW[w2]])

1;
mor [CW[w_]] == tr[mor[AW[w]]];
mor[s_LieSeries] := mor[s] = Module[{ser},

ser = Unique[LieMorphismOnLieSeries];
ser[] = Hold[mor[s]];
ser[d_] := ser[d] = Sum[
mor[s[k]][d],
{k, 1, d}
13
LieSeries[ser]
1;
mor [cws_CWSeries] := mor[cws] = Module[{ser},
ser = Unique[LieMorphismOnCWSeries];
ser[] = Hold[mor[s]];
ser[d_] := ser[d] = Sum[
mor [cws[k]] [d],
{k, 1, d}
1;
CWSeries[ser]
1;
mor[expr_][d_] := Expand[expr /. (W_LW |w_AW |w_CW) :» mor[w][d]];
LieMorphism[mor]
) :

Print /e {
ImO = LieMorphism[{LW["X"] -» LW["y"1}1,
Lwix"1 7/ 1Imo,
AW["x"] // ImO,
CW["x"1 // ImO};
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Li eMor phi sm[Li eMor phi snf8978]
LS[<y), 0, 0]

L[LS[{y), 0, 0]]

tr[c[LS[(y), 0, 0]]]

Print /e {
Iml = LieMorphism[{LW["X"] -» AA[LW["y"]11[LW["X"11}]1,
Imi[],
Im1[LW["Y"]],
ImL[LW["X"]],
ImL[LW["X"]]1[4],
Im1[{"xXXy">1,
Im1[{"xxy")>1[8],
IML[AW["X"]],
ImL[CW["X"]]

}s
Li eMor phi sm[Li eMor phi sn$8979]

Fbld{Lierrphisn{Lierrphisn$897a {<x>4>LS[<x>,<xy>, <xzy>]}]}
LS(y», 0, 0]

(Xyy)
LS| 00, (xy), -]
(Xyyy)

6
LS[0, 0, (xxy)]

(XXYYYYYY)  (XYXYYYYY)  (XYYXYYYY)
+ +
120 30 24
(XYY) } ]

c[Ls[ oo, oy,

tr[[us[ o0, oy, <Xzy>m
StableApply

StableApply[mor_LieMorphism, (type : (LieSeries | ASeries | CWSeries))[s_]] := (
StableApply[mor, type[s]] = Module[{ser},
ser = Unique[StableApply];
ser[] = Hold[StableApply[mor, type[s]]];
ser[d_] := ser[d] = Nest[mor, type[s], d][d];
type[ser]
1
)
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BCH

BCHBase = Module[{bch},
bch = Unique["BCHBase"] ;
bch[] = Hold[BCHBase];
bch[1] = ("X™) + {"y");
bch[d_Integer] := bch[d] = Expand[Plus[
adSeries[EN (-ad) , MakeLieSeries[{"y"")]1] [MakeLieSeries[("X")]1][d],
-adSeries[(1-E~(-ad)) /ad -1, LieSeries[bch]][
EulerE[LieSeries[bch]]][d]
1/d1;
LieSeries[bch]
13
BCH[X_, Y_1 := LieMorphism[{LW["X"] -» X, LW["y"] - y}][BCHBase];
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{BCHBase, BCHBase[], BCHBase[8]}

(XY) (XXY) (Xyy)
{Ls[<x>+<y>, : +
2 12 12

(XXXXXXYY DY (XXXXXYXY ) (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - + - + +

, Hol d [BCHBase],

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXyXy) 13 (XXXyXYYy) (XXXYyXyy)
120960 4032 10080 30240 " 20160
COXYYYXY)  OOXYYYYY)  OXYXYXYY)  OXYXYYYY)  OXYYXYYYy) <xxyyyyyy>}
3024 10080 2520 4032 10080 60 480
(Xy) (XXy) (Xyy)
{Ls[<x> T Tl Hol d [BCHBase],
(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXyXy) 13 (XXXYXYYy) (XXXYYyXyy)
120960 4032 10080 30240 " 20160
COXXYYYXY)  OOYYYYY)  CXYXYXYY)  OXXYXYYYY)  CXYYXYYY) <xxyyyyyy>}
3024 10080 2520 4032 10080 60 480
{LS[<X>+<y>, XY XY OV e osase ],
2 12 12
(XXXXXXYY D) (XXXXXYXY Y (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY) — (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXyXy) 13 (XXXYXYYy) (XXXYYyXyy)
120960 4032 10080 30240 T 20160
COXXYYYXY) — OXYYYYY)  CXYXYXYY)  OXXYXYYYY)  (XXYYXYYY) <xxyyyyyy>}
3024 10080 2520 4032 10080 60 480

