Free Lie Algebras Routines

Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series; continues 2012-07, continued 2012-09.
Global Definitions
$Seri esShowbDegree = 3; $Seri esConpareDegree = 3;

Words and Lyndon Words

A Lyndon word is aword lexicographically smaller than all of its proper right factors; see http://katlas.math.-
toronto.edu/drorbn/A cademi cPensieve/Projects/Freel ie/index.html


http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
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LyndonQ[AWMw _String]] := And ee (
O deredQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)
A lWrds[0, _List] = {AWM""1};
Al lWrds[n_ /; n>0, ab_List] := AllWrds[n, ab] = AW/e Flatten[Quter [
StringJoin[#l, #2] &,
First /@ All Wrds[n-1, ab],
ab
11
Al'l LyndonWords [n_I nteger, ab_List] := LWeee Sel ect [Al | Wrds[n, ab], LyndonQj;
Al l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al | LyndonWrds [k, ab], {k, n}];
LyndonFactori zati on[LWw_String] /; StringLength[w] == 1] := LWW];
LyndonFactori zati on[LWw_String] /; StringLength[w] > 1] := Mdul e[
{rfy,
rf =First [Sort [Tabl e[StringDrop[w, i], {i, 1, StringLength[w] -1}111;
LW /e {StringDrop[w, -StringLength[rf]], rf}
K
LWs_Synbol ] : = LWToString[s]];
LWILWw_1] @ = LWMw];
LW /: LWIX_]1 = LWy_] : = OrderedQ[{X, Y}1I;
LW /: x LWz2y LW:=y <x;
LW /: x_LW> y LW:= 1 (X 2¥);
LW /: x_LW<y LW:= 1t (y <X);
For mat [LWw_], StandardForm] : = Defer [{(w)];
Bracket Formiw_ LW /; Deg[w] =1 := w[[1]];
Bracket Formiw_LW : = Bracket Form[w] = StringJoin[Flatten[{
",
Bracket Form /@ LyndonFactori zati on[w],
"y
IAR
W_) = LWW];
LWis__Integer] := LWStringJoi nee
(StringTake["1234567890abcdef ghi j kl mopqgr st uvwxyz", {#}] & /@ {is})]1;
Deg[LW[Xx_]] : = StringLength[x];

{LyndonQ[AWe" abba" ], LyndonQ[AWe" ababb" ]}
{Fal se, True}
{AllWrds[3, {"1", "2"3}], AlLyndonWrds([{3}, {"1", "2"}]}

((AW111], AW112], AW121], AW122], AW211], AW212], AW221], AW222]},
(1), (2), (12), (112), (122)}}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"3}11, {k, 10}]

{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2", "3"3}11, {k, 10}]
{3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}

Bracket For m[LW" 12122" 1]

[112][[12]2]]



The Bracket for Lie Elements

b[o, _1 =0; b[_, 0] =0;

blc_+ (X_AW| x_LW, y_]1 := Expand[c b[x, y1];
b[x_, c_» (y_AW|y_LW] := Expand[cb[x, Y]],
b[x Plus, y_ ] := b[#, y] & /e Xx;

bix_, y_Plus] := b[x, #] & /e vy;

biw LW z_ LW := LWAdj oi nt [w] [2];
ad[x_IIy_l1:=Db[x, yI;

LWAdj oi nt [w_] : = LWAdj oint [w] = Modul e[{u},
u = Uni que[LWAct 1;
ufz_] := ufz] = Wiichl
W===2, 0,
z <w, Expand[-b[z, w]],
Deg[w] == 1, LWFirst [w] <>First([z]],
True, Mdule[{x, Yy},
{X, ¥} = LyndonFactori zati on[w];
IfLy 2z,
LWFi rst [w] <>First[z]],
b[x, LWAdj oint [y][z]] + b[LWAdj oi nt [x][z], Y]

bILW"112"], LW"122"]]
(112122 + (112212)

Quter [b, AllLyndonWordsp[{3}, {"1", "2"}1,
Al LyndonWords [ {3}, {"1", "2"}1]1 // MatrixForm

0 (12) (112) (1112) (1122)
~(12) 0 ~(122) - (1122) (1222
~(112)  (122) 0 - (11212) (12122)
S(1112) (1122) (11212) 0 (112122) + (112212)
S(1122) (1222) -(12122) -(112122) - (112212) 0

Union[Flatten[Quter [ (b[#l, #2] +b[#2, #1]) &
Al LyndonWrds[{6}, {("1", "2"}], Al LyndonWrds[{6}, {"1", "2"}]
111

{0}

Quter [(b[#l, b[#2, #3]] +b[#2, b[#3, #1]] +b[#3, b[#l, #2]]) &
Al'l LyndonWords [ {5}, {("1", "2"}1,
Al'l LyndonWords [ {5}, {"1", "2"}], AllLyndonWrds[{5}, {"1", "2"}]
1 // Flatten //

