Free Lie Algebras Routines
Lazy Evaluation Version

Pensieve header: A free-Lie calculator, lazy evaluation version.

Global Definitions
$Li eSeri esShowDegree = 3; $Li eSeri esConpar eDegree = 3;

NonCommutativeMultiply

Unpr ot ect [NonComut ativeMul tiply];

X_%*%#0=0; Oxxy_=0;

(C_*X_AW =*x y_ := Expand[c (X *x*Yy)]1;

X_ %% (C_xy_ AW = Expand[c (X x*Y)];

X Plus *»xy_ = (HB#xxYy) & /@ X;

X_*xy Plus := (X*x#) & /e vy,

AWWL_String] ** AW[W2_String] : = AWMWL <>Ww2];

Words and Lyndon Words

A Lyndon word is aword lexicographically smaller than all of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/A cademicPensieve/Projects/FreeLie/index.html


http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
http://katlas.math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
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LyndonQ[AW[w_String]] : = And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)s
Al Wrds[0, _List] = {AW[""]1};
Al lWords[n_ /; n>0, ab_List] := AllWrds[n, ab] = AW /e Flatten[Quter [
StringJoin[#l, #2] &,
First /@ All Wrds[n-1, ab],
ab
11
Al'l LyndonWords [n_I nteger, ab_List] := LWeee Sel ect [Al | Wrds[n, ab], LyndonQj;
Al'l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al |l LyndonWords [k, ab], {k, n}];
LyndonFactori zati on[LWw _String] /; StringLength[w] == 1] := LWw];
LyndonFactori zati on[LW[w_String] /; StringLength[w] > 1] : = Modul e[
rfy,
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -13}111;
LW/e {StringDrop[w, -StringLength[rf]], rf}
1
LW[s_Synbol 1 : = LW[ToString[s]];
LWILWIW_]1 @ = LWw];
LW /: LWx_]1 < LWy_] : = O deredQ[{Xx, Y}]I;
LW/ x_LWz2y LW:=y <Xx;

LW/ x_ LW> y LW:= 1 (X <Yy);

LW /: x_LW<y_ LW:= 1 (y <£X);

Format [LW[w_], StandardForm] : = Defer [{(w)];
w__) i = LWw;

LWis__Integer] := LW
StringJoinee (StringTake["1234567890abcdef ghi j kl mopqr st uvwyz", {#}] & /@ {is})];
Deg[LW[x_1]1 := StringLength[x];

{LyndonQ[AWe" abba" ], LyndonQ[AWe" ababb" 1}
{Fal se, True}
{Al'l Words[3, {"1", "2"}1, AllLyndonWords[{3}, {"1", "2"}1}

({AW[111], AW[112], AW[121], AW122], AW[211], AW[212], AW[221], AW222]],
(1), (2), (12), (112), (122)}}

Tabl e[Lengt h[Al | LyndonWbrds [k, {"1", "2"3}11, {k, 10}]

{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2", "3"3}11, {k, 10}]

{3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}
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TreeFor m[LW["12122"] //. w_LW» LyndonFactorization[w] /. LWW_] = w]

The Bracket for Lie Elements

b[0, _1 =0; b[_, 0] =0;

blc_* (Xx_AW|x_LW, y_1 := Expand[cb[x, y]I;
bx_, c_» (Yy_AW|y_LW] : = Expand[cb[x, yII;
b[x Plus, y_]1 := b[# y] & /@ X;

b[x_, y_Plus] := b[x, #] & /@ y;

bIwW AW z AW (= Wx*xZ -Z %% W,

b[w LW z_ LW := LWBracket [w, z];
ad[x_1[y_1:=Db[x, yI;

LWBr acket [w_ LW z LW := Which|
w===12z, 0,
z <w, Expand[-b[z, w]],
Deg[w] =1, LWFirst[w]<>First[z]],
True, Modul e[{Xx, Y},
{X, y} = LyndonFactori zati on[w];
Ifly 2z,
LWFi rst [w] <>First[z]],
LWBr acket [w, z] = b[x, LMWBracket [y, z]] + b[LWBracket [x, z], Y]
]
1
1
b[LW"112"], LW"122"]]