(Xy)  (XXy) . (Xyy)

{BCHBaseB (XY + (Y ), , Hol d [BCHBase],

12 12
<XXXXXny> <XXXXXyXy> <XXXXnyy> <XXXXyXXy> <XXXXyny> <XXXnyXy>
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXyXy) 13 (XXXyXyYy) (XXXYyXyy)
120960 4032 10080 30240 20160
COXYYYXY)  OOCYYYYY)  OXYXYXYY)  OXYXYYYY)  OXYYXyYYy) <Xxyyyyyy>}
3024 10080 2520 4032 10080 60 480

{Li eSeri es [BCHBase3], Hol d [BCHBase],

(XXXXXXYY Y (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - + - + +

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXy) 13 (XXXYXyYy) (XXXYyXyy)
+ - + + -
120960 4032 10080 30240 20160

(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYY)  (XXYYYYYY) }
- + - - +
3024 10080 2520 4032 10080 60480
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{BCHLLW["y"], LW["z"™]1], BCH[LW["y"], LW["Z"]][6]}
yz) (yyz) N <yzz>}
> :

{Ls[y+ @),

12 12
- yyyyzz) . yyyzyz) . (yyyzzz) . (yyzyzz) - <yyZZZZ>}
1440 720 360 240 1440
(yz) vz (yzz)
{Ls[ay+ @), : . J.
2 12 12

yyyyzz) Kyyyzyz) (yyyzzz) (yyzyzz) (yyzziz) }
- + + + -
1440 720 360 240 1440

(yz) (yyz) (yzz)
{Ls[yy+ @), : . J.
12 12

yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzi1zz) }
- + + + -
1440 720 360 240 1440

{Li eSeri es [Li eMor phi smOnLi eSeri es$1017,
yyyyzz) Kyyyzyz) (yyyzzz) (yyzyzz) (yyzziz) }
- + + + -

1440 720 360 240 1440
{
tl = BCH[LW["X"], BCH[LW["y"]., LW["Zz"]11].
t2 = BCH[BCH[LW["X"], LW["y"]1], LW["Zz"]],
tl == t2,
Table[tl[d] = t2[d], {d, 10}]
} // Timing

X XZ z
{4. 056, {LS[<x> (Y)Y + (2, <2y> + <2> . <y2>

(XXY) N (XXZ) . (Xyy) . (Xyz) N Xzy; N (Xzz) N yyz) . (yzz)

[ Ls[ oo vy + @,

12 12 12 3 6 12 12
(XY . (XZ) . Yz)y  (XXy) . (XXZ) . (Xyy) . (Xyz) . (Xzy) . (Xzz) . yyz) . (yzz)
2 2 2 12 12 12 3 6 12 12 12
(Xy) Xz) (yz)
LS| (XY + {y) +(Z), + + ,
2 2
(XXY) (XXZ) (Xyy) (Xyz) (Xzy) (XZz) (yyz) (yzz)
+ + + + + + + ] ::LS{<X>+<y>+<Z>,
12 12 12 3 6 12 12 12
(XYY (XZ) (YzZ) (XXYy) (XXZ) (XYy) (Xyz) (Xzy) (XZz) (yyz) (yzZz)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12

{True, True, True, True, True, True, True, True, True, True}}}
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AW, ASeries, ¢, o

Unprotect[NonCommutativeMultiply];

X_#%*0=0; Oxxy_=0;

(C_*X_AW) %% y :-= Expand[C (X**Y)];

X_ %% (C_*»Yy_AW) Expand[Cc (X **VY)];

X_Plus %% y_ 1= (#xxYy) & /@ X;

X_*xYy Plus = (Xx*xx#) & /@ y;

Deg[AW[w_]] := StringlLength[w];

AW[AW[wW_]] == AW[w] ;

AW[wl_String] =% AW[w2_String] := AW[wl <>w2];
b[w_AW, z_ AW] = Wx*xZ-Z %% W;

ASeries[ser_Symbol][{dd_Integer}] := ASeeTable[ser[d], {d, O, dd}];

ASeries[as_Symbol] [es ] := as[es];
Format[s_ASeries, StandardForm] := s[{$SeriesShowDegree}];
MakeASeries[as_CWSeries] := as;

