
Pensieve header: A BCH-Lyndon Question; also at http://mathoverflow.net/questions/116137/the-bch-

series-in-terms-of-lyndon-words.

The Question

Recently I did some explicit computations that involved the BCH series, logHex
e

yL. Here x and y are non-

commuting variables, and the BCH series lives in the graded completion FL Hx, yL of the free Lie algebra 

generated by x and y.

Mostly by chance I found that when BCH is written in the Lyndon basis of FL Hx, yL, the number of 

Lyndon words that occur in its degree n piece is {2, 1, 2, 1, 6, 5, 18, 17, 55, 55, 186, 185, 630, 629, 

2181, 2181, 7710, 7709, 27594, 27593, 99857, 99857}, for n running from 1 to 22.

There is an obvious pattern in this sequence - it seems that the odd-numbered terms are almost equal 

to the even-numbered terms that follow them, with a decline of one in 2/3 of the times, and with precise 

equality in the remaining 1/3 of the times. I have no idea why this is so. Perhaps you do?

Why care? The truth is that I’m curious but I don’t care much; I just stumbled upon this by chance. Yet 

Lyndon words are a very effective tool for computations in free Lie algebras, and the BCH formula 

appears in many of these computations. The fact that there is some unexpected symmetry in the Lyn-

don word description of BCH suggests that BCH contains less information than one might think, possibly 

leading to some computational advantage. Though in (my) reality, the computational bottlenecks are 

anyway elsewhere.

Some further observations:

The number of Lyndon words of length n, for n between 1 and 22, is {2, 1, 2, 3, 6, 9, 18, 30, 56, 99, 186, 

335, 630, 1161, 2182, 4080, 7710, 14532, 27594, 52377, 99858, 190557}. For the even n’s, this is 

much more than the number of Lyndon words that occur within BCH. For the odd n’s, this is mostly 

equal to the number of Lyndons in BCH, with exceptions at n = 9, 15, 21. In those cases the BCH 

formula is missing exactly one Lyndon word. These missing words are “xxxxxyxxy”, “xxxxxxxxxyxxxxy”, 

and “xxxxxxxxxxxxxyxxxxxxy”.

The actual BCH formula, written in Lyndon words, is displayed below to degree 8. Further down is the 

list of Lyndon words that occur / do not occur in the BCH formula to degree 12.

Initialization

This notebook as well as the file “FreeLie.m” are available at http://drorbn.net/AcademicPen-

sieve/2012-12/.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\2012−12"D;

<< FreeLie.m;

BCH@n_IntegerD := BCH@X"x"\, X"y"\D@nD;

BCHWords@n_IntegerD := Cases@BCH@nD, _LW, InfinityD;

AllLyndonWords@n_IntegerD := AllLyndonWords@n, 8"x", "y"<D;
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BCH in Lyndon words

Table@BCH@nD, 8n, 8<D

:Xx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+

Xxyy\
12

,
Xxxyy\

24
,

−

Xxxxxy\
720

+

Xxxxyy\
180

+

Xxxyxy\
360

+

Xxxyyy\
180

+

Xxyxyy\
120

−

Xxyyyy\
720

,

−

Xxxxxyy\
1440

+

Xxxxyxy\
720

+

Xxxxyyy\
360

+

Xxxyxyy\
240

−

Xxxyyyy\
1440

,

Xxxxxxxy\
30 240

−

Xxxxxxyy\
5040

+

Xxxxxyxy\
10 080

+

Xxxxxyyy\
3780

+

Xxxxyxxy\
10 080

+

Xxxxyxyy\
1680

+

Xxxxyyxy\
1260

+

Xxxxyyyy\
3780

+

Xxxyxxyy\
2016

−

Xxxyxyxy\
5040

+

13 Xxxyxyyy\
15 120

+

Xxxyyxyy\
10 080

−

Xxxyyyxy\
1512

−

Xxxyyyyy\
5040

+

Xxyxyxyy\
1260

−

Xxyxyyyy\
2016

−

Xxyyxyyy\
5040

+

Xxyyyyyy\
30 240

,

Xxxxxxxyy\
60 480

−

Xxxxxxyxy\
15 120

−

Xxxxxxyyy\
10 080

+

Xxxxxyxxy\
20 160

−

Xxxxxyxyy\
20 160

+

Xxxxxyyxy\
2520

+

23 Xxxxxyyyy\
120 960

+

Xxxxyxxyy\
4032

−

Xxxxyxyxy\
10 080

+

13 Xxxxyxyyy\
30 240

+

Xxxxyyxyy\
20 160

−

Xxxxyyyxy\
3024

−

Xxxxyyyyy\
10 080

+

Xxxyxyxyy\
2520

−

Xxxyxyyyy\
4032

−

Xxxyyxyyy\
10 080

+

Xxxyyyyyy\
60 480

>

Some Counts

Length ê@ BCHWords ê@ Range@21D
82, 1, 2, 1, 6, 5, 18, 17, 55, 55, 186, 185,

630, 629, 2181, 2181, 7710, 7709, 27 594, 27 593, 99 857<

(The degree 22 computation is time consuming and was done elsewhere. Comes out 99857)