Uni on

{0}

FreeLie.nb |3
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LieSeries

Li eSeries[ser_Synbol 1[{dd_Integer}] := LSeeTabl e[ser [d], {d, dd}];
Li eSeries[ser_Synbol 1[e___] := ser[e];
Format [s_Li eSeries, StandardForm] := s[{$SeriesShowDegree}];
ShowLi eSeries[d_Integer][s_LieSeries] := s[{d}];
MakelLi eSeries[s_LieSeries] : = s;
MakelLi eSeries[expr_] : =
MakeLi eSeri es[expr] = Makeli eSeri es[Uni que[MakelLi eSeries], expr];
MakeLi eSeri es[ser_Synbol, expr_] := (
ser [] = Hol d[MakeLi eSeries[ser, exprll;
ser [d_I nteger] : = ser [d] = Expand[expr /. w LW /; Deg[w] # d » 0];
Li eSeries[ser]
)
sl LieSeries = s2_LieSeries : =
And ee ((sl[#] ==s2[#]) & /@ Range[$Seri esConpar eDegree]);

Print /e {tsl = ("1122") // MakeLieSeries, tsl[], tsl /e Range[6]};
LS[0, 0, 0]

Hol d [MakeLi eSeri es [MakeLi eSeri es$5040, (1122)]]

{0, 0, 0, (1122, 0, O}

AddLi eSeries[ss___LieSeries] := AddLi eSeries[ss] = Mdul e[{ser},
ser = Uni que [AddLi eSeri es];
ser [] = Hol d[AddLi eSeries[ss]];
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {sS});
Li eSeries[ser]
1:
Scal eLieSeries[c_, s_LieSeries] := ScaleLieSeries[c, s] = Mdule[{ser},
ser = Uni que[Scal eLi eSeri es];
ser [] = Hold[Scal eLi eSeries[c, s11;
ser [d_Integer] : = ser[d] = Expand[c *s[d]];
Li eSeries[ser]
1
(» LieSeries /: c_=»s_LieSeries := Scal eLieSeries[c,S]; =*)
b[s_LieSeries, y_] := b[s, MakeLieSeries[y]ll;
b[x_, s_LieSeries] := b[MakeLieSeries[x], slI;

b[sl LieSeries, s2 LieSeries] := b[sl, s2] = Mdul e[{ser},
ser = Uni que[b];
ser [] = Hold[b[sl, s2]7;

ser [d_Integer] : = ser[d] = Sum[
brsirk], s2[d-kii,
k, 1, d-13

1;
Li eSeries[ser]
1
b[s_LieSeries, y_] := b[s, MikeLieSeries[y]l];
b[x , s _LieSeries] := b[MukeLieSeries[x], s];
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{ts2 = ("122") +("11122") // MakeLieSeries, ts3 =b[tsl, ts2], ts3[], ts3 /@ Range[10]}

{LS[O, 0, (122)], LS[O, O, 0], Hold[b[LS[O, O, O], LS[O, O, (122)]]],
{0, 0, 0, 0, 0, 0, ¢(1122122), 0, -(111221122), 0}}
LieSeries /: EulerE[s_LieSeries] := Mdule[{ser},
ser = Uni que[Eul er EJ;
ser [] = Hold[Eul erE[s]];
ser [d_Integer] : = ser[d] = Expand[d *s[d]];
Li eSeries[ser]
1

{ts4 = Eul erE[ts3], ts4[], ts4 /e Range[10]}

(LS[0, 0, 0], Hol d[Eul erE[LS[0, O, 0]]],
(0, 0, 0, 0, 0, 0, 7 (11221225, 0, -9 (111221122, 0}}

adPower, adSeries, and Ad

adPower [0, x_LieSeries][¢ LieSeries] := adPower [0, x][¥] = Modul e[{ser},
ser = Uni que [adPower ];
ser [] = Hol d[adPower [0, x][¥]11;
ser [d_Integer] := ser[d] = y¢[d];
Li eSeri es[ser]
1
adPower [n_I nteger, x_LieSeries][¢_LieSeries] := adPower [n, x][¥] = Mdul e[{ser},
ser = Uni que [adPower ];
ser [] = Hol d[adPower [n, x][¥]1];
ser [d_Integer] := ser[d] = b[x, adPower [n-1, x][¢]]I[d];
Li eSeries[ser]
1;
adSeries[f_, x_LieSeries][y_LieSeries] := adSeries[f, Xx][¢¥] = Mdul e[{ser},
ser = Uni que[adSeries];
ser [] = Hold[adSeries[f, x][¥]];
ser [d_Integer] : = ser[d] = Mdul e[{c},
Expand [Sum[
c = SeriesCoefficient [f, {ad, 0, k}I;
If[c=0, 0, c=adPower [k, X]1[¥][d]],
{k, 0, d-1}%
11
1:
Li eSeries[ser]
1
adSeries[f_, x_1[¢¥_1 := adSeries[f, MkelLieSeries[x]][MakeLieSeries[y]];
Ad[x_] := adSeries[E" (-ad), XxI;