MakeASeries[expr_] :=
MakeASeries[expr] = MakeCWSeries[Unique[MakeASeries], expr];
MakeASeries[ser_Symbol, expr_] := (
ser[] = Hold[MakeASeries[ser, expr]ll];
ser[d_Integer] := ser[d] = Expand[expr /. w_AW /; Deg[w] # d -» 0];
ASeries[ser]
)
(s1_ASeries xx s2_ASeries) :-= (Slx%xs2) = Module[{ser},
ser = Unique [NonCommutativeMultiply];
ser[] = Hold[sl xxs2];

ser[d_Integer] := ser[d] = Sum[
Ss1[K] »*s2[d-K],

{k, 0, d}

1;

ASeries[ser]
1;

t[w_LW] /; Deg[w] ==1 = AWeew;
t[w_LW] = ¢[w] = b ee (. /@ LyndonFactorization[w]) ;
t[expr_] = Expand[expr /. w_LW = c[w]];
t[Is_LieSeries] := c[Is] = Module[{as},

as = Unique([c];

as[] = Hold[c[Is]];

as[d_] := as[d] = c[Is[d]];

ASeries[as]

1

L[BCHBase[3]]

AW xxy]  AWxyx] AWxyy] AWyxx] AMyxy] AWYyyx]
- + + - +
12 6 12 12 6 12
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{as = L[BCHBase], as[5]}
1

Power:infy : Infinite expression — encountered. >
0

Infinity::indet . Indeterminate expression 0 Complexinfinity encountered. >

A A
{AS[Indeterm’ nate, AWXx] + AWY], Wixy] - \Mny,

2013-03-01 10:35:02

2 2
AWXXY]  AWxyx]  AWXxyy] AWyxx] AMyxy] AWMyyx]
- + + - + ,
12 6 12 12 6 12

AW XXXXY] AW XXXYX]
- +

AW XXxXyy] AWXXyxx] AWXXxyxy] AWXXYyX]
n _ _ _

720 180 180 120 120 120
AWXXYYY ] . AWXYXXX] B AW XYXXY ] N AW XYXYX] B AWXYXYY ] B AWXYYXX] B

180 180 120 30 120 120
AWXYyxy]  AWxyyyx] AWXYyyy] AWyxxxx] AWMyxxxy] AWYXxyx]

120 ' 180 720 720 ' 180 120
AWMYxxyy] AWMyxyxx] AWYyxyxy] AWMyxyyx] AWMyxyyy]l AWYyxxx]

120 120 : 30 120 ' 180 ' 180
AWYyYxxy]l AWyyxyx] AWYyxyy] AWMyyyxx] AWYyyyxy] AWMyyyyx]

120 120 120 : 180 " 180 720 }

o[y LW, w_LW] /; Degl[y] ==1 == o[y, w] = Which[
===w, AW[""],
Deg[w] ===1, O,

True, Module[{wl, w2},
{wl, w2} = LyndonFactorization[w];
L[W1l] ** o[y, W2] - L [W2] **x o[y, W1]
1
13
oly_, Is_LieSeries] :=
as = Unique[o];
as[] = Hold[o[y, Is]];
as[d_] := as[d] = o[LW[y],
ASeries[as]
1;
oly_, expr_] :=

o[y, Is] = Module[{as},

Is[d+1]];

Expand[expr /. w_LW = o[LW[y], wl];

(# ->0[1l, #]) & /@ AllLyndonWords[ {5}, {"1", "2"}]

((1y 5 AW, (2) 50, (12) > -AW2], (112) - -2 AW12] + AW21], (122) > AW22],
(1112) » -3 AW[112] + 3AW121] - AW211], (1122) -2 AW212] - AW221],
(1222 - -AW222], (11112) > -4 AW1112] +6 AW1121] -4 AW 1211] + AW[2111],
(11122) - ~AW[1122] + 4 AW1212] - AW[1221] - 2 AW[2121] + AW[2211],
(11212 » -AW1122] + 4 AW1212] - AW[1221] - 3 AW[2112] + AW[2121],
(11222) - -2 AW1222] + 3 AW[2122] - 3 AW[2212] + AW[2221],
(12122 - 2 AW1222] - 3 AW[2122] + AW[2212], (12222) > AW2222])
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{o["X", BCHBase][5], o["y", BCHBase][5]}
{_ AW Y XXXY ] . AW YXXYX ] N AW YXXYY ] B AW Y XYyXX ] - AW Y XyXy ] . AW YXYyX] B AW YXYYY] N

360 240 240 360 60 240 360
AWMYYyXXX] ) AWMYyYXXy ] . AWMYyYXyX] . AWMYYXyY ] - AWMYYyxx] - AWMYYyxy] . AWMYYyyXx]
1440 240 240 240 360 360 1440
AW XXXXY ]  AWXXXYyX]  AWXXXYyy] AWXxyxx] AWXxyxy] AWXxyyx] AWXXYyyy]