(112122) + (112212)

Quter [b, AllLyndonWrds[{3}, {"1", "2"}1,
Al'l LyndonWords [ {3}, {"1", "2"3}1]1 // MatrixForm

0 (12) (112) (1112) (1122)

~(12) 0 ~(122) ~(1122) ~(1222)
S(112)  (122) 0 S (11212) (12122)
“(1112) (1122) (11212) 0 (112122) + (112212)

-(1122) (1222) -(12122) -(112122) -(112212) 0
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Union[Flatten[Quter [ (b[#1, #2] +b[#2, #1]) &,
Al'l LyndonWords[{6}, {"1", "2"3}], AllLyndonWords[{6}, {"1", "2"}]
111
{0}
Cuter [(b[#1, b[#2, #3]] +b[#2, b[#3, #1]] +b[#3, b[#l, #2]]) &
Al l LyndonWords [ {5}, {"1", "2"}1,
Al'l LyndonWords [ {5}, {"1", "2"3}1], AllLyndonWords[{5}, {"1", "2"}]

1 /7/ Flatten //
Uni on

{0}
LieSeries

LieSeries[ser_Synbol ][e_ ] := ser[e];
Format [Li eSeries[s_Synbol ], StandardForm] : =
LSee Tabl e[s[d], {d, $LieSeriesShowDegree}];
MakelLi eSeries[s_LieSeries] :=s;
Makeli eSeries[expr_1 : =
MakelLi eSeri es[expr] = MakelLi eSeri es[Uni que[MakeLi eSeries], expr];
MakelLi eSeri es[ser_Synbol, expr_]1 := (
ser [1 = Hol d[MakeLi eSeries[ser, expr]l;
ser [d_Integer] := ser[d] = expr /. W LW/; Deg[w] # d -» O;
Li eSeries[ser]
):
sl LieSeries = s2_LieSeries : =
And ee ((sl[#] ==s2[#]) & /@ Range [$Li eSeri esConpar eDegree]);

Print /e {tsl = ("1122") // MakeLieSeries, tsl[], tsl /e Range[6]};
LS[0, 0, 0]

Hol d [ MakeLi eSeri es [MakelLi eSeri es$554, (1122)]]

(0, 0, 0, (1122), 0, 0}

b[sl LieSeries, s2 LieSeries] := b[sl, s2] = Mdul e[{ser},
ser = Uni que[b];
ser[] = Hold[b[sl, s2]17;

ser [d_I nteger] : = ser[d] = Sum[
b[rsi[k], s2[d-k]],
{k, 1, d-1}

1
Li eSeries[ser]
1
b[s_LieSeries, y_] b[s, MakelieSeries[y]];
b[x_, s _LieSeries] := b[MakelLi eSeries[x], s];

{ts2 = ("122" ) + ("11122") // MakelLieSeries, ts3 =b[tsl, ts2], ts3[], ts3 /@ Range[10]}

{Li eSeri es [MakeLi eSeri es$545], Li eSeri es [b$547],
Hol d [b[Li eSeri es[MakelLi eSeri es$543], Li eSeri es[MakelLi eSeri es$545]]7,
(0, 0, 0, 0, 0, 0, (1122122), 0, -(111221122), 0}}
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LieSeries /: EulerE[s_LieSeries] := Mdule[{ser},
ser = Uni que[Eul er E];
ser[] = Hold[Eul erE[s]];
ser [d_Integer] : = ser[d] = Expand[d *s[d]];
Li eSeries[ser]
1
{ts4 = Eul erE[ts3], ts4[], ts4 /e Range[10]}