{xs = MakeLi eSeri es[LWM"Xx" 1], ys = MakeLieSeries[LW"y"]1]1,
ts5 = adPower [0, xs][ys], ts5[], ts5 /@ Range[5]}

{LS[(x), 0, 0], LS[(y), 0, 0], LS[y), O, O],
Hol d [adPower [0, LS[(x), 0, 0]][LS[¢y), 0, 0111, {¢y), 0, 0, 0, 0}}

adPower [3, xs][ys] /@ Range[5]
{0, 0, 0, (xxxy), 0}
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{adSeries[E" (-ad), xs][ys] /@ Range[5], adSeries[E”" (-ad), ys][xs] /e Range[5]}

(XXy) (XXXY ) (XXXXY) (XYY)  (XYyyy)  (XYyyy)
{{<Y>: —<XY>, [ 1 }1 {<X>1 <XY>1 ’ ’ }}
2 6 24 2 6 24
Ad[xs][ys][5]
(XXXXY)
24

Ad[xs][ys]I[]
Hol d [adSeries[e !, LS[(x), 0, 0]][LS[(y), 0, 0]7]
LieDerivation, DerivationPower, DerivationSeries

Li eDerivation[der_J[es___1 := der [es];
Li eDerivation[rules_List] : =
Li eDerivation[rul es] = LieDerivation[UniquelLieDerivation], rulesl];
Li eDerivation[der_Synbol, rules_List] := (
der [] = Hol d[Li eDerivation[der, rules]l];
(der [w_LW /; Deg[w] = 1) :=
(der [w] = MakeLieSeries[w /. Append[rules, _LW- 0]]);
der [w_LW : = der [w] = Mdul e[{X, Y},
{X, Yy} = LyndonFactori zati on[w];
AddLi eSeri es[b[der [x], y], b[x, der [y]l]1]
1
der [s_LieSeries] := der[s] = Mdul e[{ser},
ser = Uni que[Li eDerivati onOnLi eSeri es];
ser [] = Hold[der [s]];
ser [d_] := ser[d] = Sum[
der [s[k1][d],
{k, 1, dj
1:
Li eSeri es[ser]
1
der [as_ASeries] : = der [as] = Modul e[{ser},
ser = Uni que[Li eDerivati onOnASeri es];
ser [] = Hold[der [as]];
ser [d_] := ser[d] = Sum[
Expand[as[k] /. AWMw_] =» Sum[
NonComut ati veMul tiply[
AW StringTake[w, j -1]1,
c[der [LWStringTake[w, {j }111[d-k+111,
AWMStringDrop[w, j11]
1.
. ky
11,
{k, 1, d}
1;
ASeri es[ser]
1
der [cws_CWBeries] : = der [cws] = Mdul e[{ser},
ser = Uni que[Li eDerivati onOnCWseri es];



FreeLie.nb |7

ser [] = Hold[der [cws]];
ser [d_] := ser[d] = Sum[
Expand[cws [K] /. CWMw_] = Sum[
tr [NonCommut ati veMul tiply[
AWStringTake[w, j -17],
c[der [LWStringTake[w, {j }11]1[d-k+111,
AWStringDrop[w, j11
11,
. ky
11,
{k, 1, d}
1
CWseri es [ser ]
1
der [expr_1[d_] : = Expand[expr /. {w_LW: der [w][d], s_LieSeries :» der[s][d]}];
Li eDeri vation[der ]
)
Print /e {
Idl = LieDerivation[{<1) -» b[(3), (1)]1}1,
ldip],
(# > 1d1l[#][{4}]) & /@ Al |l LyndonWbrds [{3}, {"1", "2"}1,
(¢"112"y /7 1d1 7/ 1d1)[{5}]
N

Li eDerivation[LieDerivati on$5120]
Hol d [Li eDeri vati on[Li eDerivation$5120, {(1) - -(13)}]]

((1) 5 LS[0, -(13), 0, 0], (2) - LS[0, 0, 0, 0], (12) - LS[0, 0, -(132), 0],
(112) - LS[0, 0, 0, -(1132) + (1213)], (122) - LS[0, 0, 0, - (1322)]}

LS[0, 0, 0, 0, (11332) - (12133) + 2 (13132)]
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Derivati onPower [0, der_LieDerivation][¢ LieSeries] :=
Deri vati onPower [0, der ][¢] = Mdul e[{ser},
ser = Uni que[Deri vati onPower ];
ser [] = Hold[DerivationPower [0, der][¥]];
ser [d_Integer] := ser[d] = y[d];
Li eSeries[ser]
1
DerivationPower [n_I nteger, der_LieDerivation][¢_LieSeries] :=
DerivationPower [n, x][¢¥] = Mdul e[{ser},
ser = Uni que[Deri vati onPower 1;
ser [] = Hold[DerivationPower [n, der][¥]];
ser [d_Integer] := ser[d] = der [Derivati onPower [n-1, der][¢]][d];
Li eSeries[ser]
1
DerivationSeries[__1[0] = O;
DerivationSeries[f , |d LieDerivation][¢ LieSeries] :=
DerivationSeries[f, |d][¢] = Mdul e[{ser},
ser = Uni que[DerivationSeries];
ser[] = Hold[DerivationSeries[f, |d][¥]];
ser [d_Integer] := ser[d] = Mdule[{c},
Expand [Sum[
c = SeriesCoefficient [f, {der, 0, k}I;
If[c=0, 0, c«DerivationPower [k, |d][¢]1[d]],
{k, 0, d}
1]
1
Li eSeri es[ser]
1
DerivationExp[l d_LieDerivation] := DerivationSeries[E"der, |d];
("112") // MakelLieSeries //
DerivationExp[LieDerivation[{<(1) -» b[(3), (1)>1}11 // ShowLi eSeries[6]

