Free Lie Algebras Routines
Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series.
Global Definitions
$Seri esShowDegree = 3; $Seri esConpar eDegree = 3;

Words and Lyndon Words

A Lyndon word is aword lexicographically smaller than al of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/A cademi cPensieve/Projects/Freelie/index.html
LyndonQ[AW[w_String]] : = And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)s
Al Wrds[0, _List] = {AW[""]};
Al lWords[n_ /; n>0, ab_List] := AllWrds[n, ab] = AW /e Flatten[Quter [
StringJoi n[#l, #2] &,
First /@ All Wrds[n-1, ab],
ab
115
Al'l LyndonWords [n_I nteger, ab_List] := LWeee Sel ect [Al | Wrds[n, ab], LyndonQj;
Al'l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al | LyndonWords [k, ab], {k, n}];
LyndonFactori zati on[LWw_String] /; StringLength[w] == 1] := LW[W];
LyndonFactori zati on[LW[w_String] /; StringLength[w] > 1] := Mdule[
rfy,
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -1}111;
LW/e {StringDrop[w, -StringLength[rf]], rf}
1
LW[s_Synbol ] := LW[ToString[s]];
LWILWIW_]1 @ = LWw];
LW /: LWx_]1 < LWy_] : = OderedQ[{Xx, Y}]I;
LW /: x_ LWz2y LW:=y <X;

LW/ x_LW> y LW:= 1 (X <Yy);

LW /: x_LW<y_ LW:= 1 (y £X);

Format [LW[w_], StandardForm] := Defer [{(wW)];
w__) i = LWw;

LWIis__Integer] := LW
StringJoinee (StringTake["1234567890abcdef ghi j kl mopqr st uvwyz", {#}] & /@ {is})];
Deg[LW[x_1]1 := StringLength[x];

{LyndonQ[AWe" abba" ], LyndonQ[AWe" ababb" 1}

{Fal se, True}


http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
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(Al Words[3, {"1", "2"}], AllLyndonWrds[{3}, {"1", "2"3}1}

((AW[111], AW[112], AW[121], AW[122], AW211], AW[212], AW221], AW222]},
(1), (2), (12), (112), (122)}}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"}11, {k, 10}]

{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2", "3"}1], {k, 10}]
{3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}

TreeFor m[LW["12122"] //. w_LW: LyndonFactorization[w] /. LWw_] = w]

The Bracket for Lie Elements

b[0, _]1 =0; b[_, 0] =0;

blc_» (X_AW| x_LW, y_] := Expand[cb[x, y]I;
bx_, c_» (Yy_AW|y_LW] : = Expand[cb[x, yII;
bix_ Plus, y_]1 := b[# y] & /@ X;

b[x_, y_Plus] := b[x, #] & /@ y;

biw LW z LW := LWAdjoi nt [w] [2];
ad[x_1[y_1:=b[x, yI;

LWAdj oi nt [w_] : = LWAdj oi nt [w] = Mbdul e[{u},
u = Uni que [LWAct 1;
Ufz_] := ufz] = Wiich|
W=== 2, 0,
z <w, Expand[-b[z, w]],
Deg[w] == 1, LWFirst[w] <>First[z]],
True, Module[{X, Yy},
{X, y} = LyndonFactori zati on[w];
I fly 2z,
LWFirst [w] <>First[z]],
b[x, LWAdj oi nt [y]1[z]] +b[LWAdj oi nt [x]1[z], Y]
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b[LW"112"], LW"122"]]
(112122) + (112212)

Quter [b, AllLyndonWrds[{3}, {"1", "2"}1,
Al'l LyndonWords[{3}, {"1", "2"}11 // MatrixForm

0 (12) (112) (1112) (1122)
~(12) 0 - (122) - (1122) - (1222)
S(112)  (122) 0 - (11212) (12122)
“(1112) (1122) (11212) 0 (112122) + (112212)
S(1122) (1222 - (12122) -(112122) - (112212) 0

Union[Flatten[Quter [ (b[#l, #2] +b[#2, #1]) &,
Al'l LyndonWords[{6}, {"1", "2"3}1], AllLyndonWords[{6}, {"1", "2"}]
111
{0}
Quter [(b[#l, b[#2, #3]1] +b[#2, b[#3, #1]] +b[#3, b[#l, #2]]) &
Al'l LyndonWords [ {5}, {"1", "2"}1,
Al'l LyndonWords [ {5}, {"1", "2"3}], AllLyndonWords[{5}, {"1", "2"}]

