A Free Lie Calculator

Pensieve header: A free-Lie calculator.

The “Lyndon” Kernel

A Lyndon word is aword lexicographically smaller than al of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/bbs/show?shot=Chu-071214-182203.jpg
LyndonQ[w_String] : = And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)s
Al lWords[0, _List] = {""};
AllWrds[n_ /; n>0, ab_List] := AllWrds[n, ab] = Flatten[Quter [
StringJoin[#l, #2] &,
Al Wrds[n-1, ab],
ab
115
Al'l LyndonWords [n_I nteger, ab_List] := LW /@ Sel ect [All Wrds[n, ab], LyndonQj;
Al'l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al |l LyndonWords [k, ab], {k, n}];
LyndonFactori zati on[LWw _String] /; StringLength[w] == 1] := LWw];
LyndonFactori zati on[LW[w_String] /; StringLength[w] > 1] : = Modul e[
rfy,
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -13}111;
LW/e {StringDrop[w, -StringLength[rf]], rf}
1
LW /: LWIx_] <= LWy_]1 := OrderedQ[{X, Y}I;
LW /: x_LWz2y LW:=y <X;

LW/: x_LW> y LW:= 1 (X <Y);

LW /: x_LW<y_LW:= 1 (y <X);

Format [LW[w_], StandardForm] : = Defer [(w)];
w_) o= LW[w];

Deg[LW[x_1]1 := StringLength[x];

{LyndonQ["abba" ], LyndonQ["ababb"1]1}

{Fal se, True}

(Al Words[3, {"1", "2"}], A lLyndonWrds[{3}, {"1", "2"}1}

({111, 112, 121, 122, 211, 212, 221, 222}, {(1), (2, (125, (1125, (122}}
Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"}1], {k, 10}]

{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWbrds [k, {"1", "2", "3"3}1]1, {k, 8}]

{3, 3, 8, 18, 48, 116, 312, 810}
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TreeFor m[LW["12122"] //. w_LW:» LyndonFactorization[w] /.

Li st

Li st Li st

st

b[0, 1 =0; b[_, 0] =0;
blc_*x_LW y_ ] := Expand[cb[x, y]1;
b[x_, c_*y_ LW := Expand[cb[x, y]1;
bix Plus, y_]1 := b[# y] & /@ X;
b[x_, y_Plus] := b[x, #] & /@ y;
biw LW z LW := Wiich|
w===12z, 0,
z <w, Expand[-b[z, w]],
Deg[w] == 1, LW[First[w]<>First[z]],
True, Module[{x, Y},
{X, y} = LyndonFactori zati on[w];
Ifly 2z,
LWFi rst [w] <>First[z]],
blw, z] =b[x, b[y, z]1] +b[b[x, z], Y]
]
1
1
ad[x_J[y_]:=b[x, yI;
b[LW"112"], LW"122"]]

(112122) + (112212)

LWMw_] = w]
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Quter [b, AllLyndonWrds[{3}, {"1", "2"}1,
Al'l LyndonWords[{3}, {"1", "2"}11 // MatrixForm

0 (12) (112) (1112) (1122)
~(12) 0 - (122) - (1122) ~(1222)
S(112)  (122) 0 - (11212) (12122)
“(1112) (1122) (11212) 0 (112122) + (112212)
S(1122) (1222 —(12122) -(112122) - (112212) 0

Union[Flatten[Quter [ (b[#l, #2] +b[#2, #1]) &,
Al'l LyndonWords[{6}, {"1", "2"3}], AllLyndonWords[{6}, {"1", "2"}]
111
{0}
Quter [(b[#l, b[#2, #3]] +b[#2, b[#3, #1]] +b[#3, b[#1l, #2]]) &,
Al'l LyndonWords [ {5}, {"1", "2"}1,
Al'l LyndonWords [ {5}, {"1", "2"3}1], AllLyndonWords[{5}, {"1", "2"}]
1 /7/ Flatten //
Uni on
{0}
(X =LW"X"], y =LW"y"], ad(x]ly], adly][x]}

{<X>7 <y>1 <Xy>v _<Xy>}

LieSeries
LieSeries[name_, expr_]:= (
namreed_| nteger : = naneed = expr /. w LW/, Deg[w] # d =» O
name
);
Li eSeries[expr_]1 := LieSeries[Unique[], expr]
. ) <CUxyTy o LUIxxyty o Oxyyty o Uxxyyt)
LleSerles[bchS, G EEGANE: + + + -
2 12 12 24
CUXXXXYT Y CUXXXYYT Y KUXRYXYT Y UxXyyyt )y (TXYXYYT) <"XYYYY")]
+ + + + -
720 180 360 180 120 720
bch5
bch5e4
(XXYyy)
24

OperatorSeri es[E™ (-ad), ad » ad[y]][x]e3

OperatorSeries|e®, ad >ad[(y)]|[(x)][3]