(11332)  (12133)

LS|0, 0, (112), -(1132) + (1213}, +(13132),

(113332) (121333) (131332) (132133)
- + - +

6 6 2 2
("122") // MakelieSeries //
DerivationExp[LieDerivation[{{(1) -» b[(3), (1)>1}11 // ShowlLi eSeries[6]

(13322)  (133322)
LS|0, 0, (122), -(1322), -
2 6




LieMorphism

Li eMor phi sm[nor_J[es___1 : = nor [es];
Li eMor phi sm[rul es_List] : =
Li eMor phi sm[rul es] = Li eMor phi sm[Uni que [Li eMor phi sm], rul es];
Li eMor phi sm[nor_Synbol, rules_List] := (
nmor [] = Hol d[Li eMor phi sm[rmor, rul es]];

(mor [w_LW /; Deg[w] == 1) := (nor[w] = MakelLieSeries[w /. rulesl]);

nor [W. LW := (nor[w] = b @ (nor /@ LyndonFactorization[w]));
nmor [AW"" 1] = MakeASeries[AWM""]11;
(mor [AW[w_]] /; StringLength[w] = 1) :=
(nor [w] = c[MakeLieSeries[LWw] /. rules]]);
nmor [AWM[w_1]1 : = nor [w] = Modul e[{wl, w2},
wl = StringTake[w, Floor [StringLength[w] /2]11;
w2 = StringDrop[w, Floor [StringlLength[w] /2]11;
(mor [AW[WL]]) #* (mor [AMW2]1])

1
mor [CWMw_]1 := tr [mor [AWMw]]];
nor [s_LieSeries] := nor [s] = Mddul e[{ser},

ser = Uni que[Li eMor phi smOnLi eSeri es];
ser [] = Hold[nor [s]];
ser [d_] := ser[d] = Sum[

mor [s[k]][d],
{k, 1, d3

1:
Li eSeries[ser]
1

nor [cws_CWBeries] : = nor [cws] = Modul e[{ser},

ser = Uni que[Li eMor phi smOnC\Wber i es];

ser [] = Hold[nor [s]];

ser[d_] := ser[d] = Sum[

mor [cws [k]][d],
{k, 1, d3
1:
CWseri es [ser ]
1

mor [expr_]1[d_] := Expand[expr /. (W_LW|w_ AW|w_CW = nor [w][d]];
Li eMor phi sm[nor ]
)

Print /e {
| m0 = Li eMor phi sm[{LW"X"] » LW"y"1}1,
LW"x"1 7/ | D,
AW" X" 1 // | D,
CWM"x"1 // I nD};
Li eMor phi sm[Li eMor phi sn$8978]
LS[<y>, 0, 0]
L[LS[y), 0, 0]]

tr[c[LS[Cy), 0, 011]

FreeLie.nb |9
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Print /e {
I ml = Li eMor phi sm[{LW["X"] » AJ[LW"y"]][LW"X"1]1}1.
Fi[],
[l [LWM"y" 11,
[l [LW" X" 11,
[l [LW" X" 17 [4],
[l [¢"xxy" )1,
Il [("xxy")1[8],
[l [AM"X"]1,
[l [CWM" X" 1]
Y
Li eMor phi sm[Li eMor phi sn$8979]

Hold{u elvbrphism{u eMor phi sn$8979, {(x)aLS[(x), (XYY, <X32/7y>]m

LS[{y), 0, 0]

xyy)
LS| (x), <xy), ]
(xyyy)

6
LS[0, 0, (xxy)]

(XXYYYYYY)  (XYXYYYYY)  (XYYXYYYyYy)
+ +

120 30 24
(Xyy)
c[Ls[ oo, oxyy, 5] ]
2

(Xyy)

tr LS| (x), (xy), ——
[c[ts o0, 0w —=]]]
StableApply

St abl eAppl y [mor _Li eMor phism  (type: (LieSeries | ASeries | CWeeries))[s_11 1= (

St abl eAppl y[mor, type[s]] = Mdul e[{ser},
ser = Uni que[Stabl eAppl y1;
ser [] = Hol d[Stabl eAppl y[rmor, type[s]l];
ser[d_] := ser[d] = Nest [nor, type[s], d][d];
type[ser]
]
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BCH

BCHBase = Mbdul e[{bch},
bch = Uni que [" BCHBase" ];
bch[] = Hol d[BCHBase];
bch[1] = ("Xx") +("y");
bch[d_Integer] : = bch[d] = Expand[Pl us[
adSeri es[E” (-ad), MakeLieSeries[("y")]][MakeLieSeries[{("x")]]1[d],
-adSeries[(1-E” (-ad)) /ad -1, LieSeries[bch]][Eul erE[LieSeries[bch]]][d]
1/d7];
Li eSeri es[bch]
1
BCH[x_, y_1 := LieMrphism[{LW"X"] - x, LW"y"] - y}][BCHBase];
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{BCHBase, BCHBase[], BCHBase[8]}

(XY) AXXY) (Xyy)
{LS[(X>+<y>, - .

