
Pensieve header: A free-Lie calculator.

Unprotect@NonCommutativeMultiplyD;

x_ ** 0 = 0; 0 ** y_ = 0;

Hc_ * x_AWL ** y_ := Expand@c Hx ** yLD;

x_ ** Hc_ * y_AWL := Expand@c Hx ** yLD;

x_Plus ** y_ := Hð ** yL & �� x;

x_ ** y_Plus := Hx ** ðL & �� y;

AW@w1_StringD ** AW@w2_StringD := AW@w1 <> w2D;

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/bbs/show?shot=Chu-071214-182203.jpg

LyndonQ@AW@w_StringDD := And �� H
OrderedQ@8w, ð<D & �� Table@StringDrop@w, iD, 8i, 1, StringLength@wD - 1<D

L;

AllWords@0, _ListD = 8AW@""D<;

AllWords@n_ �; n > 0, ab_ListD := AllWords@n, abD = AW �� Flatten@Outer@
StringJoin@ð1, ð2D &,

First �� AllWords@n - 1, abD,

ab

DD;

AllLyndonWords@n_Integer, ab_ListD := LW ��� Select@AllWords@n, abD, LyndonQD;

AllLyndonWords@8n_<, ab_ListD := Join �� Table@AllLyndonWords@k, abD, 8k, n<D;

LyndonFactorization@LW@w_StringD �; StringLength@wD == 1D := LW@wD;

LyndonFactorization@LW@w_StringD �; StringLength@wD > 1D := Module@
8rf<,

rf = First@Sort@Table@StringDrop@w, iD, 8i, 1, StringLength@wD - 1<DDD;

LW �� 8StringDrop@w, -StringLength@rfDD, rf<
D;

LW@s_SymbolD := LW@ToString@sDD;

LW@LW@w_DD := LW@wD;

LW �: LW@x_D £ LW@y_D := OrderedQ@8x, y<D;

LW �: x_LW ³ y_LW := y £ x;

LW �: x_LW > y_LW := ! Hx £ yL;

LW �: x_LW < y_LW := ! Hy £ xL;

Format@LW@w_D, StandardFormD := Defer@Xw\D;

Xw__\ := LW@wD;

LW@is__IntegerD := LW@
StringJoin �� HStringTake@"1234567890abcdefghijklmnopqrstuvwxyz", 8ð<D & �� 8is<LD;

Deg@LW@x_DD := StringLength@xD;

8LyndonQ@AW �"abba"D, LyndonQ@AW �"ababb"D<

8False, True<

8AllWords@3, 8"1", "2"<D, AllLyndonWords@83<, 8"1", "2"<D<

88AW@111D, AW@112D, AW@121D, AW@122D, AW@211D, AW@212D, AW@221D, AW@222D<,

8X1\, X2\, X12\, X112\, X122\<<
Table@Length@AllLyndonWords@k, 8"1", "2"<DD, 8k, 10<D

82, 1, 2, 3, 6, 9, 18, 30, 56, 99<



Table@Length@AllLyndonWords@k, 8"1", "2", "3"<DD, 8k, 10<D

83, 3, 8, 18, 48, 116, 312, 810, 2184, 5880<

TreeForm@LW@"12122"D ��. w_LW ¦ LyndonFactorization@wD �. LW@w_D ¦ wD

List

List

1 2

List

List

1 2

2

b@0, _D = 0; b@_, 0D = 0;

b@c_ * Hx_AW x_LWL, y_D := Expand@c b@x, yDD;

b@x_, c_ * Hy_AW y_LWLD := Expand@c b@x, yDD;

b@x_Plus, y_D := b@ð, yD & �� x;

b@x_, y_PlusD := b@x, ðD & �� y;

b@w_AW, z_AWD := w ** z - z ** w;

b@w_LW, z_LWD := LWBracket@w, zD;

LWBracket@w_LW, z_LWD := Which@
H* If@Deg@wD+Deg@zD>4, Dialog@DD; *L
w === z, 0,

z < w, Expand@-b@z, wDD,

Deg@wD � 1, LW@First@wD <> First@zDD,

True, Module@8x, y<,

8x, y< = LyndonFactorization@wD;