{Li eSeries[Eul erE$554], Hol d[Eul erE[Li eSeri es [b$547]]],
(0, 0, 0, 0, 0, 0, 7(1122122), 0, -9 (1112211225, 0}}

adPower [0, x_LieSeries][¢ LieSeries] := adPower [0, x][¢] = Mdul e[{ser},
ser = Uni que [adPower 1;
ser [] = Hol d[adPower [0, X][¥]1];
ser [d_Integer] : = ser[d] = ¥[d];
Li eSeries[ser]
1
adPower [n_I nteger, x_LieSeries][¢_LieSeries] := adPower [n, x][¥] = Mdul e[{ser},
ser = Uni que [adPower ];
ser [1 = Hol d[adPower [n, x][¥]1;
ser [d_Integer] := ser[d] = b[x, adPower [n-1, x][¢]]1[d];
Li eSeries[ser]
I
adSeries[f_, x_LieSeries][y LieSeries] := adSeries[f, x][¢¥] = Mdul e[{ser},
ser = Uni que[adSeries];
ser [] = Hold[adSeries[f, x][¥]1];
ser [d_Integer] : = ser[d] = Mddule[{c},
Expand [Sum[
c = SeriesCoefficient [f, {ad, O, k}I;
If[c=0, 0, cadPower [k, x][¥][d]],
{k, 0, d-1}
1]
1;
Li eSeries[ser]
1
adSeries[f_, x _][¢¥_] := adSeries[f, MkelLieSeries[x]][MkelLieSeries[¥]1];
Ad[x_]1 := adSeries[E" (-ad), Xx];

{xs = MakelLi eSeries[LW"Xx"]1], ys = MakeLi eSeries[LW"y"1],
ts5 = adPower [0, xs][ys], ts5[], ts5 /@ Range[5]}

{Li eSeries[MakeLi eSeri es$98], LieSeri es[MakeLi eSeri es$99], Li eSeri es[adPower $101],
Hol d [adPower [0, Li eSeries[MakeLi eSeri es$98]] [Li eSeri es[MakelLieSeries$99]]],
{<y», 0, 0, 0, 0}}

adPower [3, xs][ys] /@ Range[5]
{0, 0, 0, (xxxy), 0}
{adSeries[E" (-ad), xs][ys] /e Range[5], adSeries[E”" (-ad), ys][xs] /e Range[5]}

(XXY) (XXXY ) (XXXXY) (XYy)  (Xyyy) (Xyyyy)

Hoow oy = - == = == {oos own == — = =
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Ad[xs][ys]I[5]
(XXXXY)

24
Ad[xs][ys][]

Hol d [adSeri es e, LieSeries[MakelLieSeries$98] | [LieSeries[MakelLieSeries$99]]]
LieMorphism

Li eMor phi sm[nmor_][es___ ] : = nor [es];
Li eMor phi sm[rul es_List] : =
Li eMor phi sm[rul es] = Li eMor phi sm[Uni que [Li eMor phi sm], rul es];

Li eMor phi sm[nmor _Synbol, rules_List] := (
nor [] = Hol d[Li eMor phi sm[nor, rules]];
(mor [(w_LW] /; Deg[w] = 1) := (nmor [w] = MakeLieSeries[w /. rules]);
mor [W_LW := (nmor [w] = b ee (mor /@ LyndonFactorization[w]));
nor [s_LieSeries] := nor [s] = Mddul e[{ser},

ser = Uni que [Li eMor phi smOnLi eSeri es];
ser []1 = Hold[nor [S]];
ser[d_] := ser [d] = Sum[
mor [s[k1][d],
{k, 1, d}
1;
Li eSeries[ser]
1
nor [expr_]1[d_] : = Expand[expr /. w_LW: nor [w][d]];
Li eMor phi sm[nor ]
);
{I' mL = Li eMor phi sm[{LW["X"] » Ad[LW["y"1][LW"x"11}1, I mi[],
ImL (LW y" 11, Il [LW"x" 11, Ik [LW"X" 11041, | nl[¢"xxy" )], |ml[¢"xxy")>1[8]
}

{Li eMor phi sm[Li eMor phi sn$103],

Hol d [Li eMor phi sm[Li eMor phi sn$103, {(x) — Li eSeri es[adSeri es$102]}]],

. . . (Xyyy)
(y), LieSeries[adSeries$102], 6 ,

Li eSeri es [b$132], + +
120 30 24

(XXYYYYYY)  (XYXYYYYY)  (XYYXYYYY) }

StableApply

St abl eAppl y [mor _Li eMorphism s_LieSeries] : = Stabl eAppl y[nmor, s] = Mdul e[{ser},
ser = Uni que[St abl eAppl y];
ser [1 = Hol d[Stabl eAppl y[nmDr, s1]1;
ser [d_] := ser [d] = Nest [mor, s, d][d];
(» ser[d_] := ser[d] = Modul e[{mm},
mm=Fi xedPoi nt [mor, s, SaneTest - (#l[d]=#2[d]&)];
mm[d]
1, %)
Li eSeries[ser]
IN
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BCH