Length ê@ AllLyndonWords ê@ Range@22D
82, 1, 2, 3, 6, 9, 18, 30, 56, 99, 186, 335, 630,

1161, 2182, 4080, 7710, 14 532, 27 594, 52 377, 99 858, 190 557<

The Lyndon words in BCH

Do@
Print@8n, Length@BCHWords@nDD, BCHWords@nD<D;

If@EvenQ@nD, Print@"————"DD,

8n, 12<
D
81, 2, 8Xx\, Xy\<<

82, 1, 8Xxy\<<

————
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83, 2, 8Xxxy\, Xxyy\<<

84, 1, 8Xxxyy\<<

————

85, 6, 8Xxxxxy\, Xxxxyy\, Xxxyxy\, Xxxyyy\, Xxyxyy\, Xxyyyy\<<

86, 5, 8Xxxxxyy\, Xxxxyxy\, Xxxxyyy\, Xxxyxyy\, Xxxyyyy\<<

————

87, 18, 8Xxxxxxxy\, Xxxxxxyy\, Xxxxxyxy\, Xxxxxyyy\, Xxxxyxxy\,

Xxxxyxyy\, Xxxxyyxy\, Xxxxyyyy\, Xxxyxxyy\, Xxxyxyxy\, Xxxyxyyy\, Xxxyyxyy\,

Xxxyyyxy\, Xxxyyyyy\, Xxyxyxyy\, Xxyxyyyy\, Xxyyxyyy\, Xxyyyyyy\<<
88, 17, 8Xxxxxxxyy\, Xxxxxxyxy\, Xxxxxxyyy\, Xxxxxyxxy\, Xxxxxyxyy\,

Xxxxxyyxy\, Xxxxxyyyy\, Xxxxyxxyy\, Xxxxyxyxy\, Xxxxyxyyy\, Xxxxyyxyy\,

Xxxxyyyxy\, Xxxxyyyyy\, Xxxyxyxyy\, Xxxyxyyyy\, Xxxyyxyyy\, Xxxyyyyyy\<<
————

89, 55, 8Xxxxxxxxxy\, Xxxxxxxxyy\, Xxxxxxxyxy\, Xxxxxxxyyy\,

Xxxxxxyxyy\, Xxxxxxyyxy\, Xxxxxxyyyy\, Xxxxxyxxxy\, Xxxxxyxxyy\,

Xxxxxyxyxy\, Xxxxxyxyyy\, Xxxxxyyxxy\, Xxxxxyyxyy\, Xxxxxyyyxy\,

Xxxxxyyyyy\, Xxxxyxxxyy\, Xxxxyxxyxy\, Xxxxyxxyyy\, Xxxxyxyxxy\, Xxxxyxyxyy\,

Xxxxyxyyxy\, Xxxxyxyyyy\, Xxxxyyxxyy\, Xxxxyyxyxy\, Xxxxyyxyyy\, Xxxxyyyxxy\,

Xxxxyyyxyy\, Xxxxyyyyxy\, Xxxxyyyyyy\, Xxxyxxyxyy\, Xxxyxxyyxy\, Xxxyxxyyyy\,

Xxxyxyxxyy\, Xxxyxyxyxy\, Xxxyxyxyyy\, Xxxyxyyxyy\, Xxxyxyyyxy\, Xxxyxyyyyy\,

Xxxyyxxyyy\, Xxxyyxyxyy\, Xxxyyxyyxy\, Xxxyyxyyyy\, Xxxyyyxyxy\, Xxxyyyxyyy\,

Xxxyyyyxyy\, Xxxyyyyyxy\, Xxxyyyyyyy\, Xxyxyxyxyy\, Xxyxyxyyyy\, Xxyxyyxyyy\,

Xxyxyyyxyy\, Xxyxyyyyyy\, Xxyyxyyyyy\, Xxyyyxyyyy\, Xxyyyyyyyy\<<
810, 55, 8Xxxxxxxxxyy\, Xxxxxxxxyxy\, Xxxxxxxxyyy\, Xxxxxxxyxxy\, Xxxxxxxyxyy\,

Xxxxxxxyyxy\, Xxxxxxxyyyy\, Xxxxxxyxxxy\, Xxxxxxyxxyy\, Xxxxxxyxyxy\, Xxxxxxyxyyy\,

Xxxxxxyyxxy\, Xxxxxxyyxyy\, Xxxxxxyyyxy\, Xxxxxxyyyyy\, Xxxxxyxxxyy\, Xxxxxyxxyxy\,

Xxxxxyxxyyy\, Xxxxxyxyxxy\, Xxxxxyxyxyy\, Xxxxxyxyyxy\, Xxxxxyxyyyy\, Xxxxxyyxxyy\,

Xxxxxyyxyxy\, Xxxxxyyxyyy\, Xxxxxyyyxxy\, Xxxxxyyyxyy\, Xxxxxyyyyxy\, Xxxxxyyyyyy\,

Xxxxyxxyxyy\, Xxxxyxxyyxy\, Xxxxyxxyyyy\, Xxxxyxyxxyy\, Xxxxyxyxyxy\, Xxxxyxyxyyy\,