If@y ³ z,

LW@First@wD <> First@zDD,

LWBracket@w, zD = b@x, LWBracket@y, zDD + b@LWBracket@x, zD, yD
D

D
D;

b@LW@"112"D, LW@"122"DD

X112122\ + X112212\
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Outer@b, AllLyndonWords@83<, 8"1", "2"<D,

AllLyndonWords@83<, 8"1", "2"<DD �� MatrixForm

0 X12\ X112\ X1112\ X1122\
-X12\ 0 -X122\ -X1122\ -X1222\

-X112\ X122\ 0 -X11212\ X12122\
-X1112\ X1122\ X11212\ 0 X112122\ + X112212\
-X1122\ X1222\ -X12122\ -X112122\ - X112212\ 0

Union@Flatten@Outer@Hb@ð1, ð2D + b@ð2, ð1DL &,

AllLyndonWords@86<, 8"1", "2"<D, AllLyndonWords@86<, 8"1", "2"<D
DDD

80<

Outer@Hb@ð1, b@ð2, ð3DD + b@ð2, b@ð3, ð1DD + b@ð3, b@ð1, ð2DDL &,

AllLyndonWords@85<, 8"1", "2"<D,

AllLyndonWords@85<, 8"1", "2"<D, AllLyndonWords@85<, 8"1", "2"<D
D �� Flatten ��

Union

80<

ad@x_D@y_D := b@x, yD;

MakeLieSeries@d_, l_ListD := MakeLieSeries@d, ðD & �� l;

MakeLieSeries@d_, s_LieSeriesD �; Length@sD £ d := s;

MakeLieSeries@d_, s_LieSeriesD �; Length@sD > d := Take@s, dD;

MakeLieSeries@d_, a_ ® b_D := Ha ® MakeLieSeries@d, bDL;

MakeLieSeries@d_, expr_D := LieSeries �� Table@
expr �. w_LW �; Deg@wD ¹ k ® 0,

8k, d<
D;

MakeLieSeries@w_LWD := Append@LieSeries �� Table@0, 8Deg@wD - 1<D, wD;

LieSeries �: Expand@s_LieSeriesD := Expand �� s;

LieSeries �: Plus@ss__LieSeriesD �; Length@8ss<D > 1 := Module@
8l = Min@Length �� 8ss<D<,

LieSeries �� Total@Take@List �� ð, lD & �� 8ss<D
D;

LieSeries �: 0 * s_LieSeries := 0;

LieSeries �: c_ ? NumberQ * s_LieSeries := Expand@c * ðD & �� s;

LieSeries �: s_LieSeries + c_. * w_LW �; NumberQ@cD := Module@8d<,

d = Deg@wD;

If@Length@sD < d, 0,

ReplacePart@s, d ® s@@dDD + Expand@c * wDD
D

D;

b@s1_LieSeries, s2_LieSeriesD := Module@
8d, k, m1, m2<,

m1 = 1 + LengthWhile@s1, ð � 0 &D;

m2 = 1 + LengthWhile@s2, ð � 0 &D;

LieSeries �� Table@
Sum@b@s1@@kDD, s2@@d - kDDD, 8k, m1, d - m2<D,

8d, Min@m1 + Length@s2D, m2 + Length@s1DD<
D

D;
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b@w_LW, s_LieSeriesD := Join@
LieSeries �� Table@0, 8Deg@wD<D,

ad@wD �� s

D;

b@s_LieSeries, w_LWD := Expand@-b@w, sDD;

LieSeries �: EulerE@s_LieSeriesD :=

LieSeries �� Expand@Range@Length@sDD * HList �� sLD;

OperatorSeries@f_, var_ ® op_, d_D@Ψ_D := Module@
8ser, as, ni, nf, t, l<,

ser = List �� Series@f, 8var, 0, d<D;

8as, ni, nf< = ser@@83, 4, 5<DD;

t = Nest@op, Ψ, niD;

If@Head@tD === LieSeries,

l = Length@tD;

Expand@as.NestList@MakeLieSeries@l, op@ðDD &, t, nf - ni - 1DD,

Expand@as.NestList@op, t, nf - ni - 1DD
D

D;

Ad@s_LieSeriesD := OperatorSeries@E^H-adL, ad ® ad@sD, Length@sD - 1D;

xw = Xx\; yw = Xy\;

