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Meta—Groups, Meta—Bicrossed—Products, and the Alexander Polyno‘{mal 1 Ol 10
Dror Bar-Natan in RAMINTNMe2ND/ . g i
A bstyac iori expectation of first year elementary svhoul.-'\](‘xnn(l(‘.r Issues. (=]
studdnts who were just inlr()tlu(-ml[J the matural numbers, 1 o Quick to compute, but computation departs fron
vould be 1 l\ to \(-1l)ahz(' it, mupt be that soon pvllmps n. Extends to tangles, but at an exponential cost.
seconfd gragl W ﬁ(fu' mld 1l there ls % Hard to categorify.
know| about h(N‘ mlmlw ]l('_ uld l) nd, for numlbfer = = =
theoly remains a thriving subject, \\vll-(mnw(tv(l to practicaflly Idea. (’i“(‘n a group G a‘lld two “YB \j: 7 N\ A
wything there is out_there in mathemagics pairs R = (g7, giv) € G, map them / —— /f
[ wah a bit mdE8 s¢phy stl(‘ated whey/ T firsjAmard of knot thedry/to \11185 fl-lld llllll“l)lV along”, so that N EQ
IMy first thought was that it wa her rivial or intractable, gnd|
mos| definitely, | wasn 't goi l arn it is interesting. But if is| /\ l]*q‘q*r/ gogtat g
ind |I was wrong, for the rc ul(‘~ )f Jheory is often lead to fthe LA B 'l“_'("_‘ Al
mos| interesting and bed ullst Aletyres in topology, geomepry. Ju o
juaptum field theory, and algebra.
1 . 31 o .l H S \ s OXé % S » auli = L .
Todhy I. will tal%t about just one minor example, mostly hd}luglhh lilllh. RZ implics that g2 (],f = ¢ = g=g¥ and then R3
o do with the link to algebra: A straightforward proposal for al. . . iy 3 s . .
& S R N implies that ¢ and ¢} commute, so the result is a simplqg
orop-theoretic invariant of knots fails if one really means groups,| T o U
but pvorks neralized to meta-groups (to be defined). We il counting invariant.
ondtruet ongComplicated but elementary meta-group as a mel afd Group Computer. Given G, can store group elements ang
bicrgssed-product (to be defined), and explain how the result ug)P(‘l'fOI'Hl operations on them:
invatiant is a not-yet-understood yet potentially significant g¢n-| m
eralipation of the Alexander polynomial, while at the same tifne | N Bk u:92
einf a specialization of a somewhat erstood “universal fifiite ';i”_‘ ak ’/'/' J/l/,
vpessyariant of w- I\nots and of an ive “universal finite fype m] ey ma’ B G 210104
invariant ol v i L B
in old- {u,v,z
P*\"} L\‘f(’ (n’&' The w—ggs Closely — Xlated  to  work i|ll':‘.| 4 : Gluvz}

oy Le  Dymet  (Comment. : _ . _ . ) -
Math. Helv.\ 67 (1992) 306 IAlso has S, for inversion, ¢, for unit insertion. d, for register dele

315), Kirk, YLivingston “mltion AZ, for element cloning. py for renamings, and (D). Da)
Wang (arXiv:math/9806035)| 1 U Dy for merging, and many obvious composition axioms relat-
and  Cimasoni and  Turaev[l8 those. P={s:91y: 9} = P={d,P}U{d.P}
(arXivimath. (11/_011(1()2()‘)) A Meta-Group. Is a similar “computer”, only its internall
B structure is unknown to us. Namely it is a collection of sets
{G,} indexed by all finite sets v, and a collection of opera-
tions m”. S,, €., d., A;_,I (sometimes), Py and U, satisfying]
the exact same linear properties.

Example 1. The non-meta example, G := G7
[oxample 2. Gy = My (Z), with simultancous row and|
column operations, and “block diagonal” merges. Here if

r: oa b
_|Pi= (y: & d) then d, P = (x : a) and d, P = (y : d) sq
a

{d,P}U{d, P} = (; 0 3) # P. So this G is truly meta,

5 Nai ne : Fwzom Y \lements RE > W
IA Standard Alexander Formula. Label the arcs | through( laim. From a meta-group G and YB elements B= € Gy we

(4 1) — 1, make an n x n matrix as below, delete one rowfan construct a knot/tangle invariant.
and one column, and compute the determinant: Bicrossed Products. If G = HT is a group presented as a
A b i product of two of its subgroups, with H N7 = {e}, then alsc
/+\( T R G = TH and G is determined by H, T, and the “swap” maj
sw : (t,h) — (h'.t') defined by th = h't’. The map suf
N 7, — b ¢ satisfies (1) and (2) below; conversely, if sw : T'x H — H x 1
a/_ e| =X X-1 1 satisfies (1) and (2) (+ lesser conditions), then (3) defines 4
P e e B e T i R R s R group structure on H x T, the “bicrossed product”.
_01 _x1 ; g lfx g 1(-)x : .............. L
x;l 1(_)x -(:( _11 ; g g g [[1::7,1::711 1/ Det(? Y W Y %
6 o o0 0 -Xx 1 0 x-1
0 0 1-x 0 0 -1 X 0
0 0 0 x-1 0 x 1) A N

hnl‘// swyg=swayq jfswy 1/Iml‘ qm, 1= s 1)//'"1 "//lnn”

F1+4X-8X2411%X3-08X%+4X5 X5 hlflhgig—h](h t2 = (hihb) () t2) = haty
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Meta—Groups, Meta—Bicrossed—Products, and

the Alexander Polynomial, 2

A Meta-Bicrossed- I-’rnducr is a collection of sets #(n,7) and
operations tm=?, hin? and su""l and lesser ones). such that
im and hm arc “associative” and (1) and (2) hold (+ lesser
conditions). A meta-bicrossed-product defines a meta-group
with G := 8(v.7v) and gm as in (3).

