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BF Theory, and an Ultimate Alexander Invariant

Balloons and Hoops and their Universal Finite—Type Invariant,

Dror Bar—Natan in Hamburg, August 2012

wefd :=http://uwv.nath. toronto. edu/- drorba/Talke/Hanburg- 1208 Ek

Scheme. o Balloons and hoops in R, algebraic structure andMeta-associativity. (_1
5 A ab ac —
relations with 3D. dmi // g , ‘ ‘ ‘ ‘ J
. i = dm,” YA dm” 2 a b b e
e An ansatz for a “homomorphic” invariant: compntable ]
related to finite-type and to BF. l(mﬂh concatenations — mj X .
® Reduction to an “ultimate Alexander invariant”. a b ma o
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~bh - . aila .
IO (m, m). 0 ]mlloona / tails (Z( (412 dmeb ¢
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Thus we seek homomorphic invariants of K
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boed/decorationideas

Invariant #0. With II; denoting “hon- ‘ ‘

st 7, map y € K (m,n) to the triple
ty R (5]

[<xamples. J a I mean business
. - Ty« Rm(3, ] Rp(b, 2] Rp(3, 4):
€t = Cato//dn(2, 1, 1) 2/ (4, B, B) /)
x\ ‘“’:\ll. A, al //dn(d, A, al;
S /(w2 (Deglw] e 3} 1w,
€l U HA v Degivd | )

-
p,.‘b\
wr* g 5

(IL, (uy .. ), () = ((@)/ (0 = zaa™t), (@, .. .), (2, ...)
<. 2 Failure #0. Can we write the 2's as free words in the u's?
Puz’ 4 ; % Mf & = wv, compute x J hta™™:
115 (aasab) - 1504 {aaadb « 118 (aadab - 4 _ . o
404 {aabib) + 138¢ (ababb) - 118 (abbbb) ] T=Uv = Uy = ll'l"l-' p— 'll.'“‘l‘ — ”U ”‘l‘ o "u Vo

# acts like *, fin acts by “merging” two
neridians /generators, hm acts by multi-
plying two longtitudes, and hta™ acts by
“conjugating a meridian by a longtitude”:

(1T} (v¢), (u;). (), where the meridian of

the balls «; normally generate I, and the
longtitudes™ x; are some elements of I1;.

Not computable!

(but nearly)
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I'he Meta-Group-Action M. Let T be a set of “tail labels”
(“balloon colours™), and H a set of “head labels™ (*hooj
olours™). Let FL = FL(T) and FA = FA(T) be the (com
pleted graded) free Lie and free associative algebras on gen-

o & injects u-Knots into K (likely u-tangles too).
o & maps v/w-tangles map to K" the kernel con-
tains Reidemeister moves and the “overcrossings
;ommute” relation, and conjecturally, that’s all.
Allowing punctures dll(l cuts, § is onto. fCickinor by Becgmun

rators 1" and let CW = CW(T) be the (completed graded)
vector space of eyclic weggs on T', so there’s tr: FA — CW.
Let M(T,H):={(A= /\J.)Ieui(iw) : Ay € FL, w € CW}

Jperations
Punctures & Cuts

' Connected
Sums
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Jperations. Set (Apiwi) * (Molws) := (/_\N;\g,wl + ws) and

1% K ff tmly

K Jf hintv: K [ hta™:

Meta-Group- »\(lum

If X is a spm e, nl(‘X)
is a group, m2(X) is an
Abelian group, and 7r1
wcts on mo.

“MGA”

(“/" is newspeak ‘ ‘
for  “apply an v V
operator” and for
“composition left
o right™) "

Properties.
o Associativities: m@ J mac = m"‘ Jme®, for m = tm, hm.
o Action axiom t: tm'“' / hm“‘ = hfa“‘ J hta®® Jf ton’

o Action axiom h: luné" ) hta* = hta™ [ hta¥" Jf hmz".

o SD Product: dm := hta J/ tm@ f him@ is associative.

with i = (A w) define

uv

W ol (o e w),

J (( Mol 2he to
it ..J[r/\l,.ykl,,,....'1)(11()\,,-,)\,,){ Tw
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¥ vty
hta™ < s i i (u = 3=(@)) J (@ w) + (01T, (M)
& AT 2

m //("'(';‘\x the
A cC)

R
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tm

“stable apply”

“.J-spice”

example.
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Balloons and Hoops and their Universal Finite—Type Invariant, 2

[The Meta-Coeyele J. Set J,(A) := J(1) where
JO0)=0, A =AJCC,
d.J(s)
ds
and where div, A = tl(?m,,(/\)} ou(v) = 0. oA, A2])
(A)ou(A2) — e(A2)a, (A1) and ¢ is the inclusion FL — F’l

feraa

Naim. FCI}F]J(A1 JAz) (—v(w,\l // (-u(w/\'z;f( (

Ju(b("ll{Al: )\2}) = Ju{)‘l) // C‘("}::i'zﬂ( o + }Tu /\2 // ('(”\1 «
and hence tm, him, and hta form a meta-group-action.