1 /7/ Flatten //
Uni on

{0}
LieSeries

Li eSeries[ser_Synbol ] [{dd_I nteger}] := LSeeTabl e[ser [d], {d, dd}];
LieSeries[ser_Synbol ][e_ ] := ser[e];
Format [s_LieSeries, StandardForm] : = s[{$Seri esShowDegree}];
ShowLi eSeri es[d_Integer][s_LieSeries] := s[{d}];
MakelLi eSeries[s_LieSeries] :=s;
Makeli eSeries[expr_]1 : =
MakelLi eSeri es[expr] = MakelLi eSeri es[Uni que[MakeLi eSeries], expr];
MakelLi eSeri es[ser_Synbol, expr_] := (
ser [1 = Hol d[MakeLi eSeries[ser, expr]l;
ser [d_Integer] : = ser [d] = Expand[expr /. w_ LW /; Deg[w] # d - O];
Li eSeries[ser]
):
sl LieSeries = s2_LieSeries : =
And e@ ((sl[#] =s2[#]) & /@ Range[$Seri esConpar eDegree]);

Print /e {tsl = ("1122") // MakeLieSeries, tsl[], tsl /e Range[6]};
LS[0, 0, 0]

Hol d [ MakeLi eSeri es [MakelLi eSeri es$554, (1122)]]

(0, 0, 0, (1122), 0, 0}
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AddLi eSeries[ss___ LieSeries] := AddLi eSeries[ss] = Mdul e[{ser},
ser = Uni que [AddLi eSeries];
ser [] = Hol d[AddLi eSeri es[ss]];
ser [d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {SS});
Li eSeries[ser]
1
Scal eLi eSeries[c_, s LieSeries] := ScaleLieSeries[c, s] = Mdule[{ser},
ser = Uni que[Scal eLi eSeri es];
ser [] = Hold[Scal eLi eSeries[ss]];
ser [d_Integer] := ser [d] = Expand[c xs[d]];
Li eSeries[ser]
1;
b[s_LieSeries, y_1 := b[s, MkelLieSeries[y]];
b[x_, s_LieSeries] := b[MakelLieSeries[x], s]I;

b[sl_LieSeries, s2_LieSeries] := b[sl, s2] = Mdul e[{ser},

ser = Uni que[b];
ser[] = Hold[b[s1, s2]];

ser [d_Integer] := ser [d] = Sum[
b[rsi[k], s2[d-k]],
{k, 1, d-1}

1;
Li eSeries[ser]
1
b[s_LieSeries, y_1 := b[s, MkelLieSeries[y]];
b[x_, s_LieSeries] := b[MakelLi eSeries[x], sI;

{ts2 = ("122" ) + ("11122") // MakelLieSeries, ts3 =b[tsl, ts2], ts3[], ts3 /@ Range[10]}

{Li eSeri es[MakelLi eSeri es$545], LieSeries[b$547],
Hol d [b [Li eSeri es [MakeLi eSeri es$543], Li eSeri es[MakeLi eSeri es$545]]7],
{0, 0, 0, 0, 0, 0, (1122122), 0, -(111221122), 0}}
LieSeries /: EulerE[s_LieSeries] := Mdule[{ser},
ser = Uni que [Eul er E];
ser[] = Hold[Eul erE[s]];
ser [d_Integer] : = ser[d] = Expand[d *s[d]];
Li eSeries[ser]
1
{ts4 = Eul erE[ts3], ts4[], ts4 /e Range[10]}

{Li eSeri es [Eul er E$3554], Hol d[Eul er E[Li eSeri es [b$547]]],
{0, 0, 0, 0, 0, 0, 71122122y, 0, -9 (111221122, 0}}
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adPower, adSeries, and Ad

adPower [0, x_LieSeries][¢ LieSeries] := adPower [0, x][¢¥] = Modul e[{ser},
ser = Uni que [adPower 1;
ser [] = Hol d[adPower [0, X][¥]1];
ser [d_Integer] : = ser[d] = ¥[d];
Li eSeri es[ser]
1
adPower [n_I nteger, x_LieSeries][¢_LieSeries] := adPower [n, X][¥] = Modul e[{ser},
ser = Uni que [adPower 1;
ser [1 = Hol d[adPower [n, x][¥]1;
ser [d_Integer] := ser[d] = b[x, adPower [n-1, x][¢]]1[d];
Li eSeries[ser]
1;
adSeries[f_, x_LieSeries][y _LieSeries] := adSeries[f, x][¥] = Mdul e[{ser},
ser = Uni que[adSeries];
ser [1 = Hold[adSeries[f, x][¥]1];
ser [d_Integer] : = ser[d] = Mddule[{c},
Expand [Sum[
c = SeriesCoefficient [f, {ad, O, k}I;
If[c=0, 0, c=*adPower [k, x][¥][d]],
{k, 0, d-1}
11
1;
Li eSeries[ser]
1
adSeries[f_, X_J[¥_]1 := adSeries[f, MakelLieSeries[x]][MakeLieSeries[¥]];
Ad[x_]1 := adSeries[E" (-ad), XxI;

