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Balloons and Hoops and their Universal Finite—Type Invariant,
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BF Theory, and an Ultimate Alexander Invariant Dror Bar-Natan in Hamburg, August 2012 MAECRS
http:/fwew.math. toronto . sdu/"drorbn/ Talks (Hazburg- 1208/ E

Scheme. o Balloons and hoops in B, operations and relations 'he Meta-Group-Action M. Let T' be a set of “tail la
with 3D. bels™ (“balloon colours™). H a set of “head labels” (“hooj
e An ansatz for an invariant: computable, related to finiteqcolours™), and let {f,}.ep be a set of formal symbols. Let
type and to BF. FL = FL(T) and FA = FA(T) be the (completed graded)
o Reduction to an “ultimate Alexander invariant”. free Lie and free associative algebras on generators T and
o (m. ). let CW = CW(T) be the (completed grafled) vector space of

balloons velic words on T, so there'ddr : FA/— CW, and both FA

g
and C'W are FL—um(]M

M(T, H) = {p = (&, X = (X)),

twe CW, A, € FL}
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Fxamples, RN TRE TRE T Operations.  Set (wy, Ay ){wae, A2) = (w + wa. (A1, A2)) and

CeTo//dml1, 2,1] //dm[b, 4, b] // . I .
. . dnta, 1, a1 /7 dna. 3, a1 with g = (w. A) define
Car —L= L
tmn s g (v e w),

hanl¥ : g (w ( A X,; ..... beh(A,, Ay};))
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T
o u-Knots inject into Kb (likely u-tangles too). A CC? example
: ; | e .
e In fact, n-component v/w-tangles map onto
K" (12, m): the kernel contains Reidemeister moves
1 the “overcross ? relati and — 4. + |—:“ B
b the “overcrossings commute” relation, anc

ufic ( A= the “J-spice”

onjecturally, that's all. Teichner by Bergman

Connected e e makes

Sums. J — OO sense!

Meta-Group-Action. K- K by —}\%/ \{Y

[f X is a space, m(X) /w0 N /0 N w7 '

is a group, mo(X) is an
Abelian group, and
1cts on .

The Meta-Cocycle .J. Set )"" =.J(1) where
J(0) =0, /\_., =\ OoCs,
d.J(s)

ds

and where div, A := tr(uo,(A)), ou(v) = Guw, aul([A1, A2]) 5
(A)au(A2) — t(A2)o, (M) and ¢ is the inclusion FL < FA:

a4

= (J(s) f der(u — [As u])) + divy Ae,

“f s newspeak
for  “apply  an
yperator” and for
“composition  lelt
o right™)

‘roperties.

o Associativities: my? J m?* = mi [ miY, for m = tm, himn.
o Action axiom t: tml" J hta™ = hta™ [ hta™ [ tm}',  |Claim. CORhhd) cod o ::2{}('(“ and
o Action axiom h: hmi” hta™" = hta™ [ hia'™ hmﬁ .
/ ) bt | Ju(beh (A, A2)) = Ju(Ar) J COMICEE 4 g (ng M),

o SD Product: dm? := hta" J tm® [/ hm is associative.

tangles= m x T2 and hence tm, him, and hta form a meta-group-action.
gles= 7 9. :

; i Why ODES7 Q- Find /5t 1 9) = J)Jw)
| V AL LD = dris ) = Lf(s)f(e) = f(s)C.

ab - .
4<( 44( dmg Now solve this ODE using leld s rhvmvm or
) D YOWET Series Alekseey Torossla
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Balloons and Hoops and their Universal Finite—Type Invariant, 2
[he Tnvariant ¢. Set ¢(p*) = (0,%u,). This at least defines

w invariant of u/v/w-tangles, and if the topologists will de- R ¢ / 'Lckot? / /U .

liver a “Reidemeister” theorem, it is well defined on K.

u )
* 7 Caleulus. Let 3(H,T) be

w | T Y
U | Cur  Otuy w and tht.z a,,_,..s are }‘Eitl()—
nal functions in variables

3 Md EF ﬂ\c’p ‘/j . M g * Dy gy ty, one for each u e T. .
‘.’fx\ . »A«'1|H1Uw2|H2
. e
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wiws | Hy
= T 471 0
Tz 0 (28]

wmomorphic expansion) of w-tangles.
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u;|.r u}€| x
o™ w o G u fall+{y)/e) O(14+{v)/e) |
] v/e d— /e
where € := 14 a, (a) := 3 a,, and {y) = Zw,u e annd et
N 1 o _ i
RH." = 1 f’-” . Ru.l' =

bl nom sy ey,
[ﬁwﬂoo ~ & FTon

Fhe 3 quotient. Let R = Q[{ey}uer] and Ly ﬁl}é{th
entral R and with [u,v] = e — cyu for w,v € T. Then
'L — Lgand C'W — R. Under this,

u—(w X)) withwe R A= z A UL,
zell, ucl

o dincTiong
efutis — ] Cu Co
if A = 5" Ao then with ey := 5 Aey, \/ /émoﬁ Z A_(/_& 6-[/2
NPT o ¢ /
wfCCN = (l + f.‘u/\u%) (f:""n —Cy - ! E/\tﬂ . ) (/(. '2 E'—’k 2
; o C

liv, A = e, Ay, and the ODE for J integrates to

AN Mors oV
u 'fl Cu . l X Oy — 1
beh(u, v) — Gty ({ u+ e e') .

e —1
JuA)=log [ 1+ ——e A, ],
Cx

o ¢ is formula-computable to all orders! Can we simplify?

~ "God created the knots, all else in "
topology is the work of mortals.” N
Leopold Kronecker imodified) www.katlas.org T he Kot “Aalas
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