Xxxxyxyyxyy\, Xxxxyxyyyxy\, Xxxxyxyyyyy\, Xxxxyyxxyyy\, Xxxxyyxyxyy\,

Xxxxyyxyyxy\, Xxxxyyxyyyy\, Xxxxyyyxyxy\, Xxxxyyyxyyy\, Xxxxyyyyxyy\,

Xxxxyyyyyxy\, Xxxxyyyyyyy\, Xxxyxyxyxyy\, Xxxyxyxyyyy\, Xxxyxyyxyyy\,

Xxxyxyyyxyy\, Xxxyxyyyyyy\, Xxxyyxyyyyy\, Xxxyyyxyyyy\, Xxxyyyyyyyy\<<
————
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811, 186, 8Xxxxxxxxxxxy\, Xxxxxxxxxxyy\, Xxxxxxxxxyxy\, Xxxxxxxxxyyy\, Xxxxxxxxyxxy\,

Xxxxxxxxyxyy\, Xxxxxxxxyyxy\, Xxxxxxxxyyyy\, Xxxxxxxyxxxy\, Xxxxxxxyxxyy\, Xxxxxxxyxyxy\,

Xxxxxxxyxyyy\, Xxxxxxxyyxxy\, Xxxxxxxyyxyy\, Xxxxxxxyyyxy\, Xxxxxxxyyyyy\, Xxxxxxyxxxxy\,

Xxxxxxyxxxyy\, Xxxxxxyxxyxy\, Xxxxxxyxxyyy\, Xxxxxxyxyxxy\, Xxxxxxyxyxyy\, Xxxxxxyxyyxy\,

Xxxxxxyxyyyy\, Xxxxxxyyxxxy\, Xxxxxxyyxxyy\, Xxxxxxyyxyxy\, Xxxxxxyyxyyy\, Xxxxxxyyyxxy\,