{xs = MakeLi eSeries[LW"x"]1], ys = MakeLieSeries[LW"y"]1]1,
ts5 = adPower [0, xs][ys], ts5[], ts5 /@ Range[5]}

{Li eSeri es[MakelLi eSeri es$98], Li eSeri es[MakeLi eSeri es$99], Li eSeri es[adPower $1017,
Hol d [adPower [0, Li eSeries[MakelLi eSeri es$98]] [Li eSeri es[MakeLi eSeries$99]]],
{<y», 0, 0, 0, 0}}

adPower [3, xs][ys] /e Range[5]
{0, 0, 0, (xxxy), 0}

{adSeries[E" (-ad), xs][ys] /e Range[5], adSeries[E”" (-ad), ys][xs] /e Range[5]}
(XXY) (XXXY)  {XXXXY)

H<y>, _xy>, ’ } {<x>, xy), <ny>’ <XYYY>’ <nyyy>}}
6 24 6 24
Ad[xs][ys][5]
(XXXXY )
24

Ad[xs][ys][]
Hol d [adSeri es [e™@, LieSeries[MakelLieSeries$98]] [LieSeries[MakelLieSeries$99]]]
LieDerivation, DerivationPower, DerivationSeries

LieDerivation[der_][es___1 := der[es];
Li eDerivation[rules_List] :=
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Li eDerivation[rul es] = LieDerivation[Unique[LieDerivation], rules];
Li eDerivation[der_Synbol, rules_List] := (
der [] = Hol d[Li eDerivation[der, rules]];
(der [w_LW] /; Deg[w] = 1) :=
(der [w] = MakelieSeries[w /. Append[rules, _LW- 011);
der [W_LW] : = der [w] = Mddule[{X, Yy},
{X, y} = LyndonFactori zati on[w];
AddLi eSeri es[b[der [x], y], b[x, der[y]l]1]
1
der [s_LieSeries] := der[s] = Mdul e[{ser},
ser = Uni que[Li eDerivati onOnLi eSeri es];
ser [] = Hol d[der [s]];
ser[d_] := ser[d] = Sum[
der [s[k1][d],
{k, 1, d}
1;
Li eSeri es[ser]
1
der [as_ASeries] : = der [as] = Mdul e[{ser},
ser = Uni que[Li eDerivati onOnASeri es];
ser [] = Hol d[der [as]];
ser[d_] := ser[d] = Sum[
Expand[as[k] /. AW[w_] = Sum[
NonComut at i veMul tiply[
AW[StringTake[w, j -1117,
c[der [LW[StringTake[w, {j}111[d-k+111,
AW[StringDrop[w, j 11
1.
. k}
11,
{k, 1, d}
1;
ASeri es[ser]
1;
der [cws_CWBeri es] : = der [cws] = Modul e[{ser },
ser = Uni que[Li eDerivati onOnCWseri es];
ser [] = Hol d[der [cws]];
ser[d_] := ser[d] = Sum[
Expand[cws [k] /. CWMw_] = Sum[
tr [NonConmmut ati veMul ti ply[
AW[St ri ngTake[w, j -111,
c[der [LW[StringTake[w, {j}111[d-k+117,
AW[StringDrop[w, j 1]
11,
. k}
11,
{k, 1, d}
1
CWBeri es[ser]
1;
der [expr_]1[d_]1 := Expand[expr /. {w_LW: der [w][d], s_LieSeries = der[s][d]}];



Li eDeri vati on[der ]
)
Print /e {
I dl = LieDerivation[{(1l) » b[(3), (1)1}1,
ldif1,
(# - 1d1[#][{4}]) & /e Al l LyndonWords[{3}, {"1", "2"}],
(¢"112"y /7 1dl /7 1d1l)[{5}]
1
Li eDerivation[LieDerivati on$103]
Hol d [Li eDeri vation[LieDerivation$103, {(1) - -(13)}]]

((1y > LS[0, -(13), 0, 0], (2) »LS[0, 0, 0, 0], (12) »LS[0, 0, -(132), 0],
(112) 5 LS[0, 0, 0, -(1132) + (1213)], (122) »LS[0, 0, 0, -(1322)]}

LS[0, 0, 0, 0, (11332) - (12133) +2 (13132)]

