Braids on a torus, a cubic group?
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From Philippe Humbert's thesis, pages 30-31:

2.1 The Lie algebra t,,,

We define the graded Lie algebra t; ,,. which has been introduced by Bezrukavnikov
[L1] as the Lie algebra associated with the lower central series of the pure braid group
of the torus.

Definition 2.1.1. Let t1, be the graded Lie algebra presented by the degree one
generators v; (for any v € Hy and i € {1,..., n}). the degree two generators ¢;; (for

|
any ¢ # 7 € {1,...,n}). the linearity relation (v 4+ Aw); = v; + Aw; and the following
relations L _| for any v,w € Hy and any distinct 2, 5,k € {1, ..., n}.

v w;i| = (v, witi;. (2.1.1)
[vi, w;] = (v, w)ty;
[?.?f:?fjk] =1, [.3].._"']
[zi,y:] = qu (2.1.3)
J#i

Lemma 2.1.1. The relations of Definition |2.0. 1) smply that Z?:]'f"j s central in
t1 . and

f@j = fji. [11'!: + 'I‘j_._fij] =0,

as well as the mfinitesimal pure brawds relations
[tij t] =0 and [t tie + tr;] = 0.

In particular. there is a Lie algebra morphism t, — t1, sending £;; € t, to
ti; € t1n. This morphism wnltiplies the degree by two,

Proof. Relations LI and [' imply [J:qu;-::lyj] = 0. and from (J. W
al=o have [yf:Z;-Izl y;] = 0. Since the xi's and the y's generate 1. it follows that
Z;-Izlyj i= central,  Sunilarlv, we show that Z?:l x; is central. Hence, Z“ 1t
is central for any v, The relation t3; = tj; follows from t; = [z, = —[y;, ]
—(y, x)t;; =t;;. Using [J we have [v;4v;, 6] = Do vs. ti] = Oand [t;, ] =
i rkol] = 0. Last, we have [ty ik + tig] = [t o] + [y, 0e]] = [t [
rj, yl] = —[wi + zj, [.i.a’k:fu]] - [yke [tij, wi + x;]] = 0.

D-I—

From Enriquez' June 2010 talk in Montpellier, http://drorbn.net/dbnvp/Enriquez-1006.php:
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