[xample. Take 3(n,7) = M;xy(Z) with row operations for
the tails, column operations for the heads, and a trivial swap.

I mean business! Gy e fo e
e, v (4] tv BColleck[d f. tuy ]
PSimp = Factor; SetAttributes[SCollect, Listable]; (Bl 4 ”l ;[“”:‘][ 7 %
4 Ba0[4, b,]. vad /. by, =0}
Peollect[Blo , 4 11 := B[ASimp[e], i sl e B,
Collect[4, h_, Collect[s, t_, psimp] &]]/ -y 111 t= Module[(s, 8, v, 4, €),

prorm(B{» , 4 B TPRES I P

£ by |t - 0

.+ Coatfictent[s, b, ta] 2
D[4, hy) 4oty - 02

1] := Module[{ts, hs, M},
ts « Union[Cases[B[s, 4), t, = s, Infinity]]:
hs = Union[Cases[B[~, 4). h, » s, Infinity]]:
M = Outer[ASimp[Coefficient[4, hu tw]]l &, hs, ts]:
PrependTo(M, t. & /@ ts];
M « Prepend(Transpose(M], Prepend(h. & /@ hs,
MatrixForm(¥]]:

proxm(else ) 48 s fForm(5]:

ce1
Bluse.

x(1e(Y) e} By ty o
sxlen,
IRZ ﬂrnu-e(]

Aeinie)ts

o O-yente
PG

iz elae /.

Fr23

3 Calculus. Let 8(n,7) be

w | hy  hs
t | ann on2 hj € g, t; € 7, and w and
tr | as; a2 the aj; are rational func- .

tions in a variable X

wi | m o | me
1 | (&5} P | 9
tm2Y . wiwo | m o

xf1, (X1} en ]

Format[s #, StandardForm] := Form[J]:

{B= B[w, Sum[ai0s.3 ts hy, (i, {1, 2, 3}}, {3, {4, 5}}]],
(B// tmyp,y // swig) = (B// swaq // swig // tm12~1)}

w hy hg y
{ t; a4 a5 . True §()l.ll(“
tz a24 Qzs testing
34 a35

{Rmsy Rmez Rpag // gmyg,; // 9Mps,, // gmag,s,
Y Rpg; Rmzg Rm3s // gmyg,; // gmps,p // gmze,3}

A

= 1 [a5] 0
-,_l
T | 0 hy hy 1 hy
_slx £, -LX
w | h- == % i = }
hm E v \ Slex -1 by X _clx
. A J X X X X
’ atf+(a)8 ~ X\ . divide and conquer!
= Rmy,,; Rmg; Rm
hy B 12,1 Rmz7 Rmgs Ring, 11 RP36,5 RPg,13 RP14,9 RP10,15 = 817
euv”’ a(l+{y)/e) B(1+{(3)/e) 1 hy hs hs hy hs by By hus
. : _zlX
N /e 5 — /e t 0 0 0 . 0 0 0 0
ty 0 0 0 0 0 =i 0 0
where € := 1+« and (¢) := >, ¢;. and let I " 5 " " & LR ®
=1s%
| h.l‘ hy te 0 a3 0 0 0 0 0 0
P m . ; =T t 0 0 0 0 0 0 0 -1+X
R_ry — R“, ty | 0 X — 10 o " 5 5 5 " " 0+
ty| 0 0 Bz =S
: tis O 0 0 0 -1+X 0 0 0
lheorem. Z2 is a tangle invariant (and more). Restricted tol tie 0 0 -1+X 0 0 0 0 0
[knots, the w part is the Alexander polynomial. On braids, itP°# = # 7/ . (k. 2,10} 8 817, cont.
is equivalent, to the Burau representation. A variant for links 2 by hiy hs his
contains the multivariable Alexander polynomial. £ -LWAN 1y (1-X+X2) (-14X) (1-X+X2) -1+X
- b’ P . 3 c1l-x
Why Happy? e Applications to w-knots. t1z x 0 2 0
lo Everything that I know about the Alexander polynomial| ti s S 0
san be expressed cleanly in this language (even if without)| . . (-1 +%)2 _gm1ex? 0
proof), except HF, but including genus, ribbonness, cabling} -----=--==-=---=------c-roc-rcmrcncmm oo
v-knots, knotted graphs, etc., and there’s potential for vast o ; Do[B = B // gmyx,y. {k, 11, 16}];
x % James { \
oeneralizations. = ( _1-4%-8%2-11 xg-s x4-4x5.x6 J
The least wasteful “Alexander for tangles” I'm aware of. Alexandie *

Every step along the computation is the invariant of some-
hing.
Fits on one sheet, including implementation & propaganda

A Partial To Do List.
simply come from?
2. Remove all the denominators.

1. Where does it more

=

S

B. How do determinants arise in this context?

trivial

42 Understand links.

~
EAS
Y,

ribbon

5. Find the “reality condition”.

5. Do some “Algebraic Knot Theory™.

. Categorify.

3. Do the same in other natural quotients of the
-story.

/\ A
_\/

"God created the knots, all else in
topology is the work of mortals."
Leopold Kronecker (modified)

example

www.katlas.org Thexoer il
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