Derivati onPower [0, der_LieDerivation][¢_LieSeries] :=
Derivati onPower [0, der][¥] = Modul e[{ser},
ser = Uni que[Deri vati onPower 1;
ser [] = Hol d[Derivati onPower [0, der][¥]1];
ser [d_Integer] := ser[d] = y¢[d];
Li eSeries[ser]
1
Derivati onPower [n_I nteger, der_LieDerivation][y_LieSeries] :=
Derivati onPower [n, x][¢¥] = Modul e[{ser},
ser = Uni que[Derivati onPower J;
ser [] = Hol d[DerivationPower [n, der][¥]];
ser [d_Integer] : = ser [d] = der [Derivati onPower [n-1, der]1[¢]][d];
Li eSeries[ser]
1
DerivationSeries[__]1[0] = O;
DerivationSeries[f_, |d_LieDerivation][¢_LieSeries] :=
DerivationSeries[f, 1d][¢] = Mdul e[{ser},
ser = Uni que[DerivationSeries];
ser [] = Hold[DerivationSeries[f, Id][¥]1];
ser [d_Integer] : = ser[d] = Mddule[{c},
Expand [Sum[
c = SeriesCoefficient [f, {der, 0, Kk}I;
If[c=0, 0, cxDerivationPower [k, |d][¥][d]],
{k, 0, d}
1]
1
Li eSeries[ser]
1
DerivationExp[l d_LieDerivation] := DerivationSeries[E"der, |d];

FreeLie.nb |7
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("112") // MakeLieSeries // Derivati onExp[LieDerivation[{{1) » b[(3), <1)1}11 //
ShowLi eSeri es[6]
(11332) (12133)

LS|0, 0, (112), -(1132) + (1213}, +(13132),

(113332% (121333) (131332) (132133) ]
6 T 2 T
("122") // MakeLieSeries // Derivati onExp[LieDerivation[{{1) » b[(3), (1)1}11 //

ShowLi eSeri es[6]

(13322)  (133322)
Ls{o, 0, (1225, -(1322), .- }
2 6
LieMorphism
Li eMor phi sm[nmor_][es___1 : = nor [eS];

Li eMor phi sm[rules_List] : =
Li eMor phi sm[rul es] = Li eMor phi sm[Uni que[Li eMor phi sm], rul es];

Li eMor phi sm[nmor _Synbol , rules_List] := (
nmor [] = Hol d[Li eMor phi sm[nor, rules]];
(mor [w_LW] /; Deg[w] == 1) := (mor [w] = MakelieSeries[w /. rules]);
nmor [w_ LW := (mor[w] = b @@ (mor /@ LyndonFactorization[w]));

nmor [AW["" 1] = MakeASeries[AWM""11;
(mor [AW[w_11 /; StringLength[w] = 1) :=
(nor [w] = c[MakelLieSeries[LWw] /. rules]]);
mor [AW[w_]1] : = nmor [w] = Modul e[{wl, w2},
wl = StringTake[w, Floor [StringLength[w] /2]];
w2 = StringDrop[w, Floor [StringLength[w] /2]1];
(mor [AW[WL]]) #* (mor [AW[W2]])
I
mor [CWM[w_]] : = tr [mor [AWM[w]]];
nor [s_LieSeries] := nor [Ss] = Modul e[{ser},
ser = Uni que [Li eMor phi smOnLi eSeri es];
ser[] = Hold[nor [s]];
ser[d_] := ser[d] = Sum[
mor [s[k]][d],
{k, 1, d}
1;
Li eSeries[ser]
1
nor [cws_CWSeries] : = nor [cws] = Mdul e[{ser},
ser = Uni que [Li eMor phi smOnCW5er i es];
ser [] = Hold[nor [S]];
ser[d_] := ser[d] = Sum[
mor [cws [k]] [d],
{k, 1, d}
1;
CWBeri es[ser]
1
mor [expr _1[d_] := Expand[expr /. (W_LW|w AW|w CW :» ror [w][d]];
Li eMor phi sm[nor ]
);
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Print /e {
I m0 = Li eMor phi sm[{LW["X"] - LW["Yy"]1}1,
LW"x"1 7/ | nO,
AW"X"]1 // | nD,
CW]"x"1 7/ I nD};
Li eMor phi sm[Li eMor phi sn$101]

LS[¢y), 0, 0]
AS[0, AWY], 0, 0]

CWs[CWy], 0, 0]