Xxxxxxyyyxyy\, Xxxxxxyyyyxy\, Xxxxxxyyyyyy\, Xxxxxyxxxxyy\, Xxxxxyxxxyxy\,

Xxxxxyxxxyyy\, Xxxxxyxxyxxy\, Xxxxxyxxyxyy\, Xxxxxyxxyyxy\, Xxxxxyxxyyyy\,

Xxxxxyxyxxxy\, Xxxxxyxyxxyy\, Xxxxxyxyxyxy\, Xxxxxyxyxyyy\, Xxxxxyxyyxxy\,

Xxxxxyxyyxyy\, Xxxxxyxyyyxy\, Xxxxxyxyyyyy\, Xxxxxyyxxxyy\, Xxxxxyyxxyxy\,

Xxxxxyyxxyyy\, Xxxxxyyxyxxy\, Xxxxxyyxyxyy\, Xxxxxyyxyyxy\, Xxxxxyyxyyyy\,

Xxxxxyyyxxxy\, Xxxxxyyyxxyy\, Xxxxxyyyxyxy\, Xxxxxyyyxyyy\, Xxxxxyyyyxxy\,

Xxxxxyyyyxyy\, Xxxxxyyyyyxy\, Xxxxxyyyyyyy\, Xxxxyxxxyxxy\, Xxxxyxxxyxyy\,

Xxxxyxxxyyxy\, Xxxxyxxxyyyy\, Xxxxyxxyxxyy\, Xxxxyxxyxyxy\, Xxxxyxxyxyyy\,

Xxxxyxxyyxxy\, Xxxxyxxyyxyy\, Xxxxyxxyyyxy\, Xxxxyxxyyyyy\, Xxxxyxyxxxyy\,

Xxxxyxyxxyxy\, Xxxxyxyxxyyy\, Xxxxyxyxyxxy\, Xxxxyxyxyxyy\, Xxxxyxyxyyxy\,

Xxxxyxyxyyyy\, Xxxxyxyyxxyy\, Xxxxyxyyxyxy\, Xxxxyxyyxyyy\, Xxxxyxyyyxxy\,

Xxxxyxyyyxyy\, Xxxxyxyyyyxy\, Xxxxyxyyyyyy\, Xxxxyyxxxyyy\, Xxxxyyxxyxxy\,

Xxxxyyxxyxyy\, Xxxxyyxxyyxy\, Xxxxyyxxyyyy\, Xxxxyyxyxxyy\, Xxxxyyxyxyxy\,

Xxxxyyxyxyyy\, Xxxxyyxyyxxy\, Xxxxyyxyyxyy\, Xxxxyyxyyyxy\, Xxxxyyxyyyyy\,

Xxxxyyyxxyxy\, Xxxxyyyxxyyy\, Xxxxyyyxyxxy\, Xxxxyyyxyxyy\, Xxxxyyyxyyxy\,

Xxxxyyyxyyyy\, Xxxxyyyyxxyy\, Xxxxyyyyxyxy\, Xxxxyyyyxyyy\, Xxxxyyyyyxxy\,

Xxxxyyyyyxyy\, Xxxxyyyyyyxy\, Xxxxyyyyyyyy\, Xxxyxxyxxyxy\, Xxxyxxyxxyyy\,

Xxxyxxyxyxyy\, Xxxyxxyxyyxy\, Xxxyxxyxyyyy\, Xxxyxxyyxxyy\, Xxxyxxyyxyxy\,

Xxxyxxyyxyyy\, Xxxyxxyyyxyy\, Xxxyxxyyyyxy\, Xxxyxxyyyyyy\, Xxxyxyxxyxyy\,

Xxxyxyxxyyxy\, Xxxyxyxxyyyy\, Xxxyxyxyxxyy\, Xxxyxyxyxyxy\, Xxxyxyxyxyyy\,

Xxxyxyxyyxyy\, Xxxyxyxyyyxy\, Xxxyxyxyyyyy\, Xxxyxyyxxyyy\, Xxxyxyyxyxyy\,

Xxxyxyyxyyxy\, Xxxyxyyxyyyy\, Xxxyxyyyxxyy\, Xxxyxyyyxyxy\, Xxxyxyyyxyyy\,

Xxxyxyyyyxyy\, Xxxyxyyyyyxy\, Xxxyxyyyyyyy\, Xxxyyxxyyxyy\, Xxxyyxxyyyxy\,

Xxxyyxxyyyyy\, Xxxyyxyxxyyy\, Xxxyyxyxyxyy\, Xxxyyxyxyyxy\, Xxxyyxyxyyyy\,

Xxxyyxyyxyxy\, Xxxyyxyyxyyy\, Xxxyyxyyyxyy\, Xxxyyxyyyyxy\, Xxxyyxyyyyyy\,

Xxxyyyxxyyyy\, Xxxyyyxyxyxy\, Xxxyyyxyxyyy\, Xxxyyyxyyxyy\, Xxxyyyxyyyxy\,

Xxxyyyxyyyyy\, Xxxyyyyxyxyy\, Xxxyyyyxyyxy\, Xxxyyyyxyyyy\, Xxxyyyyyxyxy\, Xxxyyyyyxyyy\,

Xxxyyyyyyxyy\, Xxxyyyyyyyxy\, Xxxyyyyyyyyy\, Xxyxyxyxyxyy\, Xxyxyxyxyyyy\,

Xxyxyxyyxyyy\, Xxyxyxyyyxyy\, Xxyxyxyyyyyy\, Xxyxyyxyxyyy\, Xxyxyyxyyxyy\, Xxyxyyxyyyyy\,

Xxyxyyyxyyyy\, Xxyxyyyyxyyy\, Xxyxyyyyyxyy\, Xxyxyyyyyyyy\, Xxyyxyyxyyyy\,

Xxyyxyyyxyyy\, Xxyyxyyyyyyy\, Xxyyyxyyyyyy\, Xxyyyyxyyyyy\, Xxyyyyyyyyyy\<<
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812, 185, 8Xxxxxxxxxxxyy\, Xxxxxxxxxxyxy\, Xxxxxxxxxxyyy\, Xxxxxxxxxyxxy\, Xxxxxxxxxyxyy\,