, Hol d [BCHBase],

(XXXXXXYY ) <xxxxxy;§i <x;§ixyyy> (XXXXYXXY )  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXyXY) 13 (XXXYXYyy) (XXXYyXyy)
120960 4032 10080 30240 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY) — (XXYXYYYY)  (XXYYXyyy) (XXyyyyyy)
3024 10080 2520 4032 10080 60480 )
{Ls[<x> Ly, <Xy>, Oy oY) , Hol d [BCHBase],
2 12 12
(XXXXXXYY )  (XXXXXYXY)  (XXXXXYYY) — (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) — (XXXYXYXy) 13 (XXXYXYYY) (XXXYyXyy)
120960 4032 10080 30240 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY) — (XXYXYYYy) (XXYyXyyy) (XXyyyyyy)
3024 10080 2520 4032 10080 60480 J
{Ls[ oo+, Qv 200 O ) d (BoHBase
2 12 12
(XXXXXXYY D (XXXXXYXY )  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY) — (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) — (XXXYXyXy) 13 (XXXYXYyy) (XXXYyXyy)
120960 4032 10080 30240 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY) — (XXYXYYYy) (XXYyXyyy) (XXyyyyyy)
3024 10080 2520 4032 10080 60480 )

X XX X
{BOHBase3| () + (), Oy ooy oY)
2 12 12

(XXXXXXYY)  (XXXXXYXY)  (XXXXXYYY)

, Hol d [BCHBase],

(XXXXYXXY ) (XXXXYXYY)  (XXXXYYXY)

60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXy) 13 (XXXYXYYy) (XXXYyXyy)
120960 4032 10080 30240 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY) — (XXYXYYYy)  (XXYyXyyy) (XXyyyyyy)
3024 10080 2520 4032 10080 60480 )

{LieSeries[BCHBaseS}, Hol d [BCHBase]

(XXXXXXYY ) (XXXXXYXY ) (XXXXXYYY)  (XXXXYXXY) — (XXXXYXYY) — (XXXXYYXY)

+ + +
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXY) 13 (XXXYXYYY)  (XXXYYyXYYy)
+ - + + -
120960 4032 10080 30240 20160

(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYYY)  (XXYYXyyy) <XXYYYYYY>}
- + - - +
3024 10080 2520 4032 10080 60480
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{BCH[LW"y" 1, LW"z"]1], BCH[LW"y"], LW"z"]][6]}

yz) (yyz)  (yz2)
{Ls[ay) + @, : + ].
2 12 12
yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzzzz) }
- + + +

1440 720 360 240 1440

{LS[<y> . (2>, <yz>, Yyz) . <yzz>],

2 12 12
(yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzzzz)
" 1420 720 360 240 1440 )
{LS[<y> . (2>, <yZ>’ (Yyz) . <yZZ>],
2 12 12
(yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzzzz)
" 1420 | 720 360 240 1440 )

{Li eSeri es [Li eMor phi snOnLi eSeri es$101],
yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzzzz) }

+ + + -

1440 720 360 240 1440

t1=BCH[LW"x"], BCH[LW"y"1, LW"z"111,
t2 = BCH[BCH[LWM"Xx" 1, LW"y"11, LW"z"11,

t1=t2,
Tabl e[t1[d] =t2[d], {d, 10 }]
} // Timng
X XZ zZ
{4. 056, {Ls[<x> Ly 4 (2, Ky (B Y >,
2 2 2
(XXY)  (XXZ) (XYyYy) (Xyz) (Xxzy) (Xzz) (yyz) (yzz)
+ + + + + + + ], LS[<x>+<y>+<z>,
12 12 12 3 6 12 12 12
(XY) (XZ) (YzZ) (XXY) (XXZ) (XYY) (XYyzZ) (Xzy) (Xzz) (Yyyz) (Yyzz)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12
(Xy) (Xz) (Yyz)
LS| (X) + (y) +(zZ), + + ,
2 2 2
(XXY)  (XXZ) (XYY) (XYzZ) (Xzy) (Xzz) (yyz) (yzz)
N N + + + + . } LS{<X>+<y>+<z>,
12 12 12 3 6 12 12 12
(XY)  (XZ) (YzZ) (XXYy) (XXZ) (AXYY) (Xyz) (Xzy) <(Xzz) (Yyyz) (yzz)
+ + , + + + + + + +
2 2 2 12 12 12 3 6 12 12 12