BCHBase = Modul e[ {bch},
bch = Uni que [" BCHBase" ];
bch[] = Hol d[BCHBase];
bch[1l] = ("x")+{"y");
bch[d_Integer] := bch[d] = Expand[Pl us[
adSeries[E” (-ad), MakelLieSeries[("y")]][MakeLieSeries[{"x")]][d],
-adSeries[(1-E” (-ad)) rad -1, LieSeries[bch]][Eul erE[LieSeries[bch]]][d]
1/4d1;
Li eSeries[bch]
1;
BCH[x_, y_1 := LieMrphism[{LWM"Xx"] » X, LW"y"] -» y}][BCHBase];

{BCHBase, BCHBase[], BCHBase[8]}

(Xy) (XXy) (Xyy)
{BCHBase3 (X) + LY ), , + , Hol d [BCHBase]
12 12
(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - + - + +
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXY) 13 (XXXYXYYY) (XXXYYXYY)
+ - + + -
120960 4032 10080 30240 20160
(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYyYyy) (XXYYXYYYy) <XXYYYYYY>}
- + - - +
3024 10080 2520 4032 10080 60480

{LieSeries[BCHBase3], Hol d [BCHBase],

(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - - +

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXyXyXy) 13 (XXXyXyyy) (XXXyyXyy)
120960 4032 10080 30240 " 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY)  (XXYXYYYY)  (XXYYXyyy) (XXYyyyyy)
3024 10080 2520 4032 10080 60480 J

{BCH[LW["y" 1, LW["Zz"1], BCH[LW"y"]1, LW"z"]1][6]}
{LieSeries[LierrphiannLieSeries$10lL
yyyyzz) <yyyzyz) (yyyzzz) (yyzyziz) <yyzzzz>}

+ +

+
1440 720 360 240 1440
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t1l=BCH[LW"x"], BCH[LW"y"1, LW"z"111,

t2 = BCH[BCH[LW["x" 1, LW["y"11, LW"z"1],

tl1=t2,

Table[t1[d] =t2[d], {d, 10}]

} // Timng

(Xy) (Xz) (yz)
+ + ,

2 2
(Xzz) (yyz) (yzz)
+ +

{7. 987, {Ls[<x> Y)Y + (2,

(XXY)  (XXZ)  (XyY) (XyZ) (Xzy)
+ + + +

+

| Ls[oo )+ @,

12 12 12 3 6 12 12 12
(XYy)  (XZ) (Yyz) (XXY) (XXZ) (AXyYy) (Xyz) (Xzy) (Xzz) (Yyyz) (YyzZz)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12
Xy) (Xz) (Yz)
LS| (x) + (y) + (zZ), + + ,
2 2 2
(XXY)  (XXZ)  (Xyy) (Xyz) (Xzy) (Xzz) (yyz) (yzz)
+ + + + + + + } = LS[<x>+<y>+<z>,
12 12 12 3 6 12 12 12
(XYY (XZ) (yz) (XXY) (XXZ) (XYYy) (Xyz) (Xzy) (Xzz) (yyz) (yzZ)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12

{True, True, True, True, True, True, True, True, True, True}}}

t[w LW /; Deg[w] =1 : = AWeew,

LW LW := ¢[w] = b e (. /@ LyndonFactorization[w]);
L[s_LieSeries] := Prepend[. /@ (ASeries ee s), 0];
t[expr_]1 : = Expand[expr /. W _LW:> c[W]];

t1 = L[BCH[3]]