Xxxxxxxxxyyxy\, Xxxxxxxxxyyyy\, Xxxxxxxxyxxxy\, Xxxxxxxxyxxyy\, Xxxxxxxxyxyxy\,

Xxxxxxxxyxyyy\, Xxxxxxxxyyxxy\, Xxxxxxxxyyxyy\, Xxxxxxxxyyyxy\, Xxxxxxxxyyyyy\,

Xxxxxxxyxxxxy\, Xxxxxxxyxxxyy\, Xxxxxxxyxxyxy\, Xxxxxxxyxxyyy\, Xxxxxxxyxyxxy\,

Xxxxxxxyxyxyy\, Xxxxxxxyxyyxy\, Xxxxxxxyxyyyy\, Xxxxxxxyyxxxy\, Xxxxxxxyyxxyy\,

Xxxxxxxyyxyxy\, Xxxxxxxyyxyyy\, Xxxxxxxyyyxxy\, Xxxxxxxyyyxyy\, Xxxxxxxyyyyxy\,

Xxxxxxxyyyyyy\, Xxxxxxyxxxxyy\, Xxxxxxyxxxyxy\, Xxxxxxyxxxyyy\, Xxxxxxyxxyxxy\,

Xxxxxxyxxyxyy\, Xxxxxxyxxyyxy\, Xxxxxxyxxyyyy\, Xxxxxxyxyxxxy\, Xxxxxxyxyxxyy\,

Xxxxxxyxyxyxy\, Xxxxxxyxyxyyy\, Xxxxxxyxyyxxy\, Xxxxxxyxyyxyy\, Xxxxxxyxyyyxy\,

Xxxxxxyxyyyyy\, Xxxxxxyyxxxyy\, Xxxxxxyyxxyxy\, Xxxxxxyyxxyyy\, Xxxxxxyyxyxxy\,

Xxxxxxyyxyxyy\, Xxxxxxyyxyyxy\, Xxxxxxyyxyyyy\, Xxxxxxyyyxxxy\, Xxxxxxyyyxxyy\,

Xxxxxxyyyxyxy\, Xxxxxxyyyxyyy\, Xxxxxxyyyyxxy\, Xxxxxxyyyyxyy\, Xxxxxxyyyyyxy\,

Xxxxxxyyyyyyy\, Xxxxxyxxxyxxy\, Xxxxxyxxxyxyy\, Xxxxxyxxxyyxy\, Xxxxxyxxxyyyy\,

Xxxxxyxxyxxyy\, Xxxxxyxxyxyxy\, Xxxxxyxxyxyyy\, Xxxxxyxxyyxxy\, Xxxxxyxxyyxyy\,

Xxxxxyxxyyyxy\, Xxxxxyxxyyyyy\, Xxxxxyxyxxxyy\, Xxxxxyxyxxyxy\, Xxxxxyxyxxyyy\,

Xxxxxyxyxyxxy\, Xxxxxyxyxyxyy\, Xxxxxyxyxyyxy\, Xxxxxyxyxyyyy\, Xxxxxyxyyxxyy\,

Xxxxxyxyyxyxy\, Xxxxxyxyyxyyy\, Xxxxxyxyyyxxy\, Xxxxxyxyyyxyy\, Xxxxxyxyyyyxy\,

Xxxxxyxyyyyyy\, Xxxxxyyxxxyyy\, Xxxxxyyxxyxxy\, Xxxxxyyxxyxyy\, Xxxxxyyxxyyxy\,

Xxxxxyyxxyyyy\, Xxxxxyyxyxxyy\, Xxxxxyyxyxyxy\, Xxxxxyyxyxyyy\, Xxxxxyyxyyxxy\,

Xxxxxyyxyyxyy\, Xxxxxyyxyyyxy\, Xxxxxyyxyyyyy\, Xxxxxyyyxxyxy\, Xxxxxyyyxxyyy\,

Xxxxxyyyxyxxy\, Xxxxxyyyxyxyy\, Xxxxxyyyxyyxy\, Xxxxxyyyxyyyy\, Xxxxxyyyyxxyy\,

Xxxxxyyyyxyxy\, Xxxxxyyyyxyyy\, Xxxxxyyyyyxxy\, Xxxxxyyyyyxyy\, Xxxxxyyyyyyxy\,

Xxxxxyyyyyyyy\, Xxxxyxxyxxyxy\, Xxxxyxxyxxyyy\, Xxxxyxxyxyxyy\, Xxxxyxxyxyyxy\,

Xxxxyxxyxyyyy\, Xxxxyxxyyxxyy\, Xxxxyxxyyxyxy\, Xxxxyxxyyxyyy\, Xxxxyxxyyyxyy\,

Xxxxyxxyyyyxy\, Xxxxyxxyyyyyy\, Xxxxyxyxxyxyy\, Xxxxyxyxxyyxy\, Xxxxyxyxxyyyy\,

Xxxxyxyxyxxyy\, Xxxxyxyxyxyxy\, Xxxxyxyxyxyyy\, Xxxxyxyxyyxyy\, Xxxxyxyxyyyxy\,

Xxxxyxyxyyyyy\, Xxxxyxyyxxyyy\, Xxxxyxyyxyxyy\, Xxxxyxyyxyyxy\, Xxxxyxyyxyyyy\,

Xxxxyxyyyxxyy\, Xxxxyxyyyxyxy\, Xxxxyxyyyxyyy\, Xxxxyxyyyyxyy\, Xxxxyxyyyyyxy\,

Xxxxyxyyyyyyy\, Xxxxyyxxyyxyy\, Xxxxyyxxyyyxy\, Xxxxyyxxyyyyy\, Xxxxyyxyxxyyy\,

Xxxxyyxyxyxyy\, Xxxxyyxyxyyxy\, Xxxxyyxyxyyyy\, Xxxxyyxyyxyxy\, Xxxxyyxyyxyyy\,

Xxxxyyxyyyxyy\, Xxxxyyxyyyyxy\, Xxxxyyxyyyyyy\, Xxxxyyyxxyyyy\, Xxxxyyyxyxyxy\,

Xxxxyyyxyxyyy\, Xxxxyyyxyyxyy\, Xxxxyyyxyyyxy\, Xxxxyyyxyyyyy\, Xxxxyyyyxyxyy\,

Xxxxyyyyxyyxy\, Xxxxyyyyxyyyy\, Xxxxyyyyyxyxy\, Xxxxyyyyyxyyy\, Xxxxyyyyyyxyy\,

Xxxxyyyyyyyxy\, Xxxxyyyyyyyyy\, Xxxyxyxyxyxyy\, Xxxyxyxyxyyyy\, Xxxyxyxyyxyyy\,

Xxxyxyxyyyxyy\, Xxxyxyxyyyyyy\, Xxxyxyyxyxyyy\, Xxxyxyyxyyxyy\, Xxxyxyyxyyyyy\,

Xxxyxyyyxyyyy\, Xxxyxyyyyxyyy\, Xxxyxyyyyyxyy\, Xxxyxyyyyyyyy\, Xxxyyxyyxyyyy\,

Xxxyyxyyyxyyy\, Xxxyyxyyyyyyy\, Xxxyyyxyyyyyy\, Xxxyyyyxyyyyy\, Xxxyyyyyyyyyy\<<
————

On the MathOverflow question site, Hugh Thomas observed:

� It looks to me (from the data in the linked pdf) like there are two different perhaps not-so-related 

things that are happening: at n odd, BCH gets all possible Lyndon words except one of them when 

n = 6 k + 3 (k > 0), in which case it misses x
4 k+1

yx
2 k

y, and at n = 2 k, the Lyndon words that appear 

in BCH are exactly those obtainable from the Lyndon words of length 2 k - 1 by prepending x, except 

that x
2 k-1

y does not appear. I have no explanations, though.