OperatorSeries@E^H-adL, ad ® ad@ywD, 3D@xwD

Xx\ + Xxy\ +

Xxyy\
2

+

Xxyyy\
6

MakeLieSeries@5, OperatorSeries@E^H-adL, ad ® ad@xwD, 3D@ywDD

LieSeriesBXy\, -Xxy\,
Xxxy\

2
, -

Xxxxy\
6

, 0F

BCH@1D = LieSeries@X"x"\ + X"y"\D;

BCH@n_D := BCH@nD = Module@
8bch, t1, t2<,

bch = Append@BCH@n - 1D, 0D;

t1 =

MakeLieSeries@n, X"y"\ + OperatorSeries@E^H-adL, ad ® ad@X"y"\D, n - 1D@X"x"\DD;

t2 = OperatorSeries@H1 - E^H-adLL � ad, ad ® ad@bchD, n - 1D@EulerE@bchDD;

bch + Ht1 - t2L � n

D

BCH@2D

LieSeriesBXx\ + Xy\,
Xxy\

2
F
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BCH@8D

LieSeriesBXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+

Xxyy\
12

,
Xxxyy\

24
,

-

Xxxxxy\
720

+

Xxxxyy\
180

+

Xxxyxy\
360

+

Xxxyyy\
180

+

Xxyxyy\
120

-

Xxyyyy\
720

,

-

Xxxxxyy\
1440

+

Xxxxyxy\
720

+

Xxxxyyy\
360

+

Xxxyxyy\
240

-

Xxxyyyy\
1440

,

Xxxxxxxy\
30 240

-

Xxxxxxyy\
5040

+

Xxxxxyxy\
10 080

+

Xxxxxyyy\
3780

+

Xxxxyxxy\
10 080

+

Xxxxyxyy\
1680

+

Xxxxyyxy\
1260

+

Xxxxyyyy\
3780

+

Xxxyxxyy\
2016

-

Xxxyxyxy\
5040

+

13 Xxxyxyyy\
15 120

+

Xxxyyxyy\
10 080

-

Xxxyyyxy\
1512

-

Xxxyyyyy\
5040

+

Xxyxyxyy\
1260

-

Xxyxyyyy\
2016

-

Xxyyxyyy\
5040

+

Xxyyyyyy\
30 240

,

Xxxxxxxyy\
60 480

-

Xxxxxxyxy\
15 120

-

Xxxxxxyyy\
10 080

+

Xxxxxyxxy\
20 160

-

Xxxxxyxyy\
20 160

+

Xxxxxyyxy\
2520

+

23 Xxxxxyyyy\
120 960

+

Xxxxyxxyy\
4032

-

Xxxxyxyxy\
10 080

+

13 Xxxxyxyyy\
30 240

+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-

Xxxxyyyyy\
10 080

+

Xxxyxyxyy\
2520

-

Xxxyxyyyy\
4032

-

Xxxyyxyyy\
10 080

+

Xxxyyyyyy\
60 480

F

LieMorphism@rules_ListD :=

LieMorphism@rulesD = LieMorphism@Unique@LieMorphismD, rulesD;

LieMorphism@mor_Symbol, rules_ListD := H
mor@D = rules;

Hmor@w_LWD �; Deg@wD � 1L := Hmor@wD = w �. rulesL;

mor@w_LWD := Hmor@wD = b �� Hmor �� LyndonFactorization@wDLL;

mor@s_LieSeriesD := Module@
8l = Length@sD<,

MakeLieSeries@l, Sum@
LieMorphism@MakeLieSeries@l - k + 1, rulesDD@s@@kDDD,

8k, l<
DD

D;

mor@expr_D := Expand@expr �. 8s_LieSeries ¦ mor@sD, w_LW ¦ mor@wD<D;

mor

L;

BCH@n_, x_, y_D := LieMorphism@8LW@"x"D ® x, LW@"y"D ® y<D@BCH@nDD;

