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Pensieve header: A free-Lie calculator.

Unpr ot ect [NonCommut ati veMul tiply];

X_%*%¥0=0; O*xxy_=0;

(C_*xX_AW) % y_:= Expand[C (X **Vy)];

X_ %% (C_xy AW) := Expand[C (X **V)];

X_Plus #xy_ 1= (Hxxy) & /@ X;

X_ %%y Plus := (X *x#t) & /@ v;

AWMWL _String] ** AWMwW2_String] : = AMWL <>w2];

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.-
math.toronto.edu/drorbn/bbs/show?shot=Chu-071214-182203.jpg

LyndonQ[AWMw _String]l] := And ee (
O deredQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)
Al Wrds[0, _List] = {AM""1};
AllWrds[n_ /; n>0, ab_List] := AllWrds[n, ab] = AW /e Flatten[Quter [
StringJoi n[#l, #2] &,
First /@ AllWrds[n-1, ab],
ab
11;
Al'l LyndonWbrds [n_I nteger, ab List] := LWeee Sel ect [Al |l Wrds[n, ab], LyndonQj;
Al'l LyndonWords[{n_}, ab _List] := JoineeTabl e[Al | LyndonWrds [k, ab], {k, n}];
LyndonFactori zati on[LWw String] /; StringLength[w] == 1] := LWw];
LyndonFactori zati on[LWw _String] /; StringLength[w] > 1] : = Mdul e[
{rfy,
rf =First [Sort [Table[StringDrop[w, i], {i, 1, StringLength[w] -1}111;
LW/e {StringDrop[w, -StringLength[rf]], rf}
1;
LWs_Synbol ] : = LWToString[s]];
LWMLWw_ 1] : = LWMw];
LW /: LWx_ ] = LMy 1 := OrderedQ[{x, V}I;
LW/: x IW2y LW:=y <X;

LW /: X LW> vy LW:= 1 (X £V);

LW /: X _LW<y LW:= 1t (y £Xx);

For mat [LWw_], StandardForm] : = Defer [{(w)];
w__) 1= LWMw];

LWis_Integer] := LWStringJoi nee

(StringTake["1234567890abcdef ghi j kl mopgr st uvwxyz", {#}] & /@ {is})]1;
Deg[LWx_ 11 := StringLength[x];
{LyndonQ[AWe" abba" ], LyndonQ[AWe" ababb" ]}

{Fal se, True}

{(AllWrds[3, {"1", "2"3}], AllLyndonWords[{3}, {"1", "2"3}1}

((AW111], AW112], AW121], AW[122], AW211], AW212], AW221], AW222]},
(1), (2), (12), (112), (122)}}
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Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"}11, {k, 10}]
{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWrds [k, {"1", "2", "3"}11, {k, 10}]
{3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}

TreeFor m[LWM"12122"]1 //. w_ LW = LyndonFactorization[w] /. LWw_ ] =» w]

Li st

Li st Li st

i st

b[0, _1 =0; b[_, 0] =0;

blc_* (x_AW|x_LW), y_] := Expand[c b[x, y]1I;
b[x_, c_* (y_ AW]y_LW] := Expand[c b[x, y]11;
b[x Plus, y 1 :=b[#, v] & /@ x;

b[x , y Plus] := b[x, #] & /@ y;

b[w AW z AW] = Wx%xZ -Z %% W,

b[w LW z LW] := LWBracket [w, z];
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LWBracket [w LW =z LW] := Wich|

w===127, 0,
z <w, Expand[-b[z, w]],
Deg[w] =1, LWFirst [w]<>First[z]],
True, Modul e[{x, V},
{X, y} = LyndonFact ori zati on[w];
Ifly =z,
LWFirst [w] <>First[z]],
LWBr acket [w, z] = b[x, LWBracket [y, z]] + b[LWBracket [x, z], V]
1
1
1

bILW" 112" ], LW"122"]]
(1121225 + (112212)

Quter [b, AllLyndonWords[{3}, {"1", "2"}1,
Al'l LyndonWords [ {3}, {("1", "2"}11 // MatrixForm

0 (12) (112) (1112) (1122)
~(12) 0 ~(122) - (1122) ~(1222)
~(112y (122 0 - (11212) (12122)
~(1112) (1122) (11212) 0 (112122 + (112212)
~(1122) (1222) -(12122) -(112122) - (112212) 0

Union[Flatten[Quter [ (b[#1l, #2] +b[#2, #1]) &,
Al'l LyndonWords [{6}, {"1", "2"3}], AllLyndonWrds[{6}, {"1", "2"}]
111