{True, True, True, True, True, True, True, True, True, True}}}



14| FreeLie.nb

AW, ASeries, ¢, o

Unpr ot ect [NonConmrut ati veMul tiplyl;

X_*%x0=0;, Oxxy_=0;

(C_*X_AW *x y_ := Expand[C (X **Y)];

X_ %% (C_=Yy_ AW Expand[C (X **Y)1;

X_Plus *xy_ 1= (#xxy) & /@ X;

X_#xy Plus = (X*x#) & /@ y;

Deg[AW[W_]11 : = StringLength[w];

AMAWMW_1] : = AMw];

AWWL_String] *» AMW2_String] : = AMWwL <>Ww2];
biw AW z AW = WxxZ -Z x%x W,

ASeries[ser_Synbol 1[{dd_Integer}] : = ASeeTabl e[ser [d], {d, 0, dd}];
ASeries[as_Synbol J[es___ ] := as[es];
Format [s_ASeries, StandardForm] : = s[{$Seri esShowDegree}];
MakeASeri es[as_CWseries] : = as;
MakeASeri es[expr_]1 : =
MakeASeri es[expr] = MakeCWBeri es [Uni que [MakeASeries], exprl;
MakeASeri es[ser_Synbol, expr_1 := (
ser [] = Hol d[MakeASeries[ser, expr]l;
ser [d_I nteger] : = ser [d] = Expand[expr /. W AW /; Deg[w] # d » 0];
ASeri es[ser]
)
(s1_ASeries % s2_ASeries) := (Slxxs2) = Mdul e[{ser},
ser = Uni que [NonConmmrut ati veMul ti ply];
ser[] = Hold[sl x%sS2];

ser [d_Integer] := ser [d] = Sum[
sl[k] »*xs2[d-k],

{k, 0, d}
1
ASeries[ser]

1;
c[w LW /; Deg[w] =1 := AWeew,

W LW := ¢[w] = b e (. /@ LyndonFactorization[w]);
c[expr_1 := Expand[expr /. W LWz c[wW]];
L[l s_LieSeries] := ¢[ls] = Mddul e[{as},

as = Uni que[.];
as[] = Hold[c[ls]];
as[d_] := as[d] = c[ls[d]];
ASeri es[as]
1:
L[BCHBase[3]]

AWXxy]  AWxyx]  AWxyy] AWyxx] =~ AWyxy] ~AWMyyx]
- + + - +
12 6 12 12 6 12
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{as = ¢[BCHBase], as[5]}

1
Power:infy : Infinite expression — encountered. >

Infinity:indet : Indeterminate expression 0 ComplexInfinity encountered. >

AW X AWM yx
{AS[Indeterm’ nate, AWXx] + AWY], Xy - Wy },

2 2
AWXxY]  AWXyx]  AWxyy] AWMyxx] AWMyxy] AWYyx]
12 6 12 12 s 12 r
AW XXXXY]  AWXXXYyx] AWXxXyy] AWXxyxx] AWXXyxy] AWXXyyX]
" 720 180 180 120 120 120
AWXXyyy]  AWXyxxx] AWXyxxy] ~AWXyxyx] AWXyxyy] —AWXyyxx]
180 180 120 30 120 120
AWXyyxy] AWXyyyx] AWXyyyy] AWyxxxx] AWMyxxxy] AWyxxyx]
120 180 720 720 180 120
AWYxxyy] AWYxyxx] AWMyxyxy] AWyxyyx] AWMyxyyy] AWyyxxx]
120 120 3 120 180 180
AWyyxxy] AWyyxyx] AWyyxyy] AWyyyxx] AWyyyxy] AWyyyyx]
120 120 120 180 180 720 J
o[y _LW w_ LW /; Deg[y] =1 := o[y, w] = Wiich[

y ===w, AWM""],
Deg[w] ===1, O,
True, Mdul e[{wl, w2},
{wl, w2} = LyndonFactori zation[w];
L[WL] ** o[y, W2] - ¢ [W2] ** o[y, W1]
1
1
o[y_, Is_LieSeries] := o[y, |s] = Mddule[{as},
as = Uni que[o]l;
as[] = Hold[oly, Is]l;
as[d_] := as[d] = o[LWMy], Is[d+1]];
ASeries[as]
1;
o[y_, expr_] := Expand[expr /. W LW:=» o[LWY], W]];
(# ->o[1, #]) & /@ All LyndonWords[{5}, {"1", "2"}]

(1) 5 AWM, (2) 50, (12) » -AWM2], (112) - -2 AM12] + AW21], (122) - AW22],
(1112) 5> -3 AW112] + 3AW121] - AW211], (1122) - 2 AW212] - AW[221],
(1222) 5> ~AW222], (11112) - -4 AW[1112] + 6 AW 1121] - 4 AM1211] + AW2111],
(11122) > -AW1122] + 4 AW[1212] - AW[1221] - 2 AW[2121] + AW[2211],
(11212) > -AW1122] + 4 AW[1212] - AW[1221] - 3 AW[2112] + AW[2121],
(11222 - -2 AM1222] + 3 AW[2122] - 3 AW2212] + AW[2221],
(12122) - 2 AW1222] - 3 AW2122] + AW2212], (12222) - AW2222]}
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+