) AW Xy]  AWYX]
ASeries |0, AWX] + AMY], 5 - 5 ,
AWxxy]  AWIxyx] ~AWIxyy] ~AWyxx] ~AWyxy] AWyyx]
12 6 " 12 : 12 6 : 12
ASeries /: Expand[s_ASeries] := Expand /e s;
ASeries /: Plus[ss__ASeries] := Mdule[
{| =M n[Length /@ {ss}]},
ASeries ee Total [Take[List ee #, | ] & /@ {sS}]
1
ASeries /: Cc_ = S_ASeries : = Expand[c »#] & /e s;
sl ASeries xxs2_ASeries := Mdul e[
{d, k, nl, nR},
nml = Lengt hWhi |l e[sl, #==0 &];
n2 = Lengt hWhil e[s2, # ==0 &];
ASeries ee Tabl e[
Sum[s1[[k +1]] »+s2[[d-k +11], {k, ml, d-nR}],
{d, 0, Mn[ml +Length[s2] -1, n2 +Length[sl] -1]}
]
1
ASeries /: EulerE[s_ASeries] :=
ASeri es e@ Expand[Range[{0, 1 +Length[s]}] * (Li st ees)];
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ASeries[AW[""1, 0, O, O] +tl+tlxxtl/2+t1lxxtl*xxtl/6

ASeries|AW ], AWXx] + AWY],

AW XX ] AWYY]  AWxxx]  AWxxy] AWXxyy] AWMyyy]
+ AW[XY] + , + + +

2 6 2 2 6
ASeries[AWM"" 1, AW["X" ], AWM["XX"] /2, AW["XXX" ] / 6] %=

ASeries [AWL" "1, AWL"Y" 1, AWL'YY"1/2, AW["yyy"] /6]

ASeries|AW ], AWX] + AWy],

AW XX ] AWYY]  AWMXxx]  AWMXxy] AWXyy] AWMYyy]
+ AW[XY ] + , + + +
2 6 2 2 6
o[y_LW w_ LW /; Degl[y] =1 := o[y, wl = Wiich[
y ===w, AW[""],
I:Eg [w] === 1, O,
True, Modul e[{wl, w2},
{wl, w2} = LyndonFactori zation[w];
L[WL] ** o[y, W2] - ¢ [W2] **x o[y, WL]
1
1
o[y_, expr_] := Expand[expr /. W_LW:» o[LWYy], w]] /. LieSeries - ASeries;

(# -> o[1, #]) & /@ All LyndonWords[{5}, {"1", "2"}]

((1y 5 AW[], (2) 50, (12) > ~AW2], (112) > -2 AW[12] + AW[21], (122) - AW[22],
(1112 - -3 AW[112] + 3AW121] - AW211], (1122) > 2 AW[212] - AW[221],

(1222 > -AW222], (11112) > -4 AWM1112] + 6 AW[1121] - 4 AW[1211] + AW[2111],
(11122 > -AW[1122] + 4 AW[1212] - AW[1221] - 2 AW[2121] + AW[2211],

(11212) - -AW[1122] + 4 AW[1212] - AW[1221] - 3 AW[2112] + AW[2121],

(112225 » -2 AW[1222] + 3 AW[2122] - 3 AW[2212] + AW[2221],

(12122) - 2 AW[1222] - 3 AW[2122] + AW[2212], (12222) - AW[2222]}

Xw= "x"); yws="y");
{o[xw, BCH[5, xw, yw]], o[yw, BCH[5, xw, yw]]l} /. AW[S_] = S

y XYy YX Yy yXy yyX XXXy XXYX XXYY  XYXX
{ASeries{,ff,f—+—+—, _ - —, - - + +
2 6 12 12 12 24 180 120 120 180
XyxXy —Xyyx Xyyy yxXXX yXXy YyXyX YXyy YYyXX YyxXy yyyx yyyy
+ - - - - + - + -

30 120 180 720 120 120 120 180 120 180 720 ]

) X XX Xy YX XXy XyX XXXX — XXXY  XXYX  XXYY  XyXX
ASerles{, E _— - — + -

— - , +
12 12 6 24 12 720 180 120 180 120
Xyxy —Xyyx —Xyyy YXXX YyXXy yXyX yXyy YyXX yyxXy yyyX