BCH@s1_LieSeries, s2_LieSeriesD := BCH@Min@Length �� 8s1, s2<D, s1, s2D;
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8n = 4,

t1 = BCH@n, LW@"x"D, BCH@n, LW@"y"D, LW@"z"DDD,

t2 = BCH@n, BCH@n, LW@"x"D, LW@"y"DD, LW@"z"DD,

t1 � t2<

:4, LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

,

Xxxyy\
24

+

Xxxyz\
12

+

Xxxzy\
12

+

Xxxzz\
24

+

Xxyyz\
12

+

Xxyzy\
12

+

Xxyzz\
12

+

Xxzyz\
12

+

Xyyzz\
24

F,

LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

,

Xxxyy\
24

+

Xxxyz\
12

+

Xxxzy\
12

+

Xxxzz\
24

+

Xxyyz\
12

+

Xxyzy\
12

+

Xxyzz\
12

+

Xxzyz\
12

+

Xyyzz\
24

F, True>

Timing@8n = 10,

Length �� Ht1 = BCH@n, LW@"x"D, BCH@n, LW@"y"D, LW@"z"DDDL,

Length �� Ht2 = BCH@n, BCH@n, LW@"x"D, LW@"y"DD, LW@"z"DDL,

t1 � t2<D
88.19, 810, LieSeries@3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597D,

LieSeries@3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597D, True<<
Timing@8n = 10,

Length �� Ht1 = BCH@n, LW@"x"D, BCH@n, LW@"y"D, LW@"z"DDDL,

Length �� Ht2 = BCH@n, BCH@n, LW@"x"D, LW@"y"DD, LW@"z"DDL,

t1 � t2<D
80.624, 810, LieSeries@3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597D,

LieSeries@3, 3, 8, 9, 48, 82, 312, 622, 2069, 4597D, True<<
Ι@w_LWD �; Deg@wD � 1 := AW �� w;

Ι@w_LWD := Ι@wD = b �� HΙ �� LyndonFactorization@wDL;

Ι@s_LieSeriesD := Prepend@Ι �� HASeries �� sL, 0D;

Ι@expr_D := Expand@expr �. w_LW ¦ Ι@wDD;

t1 = Ι@BCH@3DD

ASeriesB0, AW@xD + AW@yD,
AW@xyD

2
-

AW@yxD
2

,

AW@xxyD
12

-

AW@xyxD
6

+

AW@xyyD
12

+

AW@yxxD
12

-

AW@yxyD
6

+

AW@yyxD
12

F
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ASeries �: Expand@s_ASeriesD := Expand �� s;

ASeries �: Plus@ss__ASeriesD := Module@
8l = Min@Length �� 8ss<D<,

ASeries �� Total@Take@List �� ð, lD & �� 8ss<D
D;

ASeries �: c_ * s_ASeries := Expand@c * ðD & �� s;

s1_ASeries ** s2_ASeries := Module@
8d, k, m1, m2<,

m1 = LengthWhile@s1, ð � 0 &D;

m2 = LengthWhile@s2, ð � 0 &D;

ASeries �� Table@
Sum@s1@@k + 1DD ** s2@@d - k + 1DD, 8k, m1, d - m2<D,

8d, 0, Min@m1 + Length@s2D - 1, m2 + Length@s1D - 1D<
D

D;

ASeries �: EulerE@s_ASeriesD :=

ASeries �� Expand@Range@80, 1 + Length@sD<D * HList �� sLD;

ASeries@AW@""D, 0, 0, 0D + t1 + t1 ** t1 � 2 + t1 ** t1 ** t1 � 6

ASeriesBAW@D, AW@xD + AW@yD,

AW@xxD
2

+ AW@xyD +

AW@yyD
2

,
AW@xxxD

6
+

AW@xxyD
2

+

AW@xyyD
2

+

AW@yyyD
6

F

ASeries@AW@""D, AW@"x"D, AW@"xx"D � 2, AW@"xxx"D � 6D **

ASeries@AW@""D, AW@"y"D, AW@"yy"D � 2, AW@"yyy"D � 6D

ASeriesBAW@D, AW@xD + AW@yD,

AW@xxD
2

+ AW@xyD +

AW@yyD
2

,
AW@xxxD

6
+

AW@xxyD
2

+

AW@xyyD
2

+

AW@yyyD
6

F

Σ@y_LW, w_LWD �; Deg@yD � 1 := Σ@y, wD = Which@
y === w, AW@""D,

Deg@wD === 1, 0,

True, Module@8w1, w2<,

8w1, w2< = LyndonFactorization@wD;