{0}

Quter [(b[#l, b[#2, #3]] +b[#2, b[#3, #1]1] +b[#3, b[#1, #2]]) &
Al'l LyndonWords [ {5}, {("1", "2"}1,
Al'l LyndonWords [{5}, {("1", "2"3}]1, AllLyndonWrds[{5}, {"1", "2"}]
1 // Flatten // Union

{0}

ad[x_1[y_1:=b[x, y1;
MakeLi eSeries[d , | List] := MakelLieSeries[d, #] & /@ |;
MakeLi eSeries[d_, s _LieSeries] /; Length[s] <d :=s;
MakeLi eSeries[d , s LieSeries] /; Length[s] >d := Take[s, dI;
MakeLi eSeries[d , a - b ] := (a » MakeLieSeries[d, b]);
MakeLi eSeries[d_, expr_] := LieSeries ee Tabl e[

expr /. w LW /; Deg[w] # k » O,
{k, d}

1
MakeLi eSeri es[w LW] : = Append[LieSerieseeTabl e[0, {Deg[w]-1}1, wl;
Li eSeries[] =0;

Li eSeries /: Expand[s_LieSeries] := Expand /e s;
LieSeries /: Plus[ss_LieSeries] /; Length[{ss}]>1 := Mdule[
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{| =M n[Length /@ {ss}]},
Li eSeries ee Total [Take[List ee #, | ] & /@ {ss}]
1
LieSeries /. Oxs LieSeries := 0;
LieSeries /: c_?NunberQ * s LieSeries : = Expand[c *#] & /@ s;
LieSeries /: s LieSeries + c_. *w LW /; NunmberQ[c] := Mdule[{d},
d = Deg[w];
If [Length[s] <d, O,
Repl acePart [s, d - s[[d]] +Expand[c *w]]
1
1;
b[sl LieSeries, s2 LieSeries] := Mdule[
{d, k, mi, n2},
nl =1 +LengthWil e[sl, # ==0 &];
n2 =1+LengthWiile[s2, # =0 &];
Li eSeries ee Tabl e[
Sum[b[s1[[k]], s2[[d-k]]], {(k, ml, d-nR}],
{d, Mn[nl +Length[s2], n2+Length[s1]]}
1
1
b[w LW s LieSeries] := Join|
Li eSeri eseeTabl e[0, {Deg[w]}],
ad[w] /e s
1
b[s LieSeries, w LW := Expand[-b[w, s]117;
LieSeries /: EulerE[s LieSeries] :=
Li eSeri es ee@ Expand[Range[Length[s]] » (Li st e@s)];
adSeries[f , x , d J[¥ 1 := Mdule[
{ser, as, ni, nf, t, |, m},
ser =List eeSeries[f, {ad, 0, d}];
{as, ni, nf}=ser[[{3, 4, 5}11;
t = Nest [ad[x], ¥, nil;
| f [Head[t ] === Li eSeri es,
| =Length[t];
Expand[Fi rst [as] =t + Sum[
m=1+LengthWhile[t, # =0&];
t =ad[MakeLieSeries[l -m x]]1[t];
as[[k+1]] =t,
{k, 1, nf -ni -1}
11,
Expand[as. NestLi st [ad[x], t, nf =ni =111
1
1
Ad[s LieSeries] := adSeries[E" (-ad), s, Length[s]-17;

XW= (XY, YW= (Y);
adSeri es[E” (-ad), yw, 3][xw]
(Xyy)  (Xyyy)
+
6

(X) + (XY ) +
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MakelLi eSeri es[5, adSeries[E" (-ad), xw, 3][yw]]

Li eSeries|(y), -{(Xy), <x>2<y>, - <xx6xy>’ 0

BCH[1] = LieSeries[{"x")+ {"y">1;
BCH[Nn_]1 := BCH[n] = Modul e[
{bch, t1, t2},

bch = Append [BCH[n - 1], 0];

t1 = MakelLi eSeries[n, ("y")+adSeries[E" (-ad), ("y"), n-=-11[{"x">11;

t2 =adSeries[(1-E” (-ad)) /ad, bch, n-1][Eul erE[bch]];

bch+ (t1-t2) /n

1

BCH[2]