Print /@ {
| mL = Li eMor phi sm[{LW["X"]1 -» AD[LW["y"11[LW"X"11}1,
Iml[],
I [LW"y" 11,
Il [LW" X" 11,
I ml [LW[" X" 11141,
I ["xxy" )1,
Il [¢"xxy" )>1[8],
il [AW[" X" 11,
| ml [CW" X" 1]
1
Li eMor phi sm[Li eMor phi sn557 ]

Hol d [Li eNor phi smlLi eNor phi sn$557, {<X>»LS[<X>, (xy), <ny>HH

LS[<y), 0, 0]

(Xyy)
LS| 00, xy), ]
(Xyyy)

6
LS[0, 0, (xxy)]

(XXYYYYYY)  (XYXYYYYY)  (XYYXYYYY)
+ +
120 30 24

AW XYY ] AWM YYX ]
AS[0, AWIX], AWIXY] - AWLYX ], —— == - AWyxy ]+ ———

CWs[CWx], 0, 0]
StableApply

St abl eAppl y [mor _Li eMor phism (type: (LieSeries | ASeries | CWseries))[s_]] := (
St abl eAppl y [nor, type[s]] = Mdul e[{ser},
ser = Uni que[St abl eAppl y];
ser [] = Hol d[Stabl eApply[nor, type[s]]];
ser [d_] := ser [d] = Nest [nmor, type[s], d][d];
type[ser]
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BCH

BCHBase = Modul e[ {bch},
bch = Uni que [" BCHBase" ];
bch[] = Hol d[BCHBase];
bch[1l] = ("x")+{"y");
bch[d_Integer] := bch[d] = Expand[Pl us[
adSeries[E” (-ad), MakelLieSeries[("y")]][MakeLieSeries[{"x")]][d],
-adSeries[(1-E” (-ad)) rad -1, LieSeries[bch]][Eul erE[LieSeries[bch]]][d]
1/4d1;
Li eSeries[bch]
1;
BCH[x_, y_1 := LieMrphism[{LWM"Xx"] » X, LW"y"] -» y}][BCHBase];

{BCHBase, BCHBase[], BCHBase[8]}

(Xy) (XXy) (Xyy)
{BCHBase3 (X) + LY ), , + , Hol d [BCHBase]
12 12
(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - + - + +
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXY) 13 (XXXYXYYY) (XXXYYXYY)
+ - + + -
120960 4032 10080 30240 20160
(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYyYyy) (XXYYXYYYy) <XXYYYYYY>}
- + - - +
3024 10080 2520 4032 10080 60480

{LieSeries[BCHBase3], Hol d [BCHBase],

(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - - +

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXyXyXy) 13 (XXXyXyyy) (XXXyyXyy)
120960 4032 10080 30240 " 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY)  (XXYXYYYY)  (XXYYXyyy) (XXYyyyyy)
3024 10080 2520 4032 10080 60480 J

{BCH[LW["y" 1, LW["Zz"1], BCH[LW"y"]1, LW"z"]1][6]}
{LieSeries[LierrphiannLieSeries$10lL
yyyyzz) <yyyzyz) (yyyzzz) (yyzyziz) <yyzzzz>}

+ +

+
1440 720 360 240 1440
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{
t1l=BCH[LW"x"], BCH[LW"y"1, LW"z"111,
t2 = BCH[BCH[LW["x" ], LW["y"11, LW"z"11,
tl==1t2,
Table[t1[d] =t2[d], {d, 10}]
Y // Timing

(Xy) (Xz) «(yz)
+ + ,
2 2
(Xzz) (yyz) (yzz)
+ +

{7. 987, {Ls[<x> Y)Y + (2,

(XXY)  (XXZ)  (Xyy) (Xyz) (XzYy)
+ + + + }, LS{(X>+<y>+<Z>,

+

12 12 12 3 6 12 12 12
(XYy)  (XZ) (Yyz) (XXY) (XXZ) (AXyYy) (Xyz) (Xzy) (Xzz) (Yyyz) (YyzZz)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12
Xy) (Xz) (Yz)
LS| (x) + (y) + (zZ), + + ,
2 2 2
(XXY)  (XXZ)  (Xyy) (Xyz) (Xzy) (Xzz) (yyz) (yzz)
+ + + + + + + } = LS[<x>+<y>+<z>,
12 12 12 3 6 12 12 12
(XYY (XZ) (yz) (XXY) (XXZ) (XYYy) (Xyz) (Xzy) (Xzz) (yyz) (yzZ)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12

{True, True, True, True, True, True, True, True, True, True}}}

AW, ASeries, ¢, o

Unpr ot ect [NonComut ativeMul tiplyl;

X_%*%x0=0; O*xxy_=0;

(C_*X_ AW *x y_ = Expand[C (X *xYy)];

