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Braids and the Grothendieck—Teichmuller Group
Oror Bar—Natan, the Newton Institute, Janw, 013, haepetiwww_math. oronte.edu/-drorbnTal ko™ e wton—130H/

Babv(7) Example. FPE,: pure braids;
d o QPB, the augmentation i{lcﬂl:

Abstract, Lhe "'Gi'ul.lu-luliw']-:_—lt»l:'hmul.]vr Group” (GT) appears as a “depth
ertificate” in many recent works — “we do A to B, apply the result to O, and
el something related to GT, therefore it must be interesting”. Interesting or
wt, in my talk T will explain how GT arose first, in Drinfel'd’s work on asso-
‘iators, and how it can be used to show rhat “every hounded-degree associator
wiends” ) that “r exist” | and that “the pentagon 'Iluplim; the
rexagon” ",
In o nutshell: the filtered tower of braid groups (with bells and whistles at-
tached) is isomorphic to its associated graded, but the isomorphism is neither
-anonical nor unigue — such an isomorphism is precisely the thing called “an
wsociator”, But the set of isomorphisms between two isomorphic objects al-
ways has two groups acting simply transitively on it the group of automor-
phisms of the first object acting on the right, and the group of automorphisms
f the second object acting on the left. In the case of associators, that first
oroup is what Drinfel’d ealls the Grothendieck-Teichmuller group G'T, and the
kecond group, isomorphic but not canonically to the first and denoted GRT,
s the one several recent works seem to refer to.
Almost everything I will talk about is in my old paper
the Grothendieck-Teichmuller Group 17, also at arXivig-ale/ 9606021,

tional associators

“On Associators and |,

) QPR, /I (filtered!);
ml}["‘] (filtered!).  Then gr B™ =
U and then gr B = C where C =
(4 = it [!U "“J = [t ¢ +,u'-] =0, so
\BU) and B arve isomorphic to €% and
", but not canon Ily. Me not know that
the groups GT and GRT here have heen
analyzed.
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b See arXivimath/OT02128 by Fu-
usho and arXivimath/1000.0754
v B-N and Dancso,

(dg 2928

{ddrjlt-l:!

= 1 4 d

Main Theorem.  The projec-
tion Asso'™ — assolm-!
is surjective. (yey!)

Sketch.  Given ASSO!™) 2
0 (hard, analytic). sufficient
is surjectivity of GRT"™ —
GRTU" Y enough is surjectiv-
ity of get!™) — get(™~1) polyhe-
Iron on left use, little homologi-
al algebra too.
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by sucocssive approximanons prescnts no problems. For This we aniroduce 1he
following modification GRT(&) of the group GTik|. We denote by GRT &)
the set of all g € Fryi4. 8 such that

glB Ay =gl B i5.12)
O AgiB. Cigid. Bl =1 ford+B8+C =10, 513
AvgiA B Bela, B - ga,. C)7 ' Coia, =0 .
for 4+ B+ C =10,
FIE S S e Py o )
SR P T b et ENEY
where the X' satisfy (3.1, GRT,(k} is a group with the operation
(8 28204, B) = glgy( A, BiAg 4. B) ' B) g4 k) 5.16)
On GRT, (&) there isan action of k* givenby g4, B)w gic 4. 'R ce

| & The semidirect product of & and GRT, (&) we denote by GRTi&), The
healgchm prt, (k) of the group GRT, (k) consls:s of the series w e e, (4. B)
such tha

1517

Wil Ay = —pid. B

Wi, A+ (B, C]+¢l|.-l. Bj=0 ford«B+C=0

[8, wid. B +[C, wid, Cil=0 ford+B=+C=0, 13.19)
[T S S o R SN G |
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where the 4 satisfy (5.1). A commutator | in get (k) is of the form

W vy =lvy, vl = 0, (v - B, ().

where [, , ] 15 the commutator in fr (4, &) and D is the derivavion of
frpld. B given by D_(4) = [w. 4), D (B) = 0. The slgebra g k0 s

3.0

ProvosiTion 5.0, The acrion of GTIR) on MK o5 free and iransiive

Proor. If
f such that
show that |
semidirect product of 5 and exp a‘; .
that takes a, into

(g, ¢l & MKk) and ;i Pre 'I-.M . then there is exactly ong
A B) = flpld, Ble'sl Lo pld, B) . We need 10
fe C-Tun where A =1 \\-rpm\r:-l-ﬂ]l Let 6 be the
Consider the homemaorphism B, — G,

ety g e ;p_.\':' _ o gty

€ §_ transposes [ and .

and therefore 3 homomorphism o
presunipotent completion of &,

pxt

where o It induces 2 homomorphism K~ expa, .
K 1k} — expa, . where K (k) is the k-
It is cas :. shown 1hat the left- and righi-hand

sicdes of (4,10} have the same ulr.l!l.sln upu In remains 1o prove that o isan
:sumornmsm. The algebra Lie &, (k] 18 10pelogically generatad by the clcm:ms
<= ;< n, wih dclmlnr. relations obtaned from (4.7)=(4.9) by
= exps, . The principal pans of these relations are the same as

an (50 while o )08 = wX 7+ {lower terms}, whene Lack, (&) —-ql,_
is induced by the homomorphism o, . Therefore o, 15 an isomorphism, ie.,
4.10) is proved. (4.3) is obvious. To prove (4.4). we can interpret i1 in lerms
of K, and argue as in the proof of (4.10) or. what is equivalent. make the
subsiiation

e |
substituting x,

a, )i

fo=e's Xp=o ais -Ih'kv'if_ O et s
y =9l e A
where A+ B+ C=0. @
From Drinfel’d’s On  quasitriengulor

Cuasi- Hopf algebras ﬂfm’ a group closely
commected with Gal{Q/Q), Leningrad
Math. J. 2 (1991) 829-860.
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B = (PaB(™).S: PaB™ - PaP,d;,s:, 0, ): The Main Course
1S
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same-skeleton linear combinations allowed 2
(Q) I\?: d"ltb . (fzq’ . dgq) = t‘flq’ . (13(1)
% dy exp (i%r"g) =
s [r_

—ﬁ'|q3 = :“2‘:[9 = 33‘[) =1
Ob=3dad

Clm) = (

PaCD!") 8§ : PaCD'"™) — PaP.d,;. s, 0, R
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