Hamburg bh Handout as of August 22

August-22-12

7:10PM
Balloons and Hoops and their Universal Finite—Type Invarian b Bl El
BF Theory, and an Ultimate Alexander Invariant ~ ror B N"‘(‘a“ti“ Hamburg, August 2012
m n— foronto. edu, orl alks/Hambarg-
Scheme. e Balloons and hoops in R, operations and relations langle &n-n-}-u-;m — w1 X .
/i ‘, jith 3D. a b m@ T
oW e An ansatz for an invariant: computable, related to finite- w ‘l°<,

A

b ab <
type and to BF. _(( dm;! C
o Reduction to an “ultimate Alexander invariant™. /‘ ) ) c

A

lmll()()nﬁ/! xll’} Thus we seek homomorphic invariants of X!

Invariant #0.  With II; denoting “hon-

IV (m, ).

m
st m”, map v € K (m.n) to the triple [ )
ribbon B I (v"). (ui). (5)). where the meridian of v
C - NS
cmbeddings 7 4 the balls w; normally generate I}, and the ) 2
’ “longtitudes™ x; are some elements of 11;.
n + acts like =, tm acts by “merging” two 0 o
; y - . : /\‘i meridians /generators, hm acts by multi-
oo Ceronanomdees hmp?/ k\ Q iplyving two longtitudes, and hta®™ acts by Not computable!
Fxamples. L I meah bitsinessP™ : o . + (but nearly)
. . / = amm(s, a) mps, 2 mpe, 4 “conjugating a meridian by a longtitude™ | Aty
€t L @ \ St /dmll, 2,11/ dulb, 4, B /7 n
dufn, 1, 8] //cmin, 3, a]: ; . = Gy e i a3 o
€y G /b/\x/fmm,_(,_m,(,m[,]‘,,,,‘._u,,w[,],,](H.(H-_.-”},{‘E-,---)} = (H*(“')fr("- = rur )_-(”-_-v”)f(-f's-v-})

Cfoms <3 [ans] -3 [akt]. Can we write the x's as free words in the u's?
If & = wv, compute & J hta™:

r=uv — v =u"v=u"v =u""v = ‘%‘.‘}; =
[The Meta-Group-Action M. Let T be A set of “tail lad

ad labels” (“ho

. o~

lsaan) 368 (sns 215 sna ] bels™ (“balloon colours™), IT a set of {1
T T A Tolowrs™ ), A AN WA S A DA 5 Let]
v/ w-Tangles. >< . ;g/}’%( = ’§\<< FL = FL(T) and FA = FA(T) be the (completed graded
. free Lie and free associative algebras on generators T and,
oc: o N - J yetnot jg t flet CW= CWI(T) be the (completed graded) vector space of
/\ M W /« uC: =

velie words on T, so there’s tr: FA — CW. Let
M(T, H) == {(A= (A)sem @) : As € FL,w € CW}

o 1-Knots inject into K (likely u-tangles too).
e In fact, allowing punctures and cuts, v/w-
tangles map onto K" (m.n): the kernel contains

. . . . u vw U woow
Reidemelster moves and the TOVETCTOSSINgs COIn- — Y I . [ H
mute” relation, and conjecturally, that's all. ruichner by Bfreman ! T
D ' Ty y vow
&.‘unnz.‘(ttvtl [% %) * Nk f 4%%5
SIS, = ANse! srations. Set (X1.w Yoo o) = (M. X o) s
i — OO0 el Y (‘m—'[—< Dperations. Set (A1, wi) * (A2.wa) = (Al A2, w1 + wa) anc

[\eta-Group A(ttimwgi A K [ tmir: with g = (A, w) define
If X is a space, 7 (X) 6 ‘ a . e ) (usv — w),
is a group, m2(X) is an - - ) R
Abeclian group, and m v W hmZ? s p— (( s Az Ay e})(fll()\n-‘)\.u):) .-U-’)
wets on . “stable apply”
OO O O 5 o
hta™ @ g Jf (w— = (@) J (@ ) + (0, T, (A\)
S ——r’

K Jf hmiv: K J hta**:

“f7 is newspeak
for  “apply  an
perator” and for
“composition  left
Lo right™)

Y (elen the “J-spice”
Properties.

