Pensieve header: The free-Lie meta-crossed-product structure.

SetDirectory["C: \\drorbn\\Academn cPensi eve\\2012-07"1];
<< ..l Projects/Freelie/FreeLie.m

ACol l ect [A[w_, p_]] := A[w, Collect [y, _h, Expand]ll];
A /: Series[A[w_, wp_], d_Integer] := A[w, Collect[u, _h, MakelLieSeries[d, #] & 1];
Random[d_, m, n_] := Mdul e[{bas},

bas = Al |l LyndonWords[{d}, Characters[StringTake["1234567890", m]]1;

Series[A[0, Expand[Sum[

h[j ] (Random nteger [{-2, 2}, Length[bas]]. bas),
{j, n}
111, dl // xCollect

1
hL[X_] := Union[Cases[A, h[s_] = s, Infinity]];
A/ Alwl_, pl 1 = A[w2_, p2_] :=

wl = w2 & (And @ee ((D[ul, h[#]] = D[u2, h[#]]) & /@ hL[{ul, u2}]1));

tmix_, y_, z_1[A[w_, wu_1]1 := A[0, u // LieMorphism[{<{X) - (Z), (Yy)~><2)}11;
hmix_, y_, z J[A[w_, p_]1]1 := A[0, Plus|
u /. {h[x] -0, h[y] » 03},
h[z] BCH[D[x, h[x]1, D[w, h[y]l]
11;
hta[x_, y_, z_][Alw_, u_11 := A[O,
Fi xedPoi nt [Li eMor phi sm[ {
LWy] -» Ad[-D[p, h[x]1]1[LWZz]]
I3
ul
1;
hta[x_, y_1[x_]1 := x // hta[x, y, LW["z"]] // LieMrphism[{LW"z"] > LW[Y]1}];
dm[x_, y_, z_1[x_]1 := x // htal[y, x] // tm[x, y, z] // hm[x, y, z];
Rpo[x_, y_1 1= A[0, h[y]l <x)I;
A/ Alwl , pl JA[w2_, p2_ ] = A[wl + w2, pl+pu2];
BCH[4]
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{A0 = Random[4, 3, 1],
20 7/ tm[1, 2, 27,
tl =20 // tm[l, 2, 2] // tm[2, 3, 3],
20 7/ tm[2, 3, 31,
t2 = A0 // tm[2, 3, 3] // tm[l, 3, 3],
tl1==t2

} // Col umForm

A[0, h[l]LieSeries[2 (1) +(2)-2(3), -2(12) -(13) -2(23), -2 (112) +2 (113) -2 (122) +2 (1.
A0, h[l]LieSeries[3(2)-2(3), -3(23), (223) -3 (233), (2223) +4 (2333)]]

A[0, h[{l] LieSeries[(3), 0, 0, 0]]

A[0, h[l] LieSeries[2 (1) -3y, -3(13), -3(133), (1113) - (1133)7]]

A[0, h[l] LieSeries[(3), 0, 0, 0]]

True
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{20 = Random[4, 2, 3],
20 // hm[1, 2, 27,
tl =20 // hm[1, 2, 21 7/ hm(2, 3, 31,
t2 = 20 // hm[2, 3, 3] // hm[1, 3, 3],
tl1==t2

} // Col umForm

A[0, h[3] LieSeries[2(1ly, (12y, 2112y +2 (122), (1112) +2 (1122)] +h[l] LieSeries[-2 (1) -
2[0, h[3]LieSeries[2 (1), (12), 2 (112) +2 (122), (1112) +2(1122)] +h[2] LieSeries[-4 (1) -
1[0, h[3] LieSeries[-2(1)-3(2), 4(12), -6 (112) - 2220 10CHUD  ATCA2D) 20 C222) 1]
1[0, h(3] LieSeries[-2(1)-3(2), 4(12), -6(112) - 2222 10 CHD AT CA2) 20 (222 1]

True

{t =Series[Rp[1l, 3] Rp[2, 4], 41,
t // hm3, 4, 3],
t // hta[3, 2, 5]
} // ColumForm

A[0, h[(3] LieSeries[(1ly, O, O, O] +h[4] LieSeries[(2), 0, 0, 0]]
. . (12 (112) (122) (1122)
a[0, h[3jLieseries[(1)+(2), 55 -+ o, 5]
[0, h[3] LieSeries((1), 0, 0, 0] +h[4] LieSeries[(5), (15), (115 (1115 )]

{20 = Random[4, 2, 3],
A0 // htafri, 11,
20 // htaf[l, 11 // hta[2, 11,
tl= 20 // hta[l, 1] // hta[2, 11 // hm[i, 2, 1],
t2=20 // hm[l, 2, 1] // hta[l, 1],
tl1==1t2
} // Col umForm

