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BF Theory, and an Ultimate Alexander Invariant

Balloons and Hoops and their Universal Finite—Type Invariant,

Dror Bar Natan in Hamburg, August 2012 &

wef tembttp://uwe.nath.toronto. eda/ drorbo/Talks/Baaburg- 1208

Rcheme. o Balloons and hoops in B, operations and relations
with 3D.

® An ansatz for an invariant: computable, related to finite-
type and to BF.

e Reduction to an “ultimate Alexander invariant™.

Tangle compositions — w1y X 7.
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Invariant #0.

the balls «; normally generate I1;. and the
“longtitudes™ ir; are some elements of I1) .
# acts like =, tm acts by
meridians/generators, hm acts by multi-
plving two longtitudes. and hia
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Examples. I mean business!
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With IT; denoting “hon-
st 7", map 4 € K" (m.n) to the triple
I (7). (u;). (x;)), where the meridian of

two

Ill\ /M_g

Not computable!
(but nearly)

Y, (@...), (...

ords in the u's?

“merging”
74 acts by
“conjugating a meridian by a longtitude™:

(T (we..) () — (T (@) /(0 = i

“an we write the x's as free

)

[The

Meta-Group-Action M. Let T be a set of “tail la
bels” (“balloon colours™), H a set of “head labels™ (“hooy

7 /w-Tangles.

oC:

:olours™ ), and let {f, },.c5 be a set of formal symbols. Let
FL = FL(T) and FA = FA(T) be the (completed graded
free Lie and free associative algebras on generators T and
let CW = CW(T) be the (completed graded) vector space off
svelie words on T, so there’s tr : FA — CW, and both FA

o u-Knots inject into KU (likely u-tangles too).

wmd CW are FL-modules. Let

If X is a space, m(X)
lis a group, mo(X) is an
Abelian group, and m,
1wcts on T,

K Jf hm*¥: K | hta™:

o Associativ m('s my? [ mE =mli [ mi?, for m = tm, hm.
o Action axiom t: tmnl’ [ hta™ = hta™ // hta™ [ lm"‘.
e Action axiom h: hm." ) hta™™ = hta™ [ hta"" [ hmZ?

is newspeak
“apply  an
and for

left

ffor
perator”
“composition
o right")

e In fact, n-component v/w-tangles map onto M(T.H) :={(A= (Ae)ecn, w) : As € FL,w € CW}
JC""(:L n): the kernel contains Reidemeister moves

md the “overcrossings commute” relation, and uovov

conjecturally, that's all. Teichier by Bergman = ( Y . \P/ Q )

Connected minkes xr y ¥

Sums. (% % ‘nsc' )porminns. Set (A1 wi) * (A2, w2) == (An, A2, wi + we) anc
IMeta-Group-Action.  K: K /] tms dith g = (A, w) define

tmy g —

hm¥ :op— ((
“stable apply”

ru o adde (o g
hta™ 2 p— p Jff (u— (@) J (71— u)+(0,J,(Az))
N e

the *.
A CC? example.

Y Y

wf (e — ).

x. beh(A,, ,\,,);) .d)

pyeeds J-spice”

o SD Product: dm@ := hta™ [ tm® | hm@ is dx\()(‘ldtl\(‘.
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The Meta-Cocyele J. Set J,(A) = .J(1) where
JO)=0, A =AJOCH,
d.J(s)

ds

= (J(s) J der(u — [y u])) + div, A,

and where div, A := ll{tro’,,

(A ey (Aa) — e Ag)e, (Ay) and ¢ is the inclusion FL — FA:

Y~

Claim. CCRNAA) oot ;’f"("‘”ﬁf“ and

Ju(beh(Ar, A2)) = Ju(Ar) ff CCMICCE L 1y f OO,
and henece tm, fun, and il form a meta-group-action.

A () = By oul[Ar, Ag]) ==

[The 3 quotient, 2. Let B = Q{e}uer] and Lg := R & T

vith central B and with [u, v] = e,v — cpu for w, v € T, Then|
'L — Lg and C'W — R. Under this,
p—Aw) withdi= Y Apur, ApweR

reH usl

e —1 . e —1 .
1 - o vl

Cy + Oy ¢
w+e
A =3 Av then with ¢y =3 Ao,

behfu, v) — P

I e =1\ -1
OO =1+ euhy ¢ u—r,, z/\,e'
('A
EST)
liv, A = e, Ay, and the ODE for ,' illtt'gl‘ul s 1o
Ju(A) =log (14 = lf,,)\l,

0 ¢ s formula-computable to all :mEvl 5! Can we simplify?

(Why ODEs? Q. Find fs.t. flae+y) = fla)f(y).
A, LD = dp(st o) = Li(s)f(e) = [(s)C.

s

MNow solve this ODE using Pieard’s theorem or
DOWET SCTIeS.

Atekpesy TerceniadWITLE vy, s a matrix. Get

Repackaging. Given ((Aye),w), set op == 3 cpdpe, replace

= ey dr et and w — logw, use t, = ™, and)

wr — Qur

“11 caleulus”.

[The Invariant (. Set {(p™) = (+u,,

liver a “Reidemeister”

¢ R, —(

theorem, it is well defined on A"

‘o) Y I—:-(— {Jj

homomorphic expansion) of w-tangles,

0). This at least defines
i invariant of u/v/w-tangles, and if the topologists will de

[Theorem. ¢ is (the log of ) a universal finite type invariant (s

3 Cale ulu~ Let J(H T} be

w and the a,.'s are
rational functions in
variables 1.
ecachu e T.
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[Tensorial Interpretation.
lgebra (any!). Then there's 7 :
md 7 0 CW(T) — Fun(&ra).
un(@pg — Spg). and hence

e M(T.H) — Fun(@prg — U (g)).

FL(T) — Fun(®rg — g)
Together, 7 :

Let g be a finite dimensional Lie

M(T. H) —|

L and BF Theory, Let A denote a g-connection

m ST with curvature Fy, and B a g*-valued 2-

form ou S, For a hoop .. let holy, (A4) € U(g)

e the holonomy of A along 4,. For a ball 4, let ,“\
- (B) £ g* be the integral of B (transported via .‘c -
14 1o oc) on v,

ILoose Conjecture. For v € K(T, H),

[’Dw& f ‘“H o‘"‘ul"®hulh[4} =e7(C()).
That is, { s a (()lll])l[.‘l e evaluati |011 of the BF TQFT.

[ssues. How exactly is B 11:u15|)ullt~(l via A to oc? How does
he ribbon condition arise? Or if it doesn’t, could it be that
K can be generalized??
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where e := 1+ a. (o) =¥ a,. and {7} := Zl_f" Yy annd let

1 s 1 x

R = n .
wr r‘ !; _ l

|ty —1 e

Ju long knots,
(Why bother? (1) An ultimate Alexander invariant: Man
ifestly polynomial (time and size) extension of the (multi
ariable) Alexander polynomial to tangles. Every steg
the computation is the computation of the invariant of

w is the Alexander polynomiall

The 3 quotient, 1.
ILic algebra,

» Arises when reducing by relations satisfied by the weight
kystem of the Alexander polynomial.

o Arises when g is the 2D non-Abelian]

o1 "God ereated the knots, all else in i -4
topology is the work of mortals.”
Lenpold Kronecker (modified)

topological thing (no fishy Gaussian elimination!). If t o.n

Bhould be an Alexander invariant to 11<l\(‘ an algebraic cate
worifeation, it is this one!

Why bother? (2) Related to A-T, K— ,and E-K, should

www.katlas org The knes il

have vast generalization bevond w-knots and the Alexand,
@ polynomial.
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