X_ %% (C_*Y_AW := Expand[C (X **VY)];

X_Plus #xy_ 1= (#xxy) & /@ X;

X_*xxy Plus (= (X*x#) & /e vy;

Deg[AWM[w_]1] := StringLength[w];

AWLAWIW_1] @ = AWMW];

AWIWL_String] ** AW[W2_String] : = AWMWL <>Ww21;
b[w AW z AW = W*x*xZ -Z %% W,
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ASeries[ser_Synbol J[{dd_I nteger}] : = ASee Tabl e[ser [d], {d, O, dd}];
ASeries[as_Synbol J[es___ ] := as[es];
Format [s_ASeries, StandardForm] : = s[{$Seri esShowDegree}];
MakeASeri es[as_CWseries] : = as;
MakeASeri es[expr_] : =
MakeASeri es[expr] = MakeCWSeri es[Uni que [MakeASeri es], exprl;
MakeASeri es[ser_Synbol, expr_] := (
ser [1 = Hol d[MakeASeri es[ser, exprll];
ser [d_Integer] : = ser [d] = Expand[expr /. w AW /; Deg[w] # d - O];
ASeri es[ser]
);
(sl_ASeries xx s2_ASeries) := (sl*xs2) = Mdul e[{ser},
ser = Uni que [NonConmrut ati veMul tiply];
ser[] = Hold[sl xxs2];

ser [d_I nteger] : = ser[d] = Sum[
s1[k] **s2[d-k],
{k, 0, d}

1
ASeri es[ser]
I

t[w_ LW /; Deg[w] == = AWee w,

LW LW := c[w] = b ee (v /@ LyndonFactorization[w]);
c[expr_]1 : = Expand[expr /. W LWz c[wW]];

L[l s_LieSeries] := ¢[ls] = Mdul e[{as},

as = Unique[c];
as[] = Hold[c[ls]];
as[d_] := as[d] = c[ls[d]];
ASeri es[as]
1
t[BCHBase[3]]
AWIXXY]  AWXyX] . AWIXYY ] . AWMyxx]  AMyxy] . AWMYYyX]

12 6 12 12 6 12
{as = L[BCHBase], as[5]}

AW XXXXY] AW XXXYX]  AWXxXxyy] AWXXyxx] AWXXyxXxy]
{ASeri es[L$605], - . + - - -
720 180 180 120 120

AWXXYYyx] — AWIXXyyy] — AWXyxxx] — AWXyxxy] —AWMXyxyx] —AWMXyxyy]

120 " 180 " 180 120 : 30 120
AWIXYYyxx] — AWXyyxy] — AWIXYyyx] —AWMXyyyy]l AWYXxxx] — AWYXXXY]

120 120 " 180 720 720 : 180
AWYxxyx] — AWMYyxxyy] AWMyxyxx] AWMyxyxy] AWMyxyyx] AWMyxyyy]

120 120 120 : 30 120 : 180 :
AWYYxxx] — AWMyyxxy]  AWMyyxyx] AWMyyxyy] AWMyyyxx] AWMyyyxy] AWMyyyyx]

— + + —

180 120 120 120 180 180 720
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oly LW w LW /; Degly]l =1 := o[y, w] = Wich]
y ===w, AWM""],
Deg[w] ===1, O,
True, Modul e[{wl, w2},
{wl, w2} = LyndonFactori zation[w];
L[WL] ** o[y, W2] - [W2] **x o[y, WL]
]
1
o[y_, Is_LieSeries] := o[y, |Is] = Mddule[{as},
as = Uni que[o];
as[] = Hold[o[y, Is]l;
as[d_] := as[d] = o[LW[y], Is[d+1]];
ASeri es[as]
1
o[y_, expr_] := Expand[expr /. W_LW:»> o[LWY], W]];

(# ->o[1, #]) & /@ All LyndonWords[{5}, {"1", "2"}]

((1y 5 AW], (2) 50, (12) > ~AW2], (112) > -2 AW[12] + AW[21], (122) - AW[22],
(1112 - -3 AW[112] + 3AW121] - AW211], (1122) > 2 AW[212] - AW[221],
(1222 > -AW222], (11112) > -4 AW[1112] + 6 AW[1121] - 4 AW[1211] + AW[2111],
(111225 > -AW[1122] + 4 AW1212] - AW[1221] - 2 AW[2121] + AW[2211],
(11212 » -AW[1122] + 4 AW1212] - AW[1221] - 3 AW[2112] + AW[2121],
(112225 - -2 AW[1222] + 3 AW[2122] - 3 AW[2212] + AW[2221],
(121225 - 2 AW[1222] - 3 AW[2122] + AW[2212], (12222) - AW[2222]}