J(s) Jf der(u — [Ag,u])) + div, Ay,

and

2.

The 7 quotient, Let R = Q[{cu}uer] and Ly := R ® T
with central R and with [u, v] = c,v — cpu for u, v € T. Then

FL — Lgand CW — R. Under this,

po (M) withd= 3 Agur, ApweR
e, uel
ot Co e — 1 et —1
behw, v) — (-_‘fi|+:(—]_ (( o u—!—f'r'”( o 'u) .

if A =5 Ao then with ) := 3" Ay,

-1
J' (&Y
eu — r“

liv, A = e, A, and the ODE for .J integrates to

Py

Z)\!

uf C ( ( +(u)\u
ET
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Ju(A) = log (1 +

Why ODEs? Q. Find fs.t. flady) = flx)f(y).
AL L = (s +e) = FF(s)fe) = f(s)C.

INow solve this ODE using Picard’s theorem or
YOWer series.

Torossian

Alekseey

so ¢ is formula-computable to all ()1(101%" Can we simplify? |7

Repackaging., Given (A, )W), set ¢, = CoApe. TOplace
T ’ o n L UL 2
in .
v = Oy 1= r‘”/\w.% and w — logw, use t, = ™
write o, as a matrix. Get

. anc

i calculus”™.

The Invariant . Set {(p*) =
an invariant of n/v/w-tangles, and if the topologists will de-
liver a “Reidemeister” theoyem, it is W(‘" defined on K""z

b I—»:(& "'u) I—:-%—L"fn

['heorem. ¢ is (the log of ) a universal finite type invariant (a
homomorphic expansion) of w-tangles.

(#+1,%0). This at least defines;

Caleulus. Let g(H,T) be

lensorial Interpretation. Let g be a finite dimensional Li
algebra (any!). Then there's 7 @ FL(T) — FPun($©rg — g)
and 7 CW(T) — Fan(@yg). Together, 7 @ M(T,H) —
IFun(®pg — @ yg), and hence

e” s M(T, Hy — Fun(@pg — U ().

T

I and BF Th( oryv. Let A denote a g-connection

m ST with curvature Fy, and B a g*-valued 2-

form on S*. For a hoop 4., let hol,_(A) € U(g)

be the holonomy of A along ~,.. For a ball ~,,. let f\
0., (B) € g* be the integral of B (transported via { {

A to oo) on . e

Loose Conjecture. For v € K(T, H),

/ DADBe) P T ) R hol,,, (A) = €7 (¢(7)).

That is, ¢ is a (:(JIIII)](‘.E:\I (.‘valll'clt.iul; of the BF TQFT.
lssues, How exactly is B transported via A to oo? How does
the ribbon condition arise? Or if it doesn’t, could it be that
i can be generalized??

o

w| U w and the a,,'s are
U Qg Oy rational functions in
U Qg Gy variables t,. one for
cach w e T, Seb B
tw Wi | H, wo | Hs
. u o Tl | (&3] T‘; | (&3]
?‘.'IH.::f vl g = wla+ g wiws | Hy Hy
) 5 = T:l (451 0
v 1’2 0 (2]
wle y - w | 2
TtV s _ ; -
‘a- 8 |c1+;‘3+(a)3 v
w | @ we | & I
hta W[ B o u [allT G/ AUF I
v o0 v/e 0 — /e
where € :== 14 a, {a) == >, a,, and (v} := Zi.#” . and let|
R = 1 T _ 1 T
wir T 1 f,, 1 wr T f; 1

On long knots, w is the Alexander polynomial!
Why bother? (1) An ultimate Alexander invariant: Mand
ifestly polynomial (time and size) extension of the (multi-
variable) Alexander polynomial to tangles. Every step of
the computation is the computation of the invariant of somc

I'he 3 quotient, 1.
ILic algebra.

@ Arises when reducing by relations satisfied by the weight,
kystem of the Alexander polynomial.

e Arises when g is the 2D non-Abelian

-

74 "God creaied the knots, all else in
= lopology is the work of mortals."
Leopold Eronecker (modified)

topological thing (no fishy Gaussian elimination!). If there
should be an Alexander invariant fo have an algebraic cate
gorifecation, it is this one! See also wefregina, weFfgwu)
Why bother? (2) Related to A-T, K-V, and E-K. should
have vast generalization beyond w-knots and the Alexander

polynomial. See also wefffwko, weffeaen, wefswiss
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