}

{o["x", BCHBase][5], o["y", BCHBase][5]}
{_ AWYXXXY ] . AW Y XXYX ] . AW YXXYY ] B AW Y XY XX ] - AWYXYXY ] . AW YXYyX ] - AWMYXYYY ] .
360 240 240 360 60 240 360
AMYyxxx] — AMyyxxy] AWyyxyx] AWyyxyy]l AWyyyxx] AWMyyyxy] AWMyyyyx]
1440 : 240 : 240 : 240 360 360 ' 1440
AW XXXXY]  AWXXXYX]  AWXXXYy] AWXxyxx] AWxxyxy] AWXxyyx] AWXXYyyy]
1440 : 360 ' 360 240 240 240 1440
AWXyxxx] — AWXyxxy] —AWXyxyx] —AWXyxyy]l AWXyyxx] AWXyyxy] —AWMXyyyx]
360 240 " 60 : 360 240 240 " 360
CW, CWSeries, tr, div
Deg[CWMW_]] : = StringlLength[w];
CWseries[cws_Synbol J[es__ 1 := cws[es];
CWBeri es[ser_Synbol J[{dd_I nteger}] : = CN5ee Tabl e[ser [d], {d, dd}];
Format [s_CWseri es, StandardForm] := s[{$Seri esShowDegree}];
MakeCWseri es[cws_CWBeri es] : = cws;
MakeCWseri es[expr_] : =
MakeCWseri es[expr] = MakeCWBeri es [Uni que [MakeCWBeri es], expr1;
MakeCWseri es[ser _Synbol, expr_1 := (
ser [] = Hol d[MakeCWBeri es[ser, exprll;
ser [d_I nteger] : = ser [d] = Expand[expr /. w CW/; Deg[w] # d » 0];

CWseri es [ser ]

)
sl CWeeri es

s2_CWeeri es

And ee ((sl[#] ==s2[#]) & /@ Range[$Seri esConpar eDegree]);

AddCWBeri es[ss__ CWBeri es

AddC\WBer i es [sS] Modul e[ {ser },

] :=

ser = Uni que[AddCWser i es];

ser []
ser [d_I nt eger ]
CWBeri es [ser ]
1
Scal eC\WBeri es[c_,

s _LieSeries]

Hol d [AddCW5er i es [sS]];
ser [d]

Plus @ee ((#[d]) & /@ {sS});

Scal eCWBeri es[c, S] Modul e[ {ser },

ser = Uni que[Scal eCWseri es];

ser [] = Hold[Scal eCWseries[c, s]];
ser [d_Integer] := ser[d] = Expand[c xs[d]];
CWseri es[ser ]
1;
(» CWseries /: c_*s_CWBeries : = Scal eCWseries[c,sS]; =*)
I ntegrateCWBeries[cws_CWeeries, {s_, sO_, sl }] :=
I ntegrateCWseries[cws, {s, sO, sl1l}] = Modul e[{ser},

ser = Uni que[l nt egrat eCWberi es];

ser [] = Hol d[I nt egrat eCWSeri es [cws,
ser [d]

ser [d_I nt eger ]
CWseri es[ser ]
1

{s, s0, s1}11;
Expand [l ntegrate[cws[d],

{s, s0, s1}11;
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tr (WwAW :=tr[w] = CMRotateToM ni mal eew];
tr[expr_] := expr /. aw AW:» tr [aw];
tr[as_ASeries] := tr[as] = Mdul e[{cws},
cws = Uni queftr];
cWs[] = Holdf[tr[as]];
cws[d_] := cws[d] = tr[as[d]];
CWseri es[cws]
1
tr [AW" yxxyxx" 1]
CWXXYXXY ]
tl=o0["y", BCHBase] //tr

e CVV[X}, CQWxx] OMXY], ~ OWixxy]

2 12 12 24

t1[5]
QWDOXXXy ] OMxxxyy] — OMxxyxy] —OMxxyyy] —OMxyxyy]

+ +

1440 180 120 480 720
diviy_LW w LW /; Deg[y] =1 :=div[y, w] = tr [(AWeey) *x o[y, W]];
div[y_, Is_LieSeries] := div[y, Is] = Mdule[{cws},

cws = Uni que[div];

cWs[] = Hold[div[y, Is]];

cws[d_] := ews[d] = div[LWYy], Is[d]];

CWseri es[cws]

1;
div[y_, expr_] := Expand[expr /. wW_LW:» div[LWy], wll;

{div["x", BCHBase][7], div["y", BCHBase][7]1}

+

{C,W[xxxxxxy} CWXXXXXYY]  COWMXXXXYXYy] 19 CWXxxxyyy] OCWXxxyxxy] CWXXXyxXyy]
- + - - + +

