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A Quick Introduction
to Khovanov
Homology

Dror Bar—Natan,
Hamburg, August 2012

|Abstract. I will tel
the Kauffman bracket story
of the Jones polynomial as
[Kauffman told it in 1987
then the Khovanov homold
pgy story as Khovanov told
t in 1999, and finally the
“local Khovanov homology™
ktory as I understood it ir
2003. At the end of our %
minutes we will understanc
what is a “Jones homology™
1w to generalize it to tand
ples and to cobordisms bed
ween tangles, and why it]
s computable relatively effi4
siently. But we will say noth-
ng about more modern stuff

the Rasmussen invariant
Alexander and HOMFLYPT]
knot homologies, and the cat
sgorification of sl and other
[Lic algebras.
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A Quick Reference Guide to Khovanov's Categorification of the Jones Polynomial
The Jones Polynomal: J(>2) =¢J( 1( )-g*J( = JX)==¢ 21 = )+q! l( b4 ):
L 3 b

- 1~ ssnootbisg b swsochin
J(0)=1;

JOL) = (¢+ q"JJ(u<
a chain complex of graded Z-modules;

Khovanov's construction: K(L)

height 0 height 1 height —1 height 0

K (%) = Flatten (0 — K0O{1} = K(){2} — o) ; K(X) = Flatten (n — K(){=2} = K0O{-1} = n) :

K@) =0— Z —0

height 0

KOL) =VaK(L) Kh(L) =H(K(L))

gdimV =qg+¢"' with ¢dimQ:= Zq"‘ dim O,,;

m

V =span(vy,v.); degvy = =1;

Ofl}m := Om—t qdim O{1} = ¢ ¢dim O:

S0

( =% ) — (VaVv=y) m: VRRSIURS MpOREENE :Eg
R Ne-®vpmvs v-@uo 0 Sy
=l
~— ~ A~ & 3
(OO0 ) =w=vey) > E

Example: ¢

— G .
-—@ﬁq +q 1) i Iiﬁq +q7 1) W irl‘(q +q ') t q‘[q +q 1)
A A A
C\ :
7N - -
', Y alata ';1 u/lsqw e
‘O vd) = vyl
-0 100 328, o~ 1o that's &
+i e
duvo i dis
-
> Hata )2
\'(ﬁ“ \"“'/g{
010 101 din % 1
+i e +
doos i duyy
N dara )
Sovi —
001 e
3 (-1 i = (C1)a (-1
=0 H =1 (=2
; ¥ i v
Y 2 ¥ > Y ’r
K(ﬂ% Ld I\'(i‘,)} g K(&

(here (—1)§ := (-1)Zves S if & = #) =
Theorem 1.

The graded Euler characteristic of KL) is h)
Theorem 2. Stk

The homolog\ (L) is a link unm‘mmt,--ml s s HoietE -
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Theorem 3. MWCNED is stnrtl\ stronger than ﬁ\L) W.nl )) # HA{10432)) whereas :ﬁ),) = 7{\'\()“,]
References. Khovanov's arXivimath.QA /9908171 and arXivimath.QA /0103190 and my

http://www.math,toronto.edu/ drorbn/papers/Categorification/.
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Diror Bar—Natan: Talks: Hamburg—1208
Local Khovanov Homology (2)

The case of
tangles:
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The Reduction Lemma. 1f ¢ is an isomorphism then the complex
(5) g (29)
ki o\ e
o
i isomorphic to the (dicect siwm) complex
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Kh(T(7.,6)).
In 1 day SAVS

dim; 4, is given by:

Old techniques:

~ 1000 years,
~1GGh RAM,

{now down to seoonds)
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Invariance under R2.
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After delooping:
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A more general theory:
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(minor further revisions are necessary )

Remove G and NC, add

Q.
ZAN
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"God created the knats,
all else in topology is the work of martals™

Leopold Kronecker (modified)
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