- + + - - - - +
1440 360 360 240 240 240 1440

AWIXyxxx] — AWXYxxy] —AWXyxyx] —~AWXxyxyy] AWXyyxx] —AWXyyxy] AWXyyyx] }
- + + - - +
360 240 60 360 240 240 360
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CW, CWSeries, tr, div

Deg[CW[w_]]1 := StringlLength[w];

CWSeries[cws_Symbol][es_ 1 := cws[es];
CWSeries[ser_Symbol][{dd_Integer}] := CWSeeTable[ser[d], {d, dd}];
Format[s_CWSeries, StandardForm] := s[{$SeriesShowDegree}];
MakeCWSeries[cws_CWSeries] := cws;

MakeCWSeries[expr_] :=
MakeCWSeries[expr] = MakeCWSeries[Unique[MakeCWSeries], expr];
MakeCWSeries[ser_Symbol, expr_] = (
ser[] = Hold[MakeCWSeries[ser, expr]l];
ser[d_Integer] := ser[d] = Expand[expr /. w_CW /; Deg[w] # d -» 0];
CWSeries[ser]
)

sl _CWSeries = s2_CWSeries := Module[{res = True, Kk},
For[k =1, res&&k <= $SeriesCompareDegree, ++k, res =resé&& (sl[k] ==s2[k])]1;
res

13
AddCWSeries[ss___ CWSeries] := AddCWSeries[ss] = Module[{ser},
ser = Unique [AddCWSeries] ;
ser[] = Hold[AddCWSeries[ss]];
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {sS});
CWSeries[ser]
1;
CWSeries /: Plus[ss__CWSeries] AddCWSeries|[ss];
ScaleCWSeries[c_, s_LieSeries] := ScaleCWSeries[c, s] = Module[{ser},
ser = Unique[ScaleCWSeries];
ser[] = Hold[ScaleCWSeries[c, s]];
ser[d_Integer] := ser[d] = Expand[cxs[d]];
CWSeries[ser]
1;
CWSeries /: c_=*s_CWSeries := ScaleCWSeries]c, s];
IntegrateCWSeries[cws_CWSeries, {s_, sO_, sl1_}] :=
IntegrateCWSeries[cws, {s, sO, s1}] = Module[{ser},
ser = Unique[IntegrateCWSeries];
ser[] = Hold[IntegrateCWSeries[cws, {s, sO, sl1}11;
ser[d_Integer] := ser[d] = Expand[Integrate[cws[d], {s, sO, s1}]11];
CWSeries[ser]
13

trw_AW] tr[w] = CW[RotateToMinimal eew] ;
triexpr_] := expr /. aw_AW :» tr[aw];
tr[as_ASeries] := tr[as] = Module[{cws},
cws = Unique[tr];
cws[] = Hold[tr[as]];
cws[d_] := cws[d] = tr[as[d]];
CWSeries[cws]
13
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Tr[AW["yXXyxXx"] ]
CW XXYXXY ]
tl =o["y", BCHBase] // tr
CWx] CWXxx] ) CW Xy ] _C\N[xxy]

s ,
2 12 12 24
tl[5]
CWXXXXY ] B QW XXXYY ] N CWXXYXY ] . CWXXyYyy ] - CWxyxyy ]
1440 180 120 480 720
div[y_LW, w_LW] /; Degly] ==1 := div[y, w] = tr[(AWeey) x* o[y, W]];
div[y_, Is_LieSeries] := div[y, Is] = Module[{cws},

cws = Unique[div];
cws[] = Hold[div][y, Is]];
cws[d_]1 := cws[d] = div[LW[y], Is[d]];
CWSeries[cws]
1;
div[y_, expr_] := Expand[expr /. w_LW = div[LW[y], w]l];

{div["X", BCHBase][7], div["y", BCHBase][7]}
{ CWIXXXXXXY] COWXXxXXyy] CWXxxxyxy] 19 CWMXXXXYYY]
- + - - +