A0, h[l] LieSeries[0, -2 12y, -(112), 2(1222)y] +h[3] LieSeries[2(2), (12, -(112) -2 (12:
A[0, h[l] LieSeries[0, -2 (12), -(112), -4 (1122) +2 (1222)] +h[3] LieSeries[2 (2), (12), -(
)L[O, h[l] LieSeries[0, -2 (12), -(112) +4 (122, -2 (1222)] +h[3] LieSeries[2 (2), (12), -1
A[0, h[3)LieSeries[2(2), (12), -(112) -4 (122), 2 (1112) +2 (1122) +6 (1222)] +h[1] Li eSeri
A[0, h[3] LieSeries[2(2), (12), -(112) -4 (122), 2 (1112) +2 (1122) +6 (1222)] +h[1] Li eSeri
True

{20 = Random\[3, 4, 4],
20 7/ dm[1, 2, 17,
tl1 = a0 // dm[l, 2, 1] // dm[1, 3, 1],
t2 = 20 // dm[2, 3, 2] // dm[1, 2, 1],
tl1=t2

} // Col umForm

A[0, h[1] LieSeries[(2) - (4), (12) - (14) +2 (34), 2 (112) + (113) - 2 (122) + 2 (123) - 2 (124) +
2[0, hil] LieSeries[(1)+2(3)-2(4), 7(13) - 0% 15 (34), S U BAH) | 91N
2[0, h[1] LieSeries[(1)-34), -7 (14), - 220 U | ha)LieSeries[-2(1)+2(4), -4
1[0, hil] LieSeries[(1)-3(4), -7 (14), - B8 I8 W T gy lieSeries[-2 (1) +2(4), -4

True
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{20 = Random\[3, 4, 4],
20 /7 dm[l, 2, 11,
tl =20 7/ dm[1, 2, 11 // dm[1, 3, 11,
t2 = a0 7/ dm[2, 3, 2] // dm[1, 2, 1],
tl=t2
} // Timng

{240. 771,
{)\[O, h[2] LieSeries[-(2) + (3) - (4), 2 (13) =2 (14) + (23) + 2 (24) + (34), - (112) +2 (113) +

(122) - (123) + (124) + (134) - (142) -2 (143) - (144) -
(224 - (2345 +2 (243) - (244) - (334) + 2 (344)] +
h{l]LieSeries[-(1)+2(2) -2 (3)+(4), 2(12) +2 (13) + (14) + 2 (23) - 2 (34),
S(112) —2 (113 + (114) - 2 (122) - (123) - (124) + 2 (134) - 2 (142) +
(143) + (223) + (233) - (234) - (243) — 2 (244) - (334) -2 (344)] +
h[3] LieSeries[-(2)+2(3)+(4), 2 (12) -2 (13) + (14) + 2 (23},
S2(112) - (113) + (114) - (122) + 2 (123) - (124) -2 (134) + (142) + 2 (143) +
2 (223) ~2 (224 - (233) ~2 (234) + (243) ~2 (244) 2 (334) + (344)] +
h[4] LieSeries[-(1)-2(3) +2(4), 2 (12) - (13) - (14) - (23) - (24) - 2 (34),
S(112) -2 (113) - (114) -2 (122) - (123) - (124) + (132) - (133) - (134) - (142) -
(143) —2 (144) - (223) - (224) +2 (233) 2 (243) + (244) + (334) - (344)]],
15 (13) (34) 22 (113) 3(114) 7(133) 2 (134)

+ +

A0, h[l] LieSeries|-(3), n
2 2 3 2 4 3
13 (143) 11 (144 9 (334) (344) ) )
5 - > - 2 + 3 +h[3] LieSeries[-(1)+2(3) +(4),

(14), 5(113) -5 (114) + (133) -5 (134) — (144) - 2 (334) + (344)] +
h[4] LieSeries [f (1) =2 (3) +2 (4y, -(13) -3 (14) -2 (34),
3(133) 3(134) 5 (144)
. -2 (143) - . +<334>7<344>H,

(113) 7 (114)

2 2 2 2
37 (114)
A[o, h{1] Li eSeries{<4>, 14y, - "7 _7(144)] +
5 (114)
h[4] LieSeries|-3 (1) +2(4), -4 (14), - 144y ],
37 (114)
af0, hi1] LieSeries|(4), (14), - ————= -7 (144)| +
14)

h[4] Li eSeri es [73 (1) +2 (4y, -4 (14), - <144>H, True}}