LieSeries[<x> + Y)Y, ié;i

BCH[8]
. . (XYy)  (XXY)  (XYY) (XXYY)
L|eSer|es[<x> + Yy, , + ) )
2 12 12 24
(XXXXY)  (XXXYY) (XXYyXY) (XXYYY) (XYXYyy) (Xyyyy)
720 ' 180 " 360 : 180 " 120 720
(XXXXYY)  (XXXYXY)  (XXXYYY)  (XXYXyy) (XXYYYY)
1440 i 720 " 360 ' 240 1440
(XXXXXXY Y (XXXXXYY DY (XXXXYXY)  (XXXXYYY)  (XXXYXXY)  {(XXXYXYY)
30240 5040 ' 10080 " 3780 : 10080 " 1680 '
(XXXYYXY )  (XXXYYYY) — (XXYXXYY)  (XXYXyXy) 13 (XXyXyyy) (XXyyxyy)
1260 " 3780 : 2016 5040 " 15120 : 10080
(XXYYYyXy) ~ (XXYYYYyy) N (XYXYyXyy) B (XYXYyyy) ~ (XYYyXyyy) . (XYYyyyy»
1512 5040 1260 2016 5040 30240
(XXXXXXYY Y (XXXXXYXY )  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 " 20160 20160 " 2520 "
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXY) 13 (XXXYXYYY) (XXXYYXyy)
120960 ' 4032 10080 ' 30240 ' 20160

(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYY)  (XXYYYYyyy)
- + - - +
3024 10080 2520 4032 10080 60480
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Li eMor phi sm[rules List] :=
Li eMor phi sm[rul es] = Li eMor phi sm[Uni que [Li eMor phi sm], rul es];

Li eMor phi sm[nor _Synbol, rules_List] := (
nor [1 =rul es;
(mor [w_LW] /; Deg[w] = 1) := (nor [w] = w /. rules);
nor [w LW] := (nor [w] = b ee (nor /@ LyndonFactorization[w]));
nor [s_LieSeries] := Mdul e[

{| =Length[s]},
MakeLi eSeries[l, Sum[
Li eMor phi sm[MakeLi eSeries[l -k +1, rules]]1[s[[k]l]],

{k, '}
11
1
nor [expr_] : = Expand[expr /. {s_LieSeries = nmor[s], W LW nor [w]}];
nor

)
BCH[n_, x_, y_1 := LieMrphism {LW"x"] » x, LW"y"] -» y}][BCH[Nn]];
BCH[s1 LieSeries, s2 LieSeries] := BCH[Mn[Length /e {sl1, s2}], sl1, s2];

{n =4,

t1=BCH[N, LW"x"], BCH[n, LW"y"], LW"z"1]1],
t2 = BCH[n, BCH[n, LW["x"], LW"y"11, LW"z"]1,

t1==1t2}
X Xz z
{4, LieSeries|(X)+<y)+<(z), <y>+< >+<y >,
2 2 2
(XXY)  (XXZ) (XYyYy) (Xyz) (Xzy) (XzZz) (yyz) (yzz)
+ + + + + + + ,
12 12 12 3 6 12 12 12
(XXYY)  (XXYZ) (XXZY) (XXZz) (XYyYZ) (Xyzy) (XYZZ) (Xzyz) (Yyyzz)
+ + + + + + + + ,
24 12 12 24 12 12 12 12 24
. . (Xy) <(Xz) (Yyz)
LieSeries|(X)+<(y)+<(z), + 5 + -
(XXY)  (XXZ) (XyY) (Xyz) (XZY) (XZz) (YyzZ) (YZzZ) (XXYY)
+ + + + + + + y +
12 12 12 3 6 12 12 12 24
(XXYZ)  (XXZYy) (XXZZ) (Xyyz) (Xyzy) (Xyzz) (Xzyz) (Yyiz)
+ N + 4 + + + } True}
12 12 24 12 12 12 12 24

Tim ng[{n = 10,
Length /e (t1=BCH[n, LW"x"], BCH[n, LW"y"], LW"z"111),
Length /@ (t2 = BCH[n, BCH[n, LWM"x"], LW"y"1], L\M"z"11),
tl=t2}]

{9.594, {10, LieSeries[3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597],
LieSeries[3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597], True}}

http://drorbn.net/AcademicPensieve/2012-07/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2012-07: Archive: FreelLie.nb 2013-12-31 08:32:54

Timng[{n = 10,
Length /@ (t1 = BCH[n, LW"x"], BCH[n, LW"y"1, LWM"z"111),
Length /@ (t2 = BCH[n, BCH[n, LWM"x"]1, LW"y"11, LWM"z"11),
tl=1t2}]