He is right:
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SymmetricDifference@A_List, B_ListD := 8
Complement@A, BD, Complement@B, AD

<;

Table@
SymmetricDifference@

b@X"x"\, ðD & ê@ BCHWords@2 n − 1D,

BCHWords@2 nD
D,

8n, 2, 10<
D êê ColumnForm

88Xxxxy\<, 8<<
88Xxxxxxy\<, 8<<
88Xxxxxxxxy\<, 8<<
88Xxxxxxxxxxy\<, 8Xxxxxxxyxxy\<<
88Xxxxxxxxxxxxy\<, 8<<
88Xxxxxxxxxxxxxxy\<, 8<<
88Xxxxxxxxxxxxxxxxy\<, 8Xxxxxxxxxxxyxxxxy\<<
88Xxxxxxxxxxxxxxxxxxy\<, 8<<
88Xxxxxxxxxxxxxxxxxxxxy\<, 8<<

The Lyndon words not in BCH

Odd n:

Table@8n, Complement@AllLyndonWords@nD, BCHWords@nDD<, 8n, 1, 21, 2<D
881, 8<<, 83, 8<<, 85, 8<<, 87, 8<<, 89, 8Xxxxxxyxxy\<<, 811, 8<<, 813, 8<<,

815, 8Xxxxxxxxxxyxxxxy\<<, 817, 8<<, 819, 8<<, 821, 8Xxxxxxxxxxxxxxyxxxxxxy\<<<

TopBracketForm@8X"xxxxxyxxy"\, X"xxxxxxxxxyxxxxy"\, X"xxxxxxxxxxxxxyxxxxxxy"\<D

:x x x x x y
q

s

x x y
q

s

, x x x x x x x x x y
q

s

x x x x y
q

s

, x x x x x x x x x x x x x y
q

s

x x x x x x y
q

s

>

Even n:

Dror Bar-Natan: Academic Pensieve: 2012-12: BCH-Lyndon_Question.nb 2012-12-12 09:39:35

http://drorbn.net/AcademicPensieve/2012-12/#MathematicaNotebooks



Table@8n, Complement@AllLyndonWords@nD, BCHWords@nDD<, 8n, 2, 12, 2<D
882, 8<<, 84, 8Xxxxy\, Xxyyy\<<,