30240 2520 1008 15120
OW XXXYxxy] —CWXxXyxyy] OWXxxyyxy] 19 CWXXXyyyy]
2520 " 504 : 504 : 15120 :
OWxXyxxyy] —OWXxyxyxy] OWxxyxyyy] CWXxxyyxyy] OWXxXyyyxy]
1680 280 . 504 - 1680 504 .
CWxxyyyyy] —OWxyxyxyy] —OWxyxyyyy] —CWIxyyxyyy] —CWxyyyyyy]
2520 280 1008 2520 30240
CWXXXXXXY]  CWMxXXxxxyy] OCWxxxxyxy] 19 CMxxxxyyy] CWXXXYXXY]
30240 2520 1008 15120 - 2520
OWxxXyxyy] —CWXXxyyxy] 19 OWXxxyyyy] CWXXyXxXyy]
504 ) 504 ) 15120 " 180
OWDxxyxyxy]  OWDxxyxyyy] —OWxxyyxyy] —CWXxxyyyxy]
280 504 1680 504
OWxxyyyyy] —OWxyxyxyy] —CWIxyxyyyy] —CWIxyyxyyy] CAxyyyyyy] }
2520 280 1008 2520 30240

tl = MakeCWSeries [CW["'xXyxyyyy'1] //
LieDerivation[ {LW["X"] - MakeLieSeries[b[LW["X"], LW["Zz"]1]1]1}]

CWS[0, 0, 0]

tl /@ Range[10]
{0, 0, 0, 0, 0, 0, 0, -CWxyxyyyyz] + CWMxyxzyyyy] - CMxyyyyxyz] + CWxyyyyxzy], 0, 0}
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The Meta-Cocycle JA

JA[-1, 1 = MakeCWSeries[0];
JA[n_, y LW, u LieSeries, ss_] := JA[Nn, Yy, u, SS] = Module[
{s, su, us},
su = ScalelLieSeries[s, ul;
us = StableApply[LieMorphism[{y -» Ad[ScaleLieSeries[1, sul][LW[z]]1}], u]l;
us = pus // LieMorphism[{LW[z] - VY}];
IntegrateCWSeries|
AddCWSeries]|
JA[n-1, y, u, s] // LieDerivation[{y - b[us, y1}1,
div[y, us]
1,
{s, 0, ss}
1
1;
JA[Yy_LW, u LieSeries] := JA[Y, ul = Module[{cws, s},
cws = Unique[JA] ;
cws[] = Hold[JALY, u]1;
cws[d_Integer] := cws[d] = JA[d-1, Yy, u, s][d] /. s-1;
CWSeries[cws]
13

Print /@ {yO = LW["y"'], uO = BCHBase,
JA[O, yO0, u0, s],
JAI[L, yO, w0, s],
JA[2, y0, u0, s],
JALYO, u0]
}s
)

(XYy)  (XXYy)  (XYyY)
LS{(X) +{y), , +
2 12 12

1 1
OWB|[s Oy, 58CW[XV]+ESZCVV[XV1,
1

1 1 1 1 1
— s OWMxxy] + —s2 OWxxy] + —s3 OWxxy] - — s CWxyy] - — s2 CWxyy] - — s° C,\Mxny]
12 4 6 12 4 6

1 1
O/\S[s Wy, ) s OWxy] + ) s?2 OWxy],

1 1 1 1 1 1

— s OWMxxy] + —s2 OWxxy] + —s3 OWxxy] - — s CWxyy] - — s2 CWxyy] - — s° QMxyy]]
12 4 6 12 4 6

1 1 )

OVB[s Oy, S S OWxy] - 8% ONxy ],

1 1 ) 1 3 1 1 ) 1 3

— S COWxxy] + — s CWxxy] + — s> CWxxy] - — s CWxyy] - — s CWxyy] - — s O/V[xyy}]
12 4 6 12 4 6

CWixxy] — CWxyy]
2 2

VB[ CWy ], CW{xy ],
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TNAL] 1 " " 1 2 " " 1 " " 1 2 " "
CWS[SCW[ v'l, ESCW[ Xy ]+ES CW[xy"1, ESCW[ XXY ]+Zs CW™xxy"] +

1 1 1 1
— s CW["xxy"] - — s CW["xyy"] - — s2 CW["xyy"] - — s° CW["xyy"]] /. s-1
6 12 4 6

OMxxy]  OWxyy]
2 2

VB[ Wy ], OWixy ],

$SeriesCompareDegree = $SeriesShowDegree = 8;
JA[3, y0, u0, s] =JA[4, YO0, u0, s]

True

JA[yO0, u0][6]
CWxxxxxy] 31 COWMxxxxyy] 11 CWxxxyxy] 109 CWXXXYYyYy]
+ - + +

120 48 6 36
7 OMxxyxxy] 23 OWxxyxyy] 23 CWxxyyxy] 31 CWXxyyyy]
8 - 4 . 4 : 48 "
28 OWIxyxyxy] 11 OWxyxyyy] 7 OWxyyxyyl —OWXxyyyyy]
3 6 8 120
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