{0.78, {10, LieSeries|[3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597],
LieSeries[3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597], True}}

c[w LW /; Deg[w] =1 := AWee w;

t[w LW = ¢[w] = b ee (. /@ LyndonFactorization[w]);
t[s LieSeries] := Prepend[. /@ (ASeries ee s), 0];
tfexpr_]1 := Expand[expr /. W LW > c[w]];

t1 = ¢[BCH[3]]

AW x A X
ASeries |0, AWX] + AWY], WXy} - WMy },

2 2
AWxxy] AWXyx] AWXxyy] AWyxx] AMyxy] AWYyx]
- + + - +
12 6 12 12 6 12
ASeries /: Expand[s ASeries] := Expand /e s;
ASeries /: Plus[ss_ASeries] := Mdul e[

{l =M n[Length /@ {ss}]},
ASeries @ee Total [Take[List ee #, | ] & /@ {sS}]
1
ASeries /: c_ %= s_ASeries : = Expand[c *#] & /@ s;
sl ASeries xxs2 ASeries := Mdul e[
{d, k, mi, nR2},
nl = Lengt hWhi l e[s1l, # =0 &];
n2 = Lengt hWhi l e[s2, # =0 &];
ASeries @e Tabl e[
Sum[si[[k +1]] **s2[[d-k+1]], {k, nl, d-n2}],
{d, 0, Mn[nl +Length[s2] -1, n2+Length[s1l]-1]}
1
1;
ASeries /: EulerE[s ASeries] :=
ASeri es ee Expand[Range[{0, 1 +Length[s]}] * (Li st ees)];

ASeries[AWM""]1, 0, 0, O] +t1+t1l**xt1l/2+t1l*xtlxxtl/6

ASeries|AW ], AWX] + AWY ],

AW XX ] AWMYy] AWxxx] AWMxxy] AWXxyy] AWMyyy]
+ AW XY ] + 5 , 5 + 5 + 5 + 5

ASeri es[AW"" 1, AW["X" 1, AW["XX"] /2, AW["XXX"] /6] %%
ASeries[AM"" ], AM"y" ], AM"yy"1/2, AM"yyy"] /6]
ASeries |AM ], AWX] + AWY],

AW XX ] AWYY]  AWXxx]  AWMxxy] AWXYy] AWMYyy]
+ AW XY ] + 5 , 5 + 5 + 5 + 5
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o[y LW w LW /; Deg[y] =1 := o[y, wl = Wiich[
y ===w, AW""],
Deg[w] ===1, O,
True, Modul e[{wl, w2},
{wl, w2} = LyndonFactorization[w];
L[WL] ** o[y, W2] - c[W2] **x o[y, WL]
]
1
o[y_, expr_] := Expand[expr /. w LW :» o[LWy], w]] /. LieSeries -» ASeries;

(# -> o[, #]) & /@ All LyndonWords[{5}, {"1", "2"}]

((1y 5 AW, (2) 50, (12) > -AW2], (112) > -2 AW12] + AW21], (122) > AW22],
(1112) > -3 AW112] + 3 AW[121] - AW211], (1122) -2 AW212] - AW[221],
(1222) 5> -AW222], (11112) > -4 AW1112] + 6 AM1121] - 4 AM1211] + AW2111],
(11122) 5> ~AW[1122] + 4 AM1212] - AW[1221] - 2 AW[2121] + AW[2211],
(11212) - ~AW1122] + 4 AW1212] - AWM[1221] - 3 AW[2112] + AW 2121],
(11222) > -2 AW[1222] + 3 AW[2122] - 3 AW[2212] + AW[2221],
(12122 -2 AM[1222] - 3 AW[2122] + AW[2212], (12222) - AW[2222] }

XW= "x"); yws= ("y");
{o[xw, BCHI[5, xw, yw]], o[yw, BCH[5, xw, yw]1} /. AWMsS_] = s

) y XYy YX Yy yXy YYyX XXXY XXYX XXYY XYXX  XyXy
{ASerles{,——,——+—+—, _ -, - - + + -

2 6 12 12 12 24 180 120 120 180 30

Xyyx —Xyyy yXXX YXXy YXyx = yXxyy . YyXX — Yyxy . yyyx yyyy ]

+ - - - - - - 1
120 180 720 120 120 120 180 120 180 720

) X XX XYy YyX XXy XyX XXXX  XXXY  XXYX  XXYY  XYXX
ASerles{, 5 —_ - — - _ _

— + - , , + +
12 12 6 24 12 720 180 120 180 120
Xyxy — Xyyx  Xyyy N YXXX - YXXY . yXyX . YXyy YyxXXx Yyxy . yyyXx H