86, 8Xxxxxxy\, Xxxyyxy\, Xxyxyyy\, Xxyyyyy\<<, 88, 8Xxxxxxxxy\,

Xxxxyyxxy\, Xxxyxxyxy\, Xxxyxxyyy\, Xxxyxyyxy\, Xxxyyxyxy\, Xxxyyyxyy\,

Xxxyyyyxy\, Xxyxyxyyy\, Xxyxyyxyy\, Xxyxyyyyy\, Xxyyxyyyy\, Xxyyyyyyy\<<,

810, 8Xxxxxxxxxxy\, Xxxxxyyxxxy\, Xxxxyxxxyxy\, Xxxxyxxxyyy\, Xxxxyxxyxxy\,

Xxxxyxyyxxy\, Xxxxyyxxyxy\, Xxxxyyxyxxy\, Xxxxyyyxxyy\, Xxxxyyyyxxy\,

Xxxyxxyxxyy\, Xxxyxxyxyxy\, Xxxyxxyxyyy\, Xxxyxxyyxyy\, Xxxyxxyyyxy\,

Xxxyxxyyyyy\, Xxxyxyxxyyy\, Xxxyxyxyyxy\, Xxxyxyyxxyy\, Xxxyxyyxyxy\,

Xxxyxyyyyxy\, Xxxyyxxyyxy\, Xxxyyxxyyyy\, Xxxyyxyxyxy\, Xxxyyxyxyyy\,

Xxxyyxyyxyy\, Xxxyyxyyyxy\, Xxxyyyxyxyy\, Xxxyyyxyyxy\, Xxxyyyyxyxy\,

Xxxyyyyxyyy\, Xxxyyyyyxyy\, Xxxyyyyyyxy\, Xxyxyxyxyyy\, Xxyxyxyyxyy\,

Xxyxyxyyyyy\, Xxyxyyxyyyy\, Xxyxyyyxyyy\, Xxyxyyyyxyy\, Xxyxyyyyyyy\,

Xxyyxyyxyyy\, Xxyyxyyyyyy\, Xxyyyxyyyyy\, Xxyyyyyyyyy\<<,

812, 8Xxxxxxxxxxxxy\, Xxxxxxyyxxxxy\, Xxxxxyxxxxyxy\, Xxxxxyxxxxyyy\,

Xxxxxyxxyxxxy\, Xxxxxyxyyxxxy\, Xxxxxyyxxxyxy\, Xxxxxyyxyxxxy\, Xxxxxyyyxxxyy\,

Xxxxxyyyyxxxy\, Xxxxyxxxyxxyy\, Xxxxyxxxyxyxy\, Xxxxyxxxyxyyy\, Xxxxyxxxyyxxy\,

Xxxxyxxxyyxyy\, Xxxxyxxxyyyxy\, Xxxxyxxxyyyyy\, Xxxxyxxyxxxyy\, Xxxxyxxyxyxxy\,

Xxxxyxxyyyxxy\, Xxxxyxyxxxyyy\, Xxxxyxyxxyxxy\, Xxxxyxyxyyxxy\, Xxxxyxyyxxxyy\,

Xxxxyxyyxxyxy\, Xxxxyxyyxyxxy\, Xxxxyxyyyyxxy\, Xxxxyyxxxyyxy\, Xxxxyyxxxyyyy\,

Xxxxyyxxyxxyy\, Xxxxyyxxyxyxy\, Xxxxyyxxyxyyy\, Xxxxyyxxyyxxy\, Xxxxyyxyxxyxy\,

Xxxxyyxyxyxxy\, Xxxxyyxyyxxyy\, Xxxxyyxyyyxxy\, Xxxxyyyxxyxxy\, Xxxxyyyxxyxyy\,

Xxxxyyyxxyyxy\, Xxxxyyyxyxxyy\, Xxxxyyyxyyxxy\, Xxxxyyyyxxyxy\, Xxxxyyyyxxyyy\,

Xxxxyyyyxyxxy\, Xxxxyyyyyxxyy\, Xxxxyyyyyyxxy\, Xxxyxxyxxyxyy\, Xxxyxxyxxyyxy\,

Xxxyxxyxxyyyy\, Xxxyxxyxyxxyy\, Xxxyxxyxyxyxy\, Xxxyxxyxyxyyy\, Xxxyxxyxyyxyy\,

Xxxyxxyxyyyxy\, Xxxyxxyxyyyyy\, Xxxyxxyyxxyxy\, Xxxyxxyyxxyyy\, Xxxyxxyyxyxyy\,

Xxxyxxyyxyyxy\, Xxxyxxyyxyyyy\, Xxxyxxyyyxxyy\, Xxxyxxyyyxyxy\, Xxxyxxyyyxyyy\,

Xxxyxxyyyyxyy\, Xxxyxxyyyyyxy\, Xxxyxxyyyyyyy\, Xxxyxyxxyxyxy\, Xxxyxyxxyxyyy\,

Xxxyxyxxyyxyy\, Xxxyxyxxyyyxy\, Xxxyxyxxyyyyy\, Xxxyxyxyxxyyy\, Xxxyxyxyxyyxy\,

Xxxyxyxyyxxyy\, Xxxyxyxyyxyxy\, Xxxyxyxyyyyxy\, Xxxyxyyxxyyxy\, Xxxyxyyxxyyyy\,

Xxxyxyyxyxxyy\, Xxxyxyyxyxyxy\, Xxxyxyyxyyyxy\, Xxxyxyyyxxyyy\, Xxxyxyyyxyxyy\,

Xxxyxyyyxyyxy\, Xxxyxyyyyxxyy\, Xxxyxyyyyxyxy\, Xxxyxyyyyyyxy\, Xxxyyxxyyxyxy\,

Xxxyyxxyyxyyy\, Xxxyyxxyyyxyy\, Xxxyyxxyyyyxy\, Xxxyyxxyyyyyy\, Xxxyyxyxxyyyy\,

Xxxyyxyxyxyxy\, Xxxyyxyxyxyyy\, Xxxyyxyxyyxyy\, Xxxyyxyxyyyxy\, Xxxyyxyxyyyyy\,

Xxxyyxyyxxyyy\, Xxxyyxyyxyxyy\, Xxxyyxyyxyyxy\, Xxxyyxyyyxyxy\, Xxxyyxyyyyxyy\,

Xxxyyxyyyyyxy\, Xxxyyyxxyyyxy\, Xxxyyyxxyyyyy\, Xxxyyyxyxyxyy\, Xxxyyyxyxyyxy\,

Xxxyyyxyxyyyy\, Xxxyyyxyyxyxy\, Xxxyyyxyyxyyy\, Xxxyyyxyyyxyy\, Xxxyyyxyyyyxy\,

Xxxyyyyxyxyxy\, Xxxyyyyxyxyyy\, Xxxyyyyxyyxyy\, Xxxyyyyxyyyxy\, Xxxyyyyyxyxyy\,

Xxxyyyyyxyyxy\, Xxxyyyyyxyyyy\, Xxxyyyyyyxyxy\, Xxxyyyyyyxyyy\, Xxxyyyyyyyxyy\,