+ + + +

120 120 720 180 120 30 180 120 120 180 ”
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o[xw, BCHI[8, xw, yw]] /. AW[S_] = S
_ y Xy yX yy yxy yyx
ASeries|, - —, - —+ —+ —, — - —,
2" 6 12 12’ 12 24
XXXY  XXYX  XXYY  XYXX  XYXY XYYX XYYy YXXX YXXY YXyX
- - + + - + - - - -
180 120 120 180 30 120 180 720 120 120
YXYY  YYXX  YYXY  YYYX  YYYY  YXXXY  YXXYX YXXYYy YXYXX  YXyXy
+ - + - , - + + - - +
120 180 120 180 720 360 240 240 360 60
YXYYX  YXYYY  YYXXX  YYXXYy  YYXYX  YYXYY YYYXX YYYXy = YyyyX
- + + + + - - + ,
240 360 1440 240 240 240 360 360 1440
XXXXXY — XXXXYX  XXXXYY  XXXYXX  XXXYXY  XXXYYX XXXYYY XXYXXX  XXYXXYy
- - - - - +
5040 2016 2016 1512 630 5040 1512 2016 840
XXYXYX  XXYXYY  XXYYXX  XXYYXY  XXYYYX  XXYYYY  XYXXXX  XYXXXY  XYXXyX
+ - + - + - - +
840 840 5040 840 5040 2016 5040 630 840
XYXXYY — XYXYXX ~ XYXYXY ~XYXYyX ~XYXYYy XYYXXX XYYyXXy XYYXyX XyyXyy
- - + - + + + +
840 630 140 840 630 2016 840 840 840
XYYYXX  XYYYXY  XYYYYX  XYYYYY  YXXXXX  YXXXXY  YXXXYX  YXXXYY  YXXYXX
- + - + + - - -

1512 630 2016 5040 30240 2016 5040 5040 5040
YXXYXY  YXXYYX  YXXYYY YXYXXX YXYXXY YXYXyX YXYXyy YXYyXX YyXyyxy
- - + + + + - +
840 1120 5040 2016 840 840 840 5040 840
YXYYYX  YXYYYY  YYXXXX  YYXXXY YYXXYX YYXXYY YYXYXX YYXyXy = YyXyyx
+ - - - - - + -

5040 2016 5040 5040 1120 1120 5040 840 1120
YYXYYY  YYYXXX  YYYXXY  YYYXYX  YYYXYY  YYYYXX  YYYYXY  YYYYYX  YYYyyy

+ - - - + + - + ,
5040 3780 5040 5040 5040 3780 2016 5040 30240
YXXXXXY — YXXXXYX  YXXXXYY  YXXXYXX  YXXXYXY  YXXXYYX  YXXXYYY  YXXYXXX
10080 4032 4032 3024 1260 10080 3024 4032
YXXYXXY — YXXYXYX  YXXYXYY ~YXXYYXX YXXYYXYy ~YXXYYYX  YXXyyyy
- - + - + - +
1680 1680 1680 10080 1680 10080 4032
YXYXXXX YXYXXXY YXYXXYyX YXYXXYY YXYXYXX YXYXYXYy YXYXYyyX YXYXYyy
+ - - + + - +
10080 1260 1680 1680 1260 280 1680 1260
YXYYXXX  YXYYXXY YXYYXYX  YXYYXYY YXYYYXX  YXYYYXy YXYYYyX = yXyyyyy
- - - + + - +
4032 1680 1680 1680 3024 1260 4032 10080
yyXXXXX yyXXXXy yyXXXyX yyXXny yyXXyXX yyXXyXy yyXnyX yyXnyy
- + + + - + +
60 480 4032 10080 10080 10080 1680 2240 10080
YYXYXXX  YYXYXXY  YYXYXYX  YYXYXYY YYXYYXX  YYXYYXy YYXYYyX = YYyXyyyy
_ _ } . ) . _

4032 1680 1680 1680 10080 1680 10080 4032
YYYXXXX  YYYXXXY  YYYXXYX  YYYXXYY YYYXYXX YYYXYXy YYYXYyX = YYyXyyy
+ + + + + + +
10080 3024 10080 10080 3024 1260 10080 3024
23 yyyyXxX YYYYXXy YYYYXyX YYYYXyy YYYYYXX YYyyyXy Yyyyyyx

~ _ _ . . .
120960 4032 4032 4032 10080 10080 60480