JIA CC? example.
u 1l
W, \(4_ " —
; N oo .
e
C

o Associativities: m J/ m.*}( = m[}(( 7 frﬂ@' , for m = tm, hin.
o Action axiom t: tm! [ hta™ = hta™™ [ hta™ [/ tml',
o Action axiom h: hmz"  hta™ = hta™ [/ hta¥™ [ hin".
e SD Product: dmf® := hta" [ tm® [ hm is associative. °
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Balloons and Hoops and their Universal Finite—Type Invariant, 2
The Meta-Cocycle J. Set J,(A) := J(1) where The 7 quotient, 2. Let B = Q[{eyfuer] and Lg := R & T|
J0)=0 A=A/ s with central R and with [u, v] = e,v — cpu for u,v € T. Then
() ' ’ " FL — Lz and CW — R. Under this,
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Vhy ODEs? Q. Find fs.t. f(e+y) = f(2) f(y).
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L OWET SeTies Alehtees ToreeeiadWIIEC iy a8 a matrix, Get “/J calenlus”.
The Invariant ¢. Set {(p~) = (£u,,0). This at least defines Calenlns. Let B(I,T) be
n iIl\i}I‘ljiel.Il‘t of 11:2'\-',2r &z-taugl(‘s, m.ul‘if the top\nl()gists w!i’}tl de- w | T y w and the ay,’s are
liver a “Reidemeister” theorem, it is well defined on K. U | e Oy . : .
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¢ b (+ |u. 0 b B 0 U Qe @y yariables f,, one for .
il . cach uwe T. I preparation,
ll‘ll{'{n't‘m. (l;'is (the log of) afunivers.lal.ﬁnite type invariant (a o W | i, e | 1,
wmomorphic expansion) of w-tangles. - T | - T | o
[Tensorial Tnterpretation. Let g be a finite dimensional Lig tm | g w|a+ G wiws | I IL
gehra (epl}-'[}. Then there's 7 : FL(T) — Fun(g&rg — g) ) h f 5 =T |ay D
wmd 7 1 CW(T) — Fun(@rg). Together, 7 @ M(T. 1) —| N ol 0 a
Fun(@rg — ©xa). and henee - o | : ¥ w | .
" M(T, ) — Fan(®rg — U (g)). , =
. _ ( ) ( T8 (Q)J a 3 ‘T (’t+6+( }.} &
. and BF Theory. Let A denote a g-connection
m St with curvature Fi, and B a g*valued 2- w | oo we | T
form on S1. For a hoop 7., let hol,_(A) € U(g) hte®t . w|a 3w fa(l+{y)fe) B(14(y)/e)
be the holonomy of A along «,.. For a ball ~,, let 7 N o 8 e 5 /e
0., (B) € g" be the integral of B (transported via f(._ WLaicd v ! '
A to oo) on 7,. o where € := 1+« {a) == > a,, and (v} := Z_g,?;u_ Yoy annd let
Loose Conjecture. For v € K(T, IT), R}, = 1 r R = L
21 " 'f-n — 1 Tt
) [BAFATT Oh (B)) P .
f DADBe e ®lm =€) oy long knots, w is the Alexander polynomial!
That is, ¢ is a ((}1111)](‘1‘(‘ ('\,nllmtlon of the BF TQFT. Vhy bother? (1} An ultimate Alexander invariant: Mand
[ssues. How exactly is B transported via A to oo? How doesifestly polynomial (time and size) extension of the (multid
the ribbon condition arise? Or if it doesn’t, could it be thatpvariable) Alexander polynomial to tangles. Every step of
i can be generalized?? the computation is the computation of the invariant of somc
The J quotient, 1. e Arises when g is the 2D nr.)n—A])olimlmpO]og“‘a] thing (no ﬁbl_l} G't_mbbmn elimination!). ‘_rf there
Lic alochra should be an Alezander invariant to have an algebraic cated
o Arises when reducing by relations satisfied by the weight'(_’:O”f('a'm'(m"I tt_"'""__th"""’ one: o
Lyvstemn of the Alexander polynomial. b["(' also wfﬁf; reguia and wefd/gwu. i
'Why bother? (2) Related to A-T, K-V, and E-K, should
 "God ereated the knots. all else in ¢ have vast generalization bevond w-knots and the Alexander
mpoloqy is the work of mortals." = polynomial.
Leopold Kronccker {modificd) www katlas.org 11 e niu[3cC also wed/wko, wef/cacn, and we3 /swiss.
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