{o["x", BCHBase][5], o["y", BCHBase][5]}

{ AWMYxxxy] — AWMyxxyx] ~AWYxxyy] —AWMyxyxx] AWMyxyxy] AWYyxyyx] AWMyxyyy]

+ + - + +
360 240 240 360 60 240 360
AMYyxxx]  AWMYyyxxy] AWYyxyx] AWMyyxyy]l AWMyyyxx] AWYyyxy] AWMyyyyx]

+ + + - - + ,
1440 240 240 240 360 360 1440
AW XXXXY]  AWXXXYyXx]  AWXXXyy]  AWxXxyxx] AWXxyxy] AWXxyyx] AWXXyyy]
- + + - - - - +
1440 360 360 240 240 240 1440

AWXYXxXx] — AWMXyxxy] — AWXyxyx] —AWMXyxyy] —AWXyyxx] —AWMXyyxy] AWXyyyx] }
- + + +
360 240 60 360 240 240 360
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CW, CWSeries, tr, div

Deg[CW[w_]1] := StringLength[w];
CWGeries[cws_Synbol J[es___ ] : = cws[esS];
CWeeri es[ser_Synbol 1[{dd_I nteger}] := CWSee Tabl e[ser [d], {d, dd}I;
Format [s_CWSeries, StandardForm] : = s[{$Seri esShowDegree}];
MakeCWBer i es[cws_CWBeri es] : = Ccws;
MakeCWSer i es[expr_1 : =
MakeCWser i es[expr] = MakeCWSeri es [Uni que [MakeCWSeri es], exprl;
MakeCWser i es[ser_Symbol, expr_] := (
ser [] = Hol d[MakeCWseri es[ser, exprll];
ser [d_Integer] : = ser [d] = Expand[expr /. w CW /; Deg[w] # d - O];
CWBeri es[ser]
);
sl CWseries = s2 CWseries : =
And @@ ((sl[#] =s2[#]) & /@ Range[$Seri esConpar eDegree]);
AddCWSeri es[ss___ CWseries] : = AddCWSeries[ss] = Mdul e[{ser},
ser = Uni que [AddCWSer i es];
ser [] = Hol d[AddCWBer i es[sS]];
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {sSS});
CWBeri es[ser]
1;
I ntegrateCWseries[cws_CWseries, {s_, sO_, sl }] :=
I ntegrateCWseries[cws, {s, sO, sl1}] = Modul e[{ser},
ser = Uni que[l nt egrat eCWBeries];
ser []1 = Hol d[I ntegrateCWseries[cws, {s, sO, s1}11]:
ser [d_Integer] : = ser [d] = Expand[Integrate[cws[d], {s, sO, sl1}11;
CWBeri es[ser ]
1
tr [wW.AW : = tr[w] = CWMRotateToM ni nal eew];
trexpr_] :=expr /. aw_ AW :» tr [aw];
tr [as_ASeries] := tr[as] = Mdul e[{cws},
cws = Uni queftr];
cws[] = Hold[tr[as]];
cws[d_] := cws[d] = tr[as[d]];
CWseri es[cws]
1
tr [AW[" yxxyxx" 1]
CW XXy XXy ]
tl=o0["y", BCHBase] // tr
CWBeries[tr$103]
t1[5]

OWIxxxxy] —OWxxxyy] —CWIxxyxy] CWIXxyyy] OWXyxyy]
. . . .

1440 180 120 480 720




diviy_LW w LW /; Deg[y] =1 :=div[y, wl] =tr[(AWeey) »x o[y, W]];
div[iy_, Is_LieSeries] := div[y, Is] = Mdule[{cws},

cws = Uni que[diVv];

cws[] = Hold[divI[y, Is1];

cws[d_] := cws[d] = div[LWYy], |s[d]];

CWBeri es[cws]

N
div[y_, expr_] := Expand[expr /. w_LW:» div[LWY], W]];

{div["x", BCHBase][7], div["y", BCHBase][7]}

{C,\N[xxxxxxy} CWIXXXXXYy] CWIXXXXyXy] 19 COWxxxxyyy] CWIXxXXyxxy] CWXXXYyXYY]
- + - - + +
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+

30240 2520 1008 15120 2520 504
OWXXXyyxy] 19 OWIxxxyyyy] OWxxyxxyy] OWxxyxyxy] OWXxyxyyy] CWXxyyxyy]
504 " 15120 T 280 : 504 1680 :
OWxXyyyxy] —OWxxyyyyy] OWIxyxyxyy] OWXxyxyyyy] OWxyyxyyy] OCWXyyyyyy]
504 T 2520 280 T 1008 2520 | 30240
CWIXXXXXXY]  CWIXXXXXYYy] CWIXXxXyxy] 19 CWIxxxxyyy] OCWxXxxyxxy] CWXXXyXyy]
30240 2520 1008 15120 - 2520 504 )

