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BF Theory, and an Ultimate Alexander Invariant

Balloons and Hoops and their Universal Finite—Type Invariant,

Dror Bar—Natan in Hamburg, August 2012

http://uww math_teronto.edu/ drorbn/Talks /Hanburg-1208/ E

A bstract.
limensional loops. Knotted Balloons and Hoops (KBH) in 1-sj

Balloons are two-dimensional spheres. Hoops are pne

topological space - hoops can be composed like in 7. balloons ke
in 2. and hoops “act”™ on balloons as m; acts on 7. We wiill
hserve that ordinary knots and tangles in 3-space map into KIH|
n 4-space and become amalgams of both balloons and hoops.
ﬁ'iu an ansatz for a tree and wheel (that is, free-Lie and cyelje
vord) -valued invariant Z of KBHs in terms of the said compd
sitions and action and we explain its relationship with fini@ thfec
invariants.
BF topological quantum field theory in 4D, though we arf not sjire
vhat that means. We show that a certain “reduction a ’

wging” of Z is an “nltimate Alexander invariant”™
Alexander polynomial (multivariable, if vou wish), im'
brood composition properties, is evaluated in a topologje

inghiul way, and is least-wasteful in a computational gense. I yin

believe in categorification, here’s a wonderful playground.

acdlf X is a space, m(X) m /_\

behave much like the first and second fundamental groups Af ais o group, 2(X) is an

We speculate that Z is a complete evaluatign of thep,.
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Abelian group, and my
acts on ma.
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o Associativities: m;” J m?* =m}" [ miY. for m = tm, hm.
o Action axiom #: tm)” ,;’hm'" = hta™ [/ hta™ [/ tm!’,

ICPh (1, 1).

N
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Action axiom h: hmz? [ hta*™ = hta™ J hta'™ J hmz".
® SD Product: dm?” := hta® [ tm2 [ hm?® is associative.
Mtangles= m; X ma.
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l'h< Meta-Group-Action M. Let T be a set of “tail la
bels” (“balloon colours™), H a set of “head labels™ (“hooy

olours”), and let { h_,.}_,.(: i be a set of formal symbols. Let]
FL = FL(T) and FA = FA(T) be the {completed graded)
free Lie and free associative algebras on generators T anc
let CW = CW(T) be the (completed graded) veetor space o
velie words on 1, so there's tr @ FA — CW. and both FA
d C'W are FL-modules. Let

M(TH) = {p=(w. A= (A)sen) : we CW. \, € FL}

1
(e.g..
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With g = (w. \) define

tmlt = ff (wav — w),

“stable apply”

hm® A b)) )
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Ty elei the “J-spice”
A CC? example. .\ e



e u-Knots inject into K" (likely u-tangles too).
e In fact, n-component v/w-tangles map intc
K" (n.n) and we have a conjectuydl understand-

 ing of K" in these terms. C
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Balloons and Hoops and their Universal Finite—Type Invariant, 2

T'he Meta-Cocycle J. Set J,(A) := J(1) where
J0)y=0, A =rjCC,

dJ(s)
ds

and where divy A i= tr{ue, (), ou(v) == Gy, oul[A1, A2])
(A1) 0'” (A2) — e[ Aa)a,(Ay) and ¢ is the inclusion FL — F l

V=5

= (J(s) J der(u — [A;. u])) + divy Ag,

I/LQ, ' vV~ /rﬁf);)' 3

need an aside o1 CW p: netrize
Lie algel
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[The 3 quotient. Let R = Q[{ey buer] and Lg:=R&T with
entral B and with [u,v] = e¢,v — cyu for u,v € T. Then
'L — Lg and C'-’H"A- R. Under this,

p— (w,A) withweR, A= Z Ay 1,
reH,ucT

Cy + Oy e —1 et —1
beh(u, v) — ( u+ e — :') .

L | o Cp

if A =37 A\ then with ¢y == 3" Ay,

Cx -1 A —
wfCod = (1 i r‘m\“( 1) (‘“” - ‘" : . Z/\ IQ
5)

vFEU

liv, A = e, Ay, and the ODE for J integrates to

Ju(A) =log (l } — lr‘.u\u) .
Cy

ko ¢ is formula-computable to all orders! Can we simplify?
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3 Caleulus. Let 8(1,T) be
wlx oy : ,
U | Qur Qg w and the a,,.'s are ratio-

nal functions in variables

Qup Oy . o
t,. one for each u € 1T'.
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uw S /) “u b ~ —1
Tu(beh(Ar, A2)) = Ju(A1) | COPIO 4 1y (ha ) CCY) ! | | o
Wlar oy w! s
hd hence tm, hm, and hta form a meta-group-action. hm?Y —
‘afj y ‘a},@i{a}ﬁ ¥
WL _/)O 7L Q/DC . e wlz - we | T
NoT¢ AO=U ' 2 hta™ - wla 3w lall+{(y)/e) B+ (v)/e) |
, Sy 6 /e §— /e
where € 1= 14 a, = Z ay, and g'}; =2 2y Yo, and
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~ "God created the knots, all else in
~ topology is the work of mortals.” A 5,.,__

-

Leopold Kronecker (modified)y
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