120 120 720 180 120 30 180 120 120 180
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o[xw, BCH[8, xw, yw]] /. AWMsS_] = s
X X X X
ASeries,—X,——y+y—+a,u—&,
2 6 12 12 12 24
XXXY  XXYX  XXYY  XYXX  XYXYy XYYX XYYy YXXX YXXY = YXyX
- - + + - + - - - -
180 120 120 180 30 120 180 720 120 120
yXyy —YYXX YyxXy yyyx yyyy YXXXY  YXXYyX  YXXyYy YXYyXX  YXyXy
+ - + - , — + + - - +
120 180 120 180 720 360 240 240 360 60
yxXyyx ~ yxXyyy . YYXXX . YYXXy . yyXxXyx . YYXyy ~ YYYXX ~ yYyxy . yyyyx
240 360 1440 240 240 240 360 360 1440
XXXXXY — XXXXYX  XXXXYY  XXXYXX ~ XXXYXY  XXXYYX XXXYYY XXYXXX  XXYXXY
- + + - - - - + + +
5040 2016 2016 1512 630 5040 1512 2016 840
XXYXYX  XXYXYY  XXYYXX  XXYYXY  XXYYYX  XXYYYY  XYXXXX  XYXXXY  XYXXyX
+ - + - + - - + +
840 840 5040 840 5040 2016 5040 630 840
XYXXYY  XYXYXX  XYXYXY  XYXYYX  XYXYYy XYYXXX XYYXXY XYYXyX XYyXxyy
- - + - + + + + -
840 630 140 840 630 2016 840 840 840
XYYYXX  XYYYXY  XYYYYX  XYYYYY  YXXXXX  YXXXXY  YXXXYX  YXXXYY  YXXYXX
- + - + + - - - +
1512 630 2016 5040 30240 2016 5040 5040 5040
YXXYyXY - yXXYyyX ~ YXXYyy . YXYXXX . YXYXXy . yXYyXyX . YXYXyy - YXYyXxX . yXyyxy ~
840 1120 5040 2016 840 840 840 5040 840
yxyyyx_kyxyyyy__yyxxxx__yyxxxy<_yyxxyx__yyxxyy__yyxyxx_+yyxyxy<_yyxyyx B
5040 2016 5040 5040 1120 1120 5040 840 1120
yyxyyy ) YYYXXX B YYYXXy ~ YYYXyX - YYyXyy . YYYYyxX . YYYyxy ~ YYYyyX . yyyyyy
5040 3780 5040 5040 5040 3780 2016 5040 30240

YXXXXXY  YXXXXYX  YXXXXYY  YXXXYXX  YXXXYXY  YXXXYYX  YXXXYYY  YXXYXXX
- - + + + + -

10080 4032 4032 3024 1260 10080 3024 4032
YXXYXXY YXXYXYX YXXYXYY YXXYYXX YXXYYXY YXXYYYX YXXYYYY YXYXXXX
- - + - + - + +
1680 1680 1680 10080 1680 10080 4032 10080
YXYXXXY YXYXXYX  YXYXXYY YXYXYXX YXYXYXy YXYXYyX yXyXyyy yxyyxxx
1260 1680 1680 1260 280 1680 1260 4032
YXYYXXY YXYYXYX  YXYYXYY YXYYYXX YXYYYXy YXYyyyx yXyyyyy yyxxxxx
1680 1680 1680 3024 1260 4032 10080 60480
YYXXXXY  YYXXXYX  YYXXXYY YYXXYXX  YYXXYXY  YYXXYYX YYXXYYy YyXyxXxx
4032 10080 10080 10080 1680 2240 10080 4032

YYXYXXY — YYXYXyX — YYXYXyy YYXYYXX  YYXyyXy = YyXyyyX YyXyyyy YYYXXXX
- - + - + - + +

1680

1680

1680

10080

1680

10080

4032 10080

yyyXXXyAFyyyXXyX‘fyyyXXVYAFyyyXyXXAFVYVXVXVAFYVYXYYX‘fyyyxyyy B

3024

10080

10080

3024

1260

10080

3024

23yyyyxxx__yyyyxxy__yyyyxyx__yyyyxyy_kyyyyyxx_+yyyyyxy__yyyyyyx

120960

4032

4032

4032

10080

10080

60480
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