BCH and div, Il

osA ffom /ILQ /«‘(”ﬁf /k/M )

In order to discuss the groups KV,, and KV> we introduce a Lie group 1-cocycle
7 : TAut,, — tr,, which integrates the Lie algebra 1-cocyele div : toer,, — tr,,.

Proposition 5.1. There is a unique map j : TAut,, — tr,, which salisfies the group

ocycle conditio

cocyele condilion | . | é_/ ’fA{f_/( Q/jo L/AA%

(18) i(gh) = j(g) + g - 3(h), T Whnt For~ )\~(ﬁ[[q/r4_(

and has the property
Q
‘ LA ot . .
ag) e g == j(exp(su))]smo = div(u).
L5
Proof. Let g be a semi-direct sum of tder,, and tr,,. The cocycle property of the
divergence implies that the map toer, — g defined by formula « + w + div(u)
is a Lie algebra homomorphism. Define j(exp(z)) by formula exp(u + div(u))
exp(j(exp(u)))expl(u). For g = exp(u) and h = exp(v) we have
exp(7(gh))gh = (exp(j(g))g)(exp(j(h)}h) = exp(j(g) + g - j(h))gh
which implies (18).
Equations (18) and (19) imply the following differential equation for j:
{
;—j{{‘xp{.-eu.}) div(u) + u - jlexp(su)).
s
Given the initial condition j(e) = 0, this equation admits a unique solution,
-1 . Tt ought To be A diad oo
- div(u) floF 40 J 3/1/9") )7\7 T

which proves uniqueness of the cocycle ;. Form L\,/p\_/ o %/j//‘/ref (/g}

j(exp(u)) =
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d((s,ﬂ&)%) = (S,%)j(!l,%)+ J(!, w)

So
j% Jsw) = wilsw) v Jiv, w
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