OWXXXyyxy] 19 CWxxxyyyy] —CWIxxyxxyy] —CWIxxyxyxy] CWIXxyxyyy] CWIXXyyxyy]
- - + + +

504 15120 1680 280 504

1680

CWIxxyyyxy] —CWIxxyyyyy]l COWMxyxyxyyl OWxyxyyyyl CWIxyyxyyyl CWIXyyyyyy]

+ +
504 2520 280 1008 2520
t1l = MakeCWGeri es [CW" xyxyyyy"1]1 //
Li eDerivation[{LW"x"] - MkeLieSeries[b[LW"x"], LW"z"111}]

CWseri es[Li eDerivati onOnCWseri es$106]
t1l /e Range[10]

30240 }

{0, 0, 0, 0, 0, 0, 0, -CWIxyxyyyyz] + CWMxyxzyyyy] - OWMxyyyyxyz] + CWxyyyyxzy], 0, 0}



16 | FreeLie.nb

The Meta-Cocycle J

J[-1, __ 1 = MakeCWseries[0];
JIn_, y_ LW pu LieSeries, s_] :=J[n, Yy, u, S] = Mdul e[
{su, ws},

su = Scal eLi eSeries[s, ul;
us = St abl eAppl y[Li eMor phi sm[{y -» Ad[Scal eLi eSeries[-1, su]l]l[LWz11}]1, wul;
us = us // LieMorphism[{LWz] > y}];
I nt egrat eCWseri es [
AddCWser i es [
Jin-1, y, u, s] // LieDerivation[{y - b[us, y]}1,
div[y, wus]
1,
{s, 0, s}
1
1
JIY_LW u_LieSeries] := J[y, u] = Mdul e[{cws, S},
cws = Uni que[J];
cws[] = Hold[J[y, ull;
cws[d_Integer] := cws[d] = J[d-1, vy, u, s][d] /. s = 1;
CWBeri es[cws]
1;
Print /@ {y0O =LW"y"], w0 =BCHBase,
J[0, y0, u0, s],
J[1, yO0, u0, s1,
J[2, y0, u0, s],
J[y0, u0]
1

Y

(Xy)  (XXY)  (Xyy)
LS{(X) + (Y, , +
2 12 12

1 1
C\/\S{s CWy1, Es CWIXy] + Es2 CWXxy],
1

1 1 1 1 1
— s CW[xxy] + — S2 CW[xxy] + — s3 CW[xxy] - — s CW[xyy] - — s? CW[xyy] - — s° C\N[xyy}}
12 4 6 12 4 6

1 1
O/\S{s CWy1, Es CWIXy] + Es2 CWXxy],

1 1 1 1 1 1
— s CW[xxy] + 4—32 CWIXXY] + gs3 CWXXY] - ES CWIxyy] - ZSZ CWIXyy] - gs3 C\N[xyy}}

12
1 1
OAS{SC,W[y] fsCVV[xy +,5 CWxyT,
1 1 1 1 1 1
—sON[xxy +fs CW XXy ] +fs CW XXy ] 7—sCVV[xyy 775 CWIXyy] 775 CWIxyy ] }

12
OWixxy | CW[xyy
2 2

VB[ Oy, CWixy],



1 1 1 1
CV\S[S CW"y"1, E s CW["xy"] + E s? CW"xy"1, E s CW[" xxy" 1 + Z s? CW" xxy"1 +

1 1 1 1
. s oW xxy" ] - T CW" xyy" ] - " sZCW" xyy"] - 5 s® oW xyy" ]] /. s=1

CWMxxy]  CWxyy]
2 2

$Seri esConpar eDegr ee = $Seri esShowDegr ee = 8;
J[3, yO0, u0, s] =J[4, yO, w0, s]

ows|owty 1, owxy 1,

True
J[y0, p0][6]

CWIxxxxxy] 31 CWxxxxyy] 11 CWxxxyxy] 109 CWxxxyyy]
120 " 48 : 6 : 36
7 OWMXXyxxy] 23 CWIXxyxyy] 23 CWxxyyxy] 31 CWIXXyyyy]
8 B 4 . 4 " 48 "
28 CWIxyxyxy] 11 CWIxyxyyy] 7 CWxyyxyy] CMXxyyyyy]
3 . 6 ’ 8 T 120

+
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