Xxxyyyyyyyyxy\, Xxyxyxyxyxyyy\, Xxyxyxyxyyxyy\, Xxyxyxyxyyyyy\, Xxyxyxyyxyxyy\,

Xxyxyxyyxyyyy\, Xxyxyxyyyxyyy\, Xxyxyxyyyyxyy\, Xxyxyxyyyyyyy\, Xxyxyyxyxyyyy\,

Xxyxyyxyyxyyy\, Xxyxyyxyyyxyy\, Xxyxyyxyyyyyy\, Xxyxyyyxyyxyy\,

Xxyxyyyxyyyyy\, Xxyxyyyyxyyyy\, Xxyxyyyyyxyyy\, Xxyxyyyyyyxyy\,

Xxyxyyyyyyyyy\, Xxyyxyyxyyyyy\, Xxyyxyyyxyyyy\, Xxyyxyyyyxyyy\,

Xxyyxyyyyyyyy\, Xxyyyxyyyyyyy\, Xxyyyyxyyyyyy\, Xxyyyyyyyyyyy\<<<

Dror Bar-Natan: Academic Pensieve: 2012-12: BCH-Lyndon_Question.nb 2012-12-12 09:39:35

http://drorbn.net/AcademicPensieve/2012-12/#MathematicaNotebooks



Table@8n, Complement@AllLyndonWords@nD, BCHWords@nDD<, 8n, 2, 10, 2<D êê
TopBracketForm

:82, 8<<, :4, :x x x y
q

s

, x y
q

y
s

y>>, :6, :x x x x x y
q

s

, x x y
q

y
s

x y
q

, x y
q

x y
q

y
s

y, x y
q

y
s

y y y>>,

:8, :x x x x x x x y
q

s

, x x x y
q

y
s

x x y
q

s

, x x y
q

s

x x y
q

s

x y
q

, x x y
q

s

x x y
q

y
s

y,

x x y
q

x y
q

y
s

x y
q

, x x y
q

y
s

x y
q

x y
q

, x x y
q

y
s

y x y
q

y
s

, x x y
q

y
s

y y x y
q

, x y
q

x y
q

x y
q

y
s

y,

x y
q

x y
q

y
s

x y
q

y
s

, x y
q

x y
q

y
s

y y y, x y
q

y
s

x y
q

y
s

y y, x y
q

y
s

y y y y y>>,

:10, :x x x x x x x x x y
q

s

, x x x x y
q

y
s

x x x y
q

s

, x x x y
q

s

x x x y
q

s

x y
q

, x x x y
q

s

x x x y
q

y
s

y,

x x x y
q

s

x x y
q

s

x x y
q

s

, x x x y
q

x y
q

y
s

x x y
q

s

, x x x y
q

y
s

x x y
q

s

x y
q

, x x x y
q

y
s

x y
q

x x y
q

s

,

x x x y
q

y
s

y x x y
q

y
s

, x x x y
q

y
s

y y x x y
q

s

, x x y
q

s

x x y
q

s

x x y
q

y
s

, x x y
q

s

x x y
q

s

x y
q

x y
q

,

x x y
q

s

x x y
q

x y
q

y
s

y, x x y
q

s

x x y
q

y
s

x y
q

y
s

, x x y
q

s

x x y
q

y
s

y x y
q

, x x y
q

s

x x y
q

y
s

y y y,

x x y
q

s

x y
q

x x y
q

y
s

y, x x y
q

x y
q

x y
q

y
s

x y
q

, x x y
q

x y
q

y
s

x x y
q

y
s

, x x y
q

x y
q

y
s

x y
q

x y
q

,

x x y
q

x y
q

y
s

y y x y
q

, x x y
q

y
s

x x y
q

y
s

x y
q

, x x y
q

y
s

x x y
q

y
s

y y, x x y
q

y
s

x y
q

x y
q

x y
q

,

x x y
q

y
s

x y
q

x y
q

y
s

y, x x y
q

y
s

x y
q

y
s

x y
q

y
s

, x x y
q

y
s

x y
q

y
s

y x y
q

, x x y
q

y
s

y x y
q

x y
q

y
s

,

x x y
q

y
s

y x y
q

y
s

x y
q

, x x y
q

y
s

y y x y
q

x y
q

, x x y
q

y
s

y y x y
q

y
s

y, x x y
q

y
s

y y y x y
q

y
s

,

x x y
q

y
s

y y y y x y
q

, x y
q

x y
q

x y
q

x y
q

y
s

y, x y
q

x y
q

x y
q

y
s

x y
q

y
s

, x y
q

x y
q

x y
q

y
s

y y y,

x y
q

x y
q

y
s

x y
q

y
s

y y, x y
q

x y
q

y
s

y x y
q

y
s

y, x y
q

x y
q

y
s

y y x y
q

y
s

, x y
q

x y
q

y
s

y y y y y,

x y
q

y
s

x y
q

y
s

x y
q

y
s

y, x y
q

y
s

x y
q

y
s

y y y y, x y
q

y
s

y x y
q

y
s

y y y, x y
q

y
s

y y y y y y y>>>

Dror Bar-Natan: Academic Pensieve: 2012-12: BCH-Lyndon_Question.nb 2012-12-12 09:39:35

http://drorbn.net/AcademicPensieve/2012-12/#MathematicaNotebooks