30240 2520 1008 15120 2520 504

OWxxxyyxy] 19 CWxxxyyyy] OWxxyxxyy] OCWxxyxyxy] OWxxyxyyy] CWXxyyxyy]

504 : 15120 " 160 280 ) 504 - 1680
OWxxyyyxy] —OMxxyyyyy] OWxyxyxyy] OMxyxyyyy] OWxyyxyyy] OWMXxyyyyyy]

504 T 520 280 "7 1008 2520 30240

CWXXXXXXY]  COMXXXXXyy] CWXxXxxyxy] 19 CWxxxxyyy] CWxxxyxxy] CWMXXXyxyy]
30240 2520 1008 15120 - 2520 504 )

OWxxxyyxy] 19 OWxxxyyyy] OWxxyxxyy] OCWxxyxyxy] OWxxyxyyy] CWXxyyxyy]

504 ) 15120 T 1e80 280 : 504 T 1es0
OWxxyyyxy] — OWOoxyyyyy] — OMxyxyxyy] — OMxyxyyyy] —OWxyyxyyy] —OWxyyyyyy] |

504 2520 280 1008 2520 30240

t1 = MakeCWseri es [CW" xyxyyyy"1]1 //
Li eDerivation[{LW"x"] -» MakeLieSeries[b[LW"x"], LW"z"111}]

CWs[0, 0, 0]
t1l /e Range[10]

{0, 0, 0, 0, 0, 0, 0, -~-CWxyxyyyyz] + CWxyxzyyyy] - CWMxyyyyxyz] + CW xyyyyxzy], 0, 0}
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The Meta-Cocycle J

J[-1, __ 1 = MakeCWseries[0];
JIn_, Y. LW pu LieSeries, s_] :=J[n, VY, u, s] = Mdule[
{su, us},

su = Scal eLieSeries[s, ul;
us = St abl eAppl y [Li eMor phi sm[{y - Ad[Scal eLieSeries[-1, su]l][LWZz]]}], wul;
us = us // LieMrphism[{LWMz] - y}]I;
I nt egrat eC\WBeri es [
AddCWBeri es [
JIn-1, y, u, s] // LieDerivation[{y » b[us, Yy1}1,
divly, ws]
1,
{s, 0, s}
]
1
JIY_ LW pu LieSeries] := J[y, u]l] = Mdul e[{cws, s},
cws = Uni que[J];
cws[] = Hold[J[y, ull;
cws[d_Integer] := cws[d] = J[d-1, vy, u, s][d] /. s -1;
CWseri es[cws]
1

Print /@ {y0 =LW"y"], uO = BCHBase,
J[0, yO, u0, s],
J[1, yo0, u0O, si,
J[2, yo, u0O, si,

J[y0, uO0]
IR
)
(Xy)  (XXY)  (XYY)
LS{<X>+<y>, , +
2 12 12
1 1 )
C\/\S[sC\My], Escvv[xy]+gs WXy ],
1 1 ) 1 3 1 1 ) 1 3
— S CWxxy] + — s  CWxxy] + —s®° CWxxy] - — s CWxyy] - — s CWxyy] - —s C\N[xyy]]
12 4 6 12 4 6

1 1
0/\8[5 oWy, Es CWxy] + Esz CWxy],

1 1 1 1 1 1
— s OW[XXy] + — S OWxxy] + — s3 CWxxy] - — s CW[Xyy] - — s? OWxyy] - — s3 C,W[xyy}]
12 4 6 12 4 6

1 1
C\/\B[sCW[y], EsC\Mxy]+ESZC\Mxy],
1 1 ) 1 s 1 1 ) 1 s
— S CWXXy] + — s COWxxy] + — S CWxxy] - — s CWxyy] - — s  OWxyy] - —s C\Mxyy}]
12 4 6 12 4 6
CWXXyY ] 7C\N[XVy]
2 2

VB[ Oy ], OWlxy ],
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1 1 1 1
OWS[s OM"y"1, —s OM"xy"] + —s? OM"xy"], — s OWM"xxy"] + — s OW["xxy" ] +
2 2 12 4

1 1 1 1
5 s OWM" xxy" ] - o s OWM" xyy" ] - " s2 WM " xyy" ] - S s3OM"xyy"1] /. s~>1

QMxxy]  CWxyy]
2 2

$Seri esConpar eDegr ee = $Seri esShowDegr ee = 8;
J[3, yO, w0, s] =J[4, y0, u0, s]

VB[ CWy ], OWxy ],

True
J[y0, wu0]1[6]

CWXXXXXY ] 31 QW XXXXYY] 11 CWXXXYXY ] 109 CW XXXyyy]
120 48 } 6 : 36 :
7 OMxxyxxy] 23 CMxxyxyy] 23 OMxxyyxy] 31 CMxxyyyy]
8 ) 4 ) 4 i 48
28 CWixyxyxy] 11 CWIxyxyyy] 7 QMxyyxyy] CWXyyyyy]
3 ) 6 ' 8 T 120

+