Ι@w1D ** Σ@y, w2D - Ι@w2D ** Σ@y, w1D
D

D;

Σ@y_, expr_D := Expand@expr �. w_LW ¦ Σ@LW@yD, wDD �. LieSeries ® ASeries;

Hð -> Σ@1, ðDL & �� AllLyndonWords@85<, 8"1", "2"<D

8X1\ ® AW@D, X2\ ® 0, X12\ ® - AW@2D, X112\ ® -2 AW@12D + AW@21D, X122\ ® AW@22D,

X1112\ ® -3 AW@112D + 3 AW@121D - AW@211D, X1122\ ® 2 AW@212D - AW@221D,

X1222\ ® - AW@222D, X11112\ ® -4 AW@1112D + 6 AW@1121D - 4 AW@1211D + AW@2111D,

X11122\ ® - AW@1122D + 4 AW@1212D - AW@1221D - 2 AW@2121D + AW@2211D,

X11212\ ® - AW@1122D + 4 AW@1212D - AW@1221D - 3 AW@2112D + AW@2121D,

X11222\ ® -2 AW@1222D + 3 AW@2122D - 3 AW@2212D + AW@2221D,

X12122\ ® 2 AW@1222D - 3 AW@2122D + AW@2212D, X12222\ ® AW@2222D<
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xw = X"x"\; yw = X"y"\;

8Σ@xw, BCH@5, xw, ywDD, Σ@yw, BCH@5, xw, ywDD< �. AW@s_D ¦ s

:ASeriesB, -

y

2
, -

xy

6
+

yx

12
+

yy

12
,

yxy

12
-

yyx

24
,

xxxy

180
-

xxyx

120
-

xxyy

120
+

xyxx

180
+

xyxy

30
-

xyyx

120
+

xyyy

180
-

yxxx

720
-

yxxy

120
-

yxyx

120
-

yxyy

120
+

yyxx

180
-

yyxy

120
+

yyyx

180
-

yyyy

720
F,

ASeriesB,
x

2
,

xx

12
+

xy

12
-

yx

6
,

xxy

24
-

xyx

12
, -

xxxx

720
+

xxxy

180
-

xxyx

120
+

xxyy

180
-

xyxx

120
-

xyxy

120
-

xyyx

120
-

xyyy

720
+

yxxx

180
-

yxxy

120
+

yxyx

30
+

yxyy

180
-

yyxx

120
-

yyxy

120
+

yyyx

180
F>

Σ@xw, BCH@8, xw, ywDD �. AW@s_D ¦ s

ASeriesB, -

y

2
, -

xy

6
+

yx

12
+

yy

12
,

yxy

12
-

yyx

24
,

xxxy

180
-

xxyx

120
-

xxyy

120
+

xyxx

180
+

xyxy

30
-

xyyx

120
+

xyyy

180
-

yxxx

720
-

yxxy

120
-

yxyx

120
-

yxyy

120
+

yyxx

180
-

yyxy

120
+

yyyx

180
-

yyyy

720
, -

yxxxy

360
+

yxxyx

240
+

yxxyy

240
-

yxyxx

360
-

yxyxy

60
+

yxyyx

240
-

yxyyy

360
+

yyxxx

1440
+

yyxxy

240
+

yyxyx

240
+

yyxyy

240
-

yyyxx

360
-

yyyxy

360
+

yyyyx

1440
,

-

xxxxxy

5040
+

xxxxyx

2016
+

xxxxyy

2016
-

xxxyxx

1512
-

xxxyxy

630
-

xxxyyx

5040
-

xxxyyy

1512
+

xxyxxx

2016
+

xxyxxy

840
+

xxyxyx

840
+

xxyxyy

840
-

xxyyxx

5040
+

xxyyxy

840
-

xxyyyx

5040
+

xxyyyy

2016
-

xyxxxx

5040
-

xyxxxy

630
+

xyxxyx

840
+

xyxxyy

840
-

xyxyxx

630
-

xyxyxy

140
+

xyxyyx

840
-

xyxyyy

630
+

xyyxxx

2016
+

xyyxxy

840
+

xyyxyx

840
+

xyyxyy

840
-

xyyyxx

1512
-

xyyyxy

630
+

xyyyyx

2016
-

xyyyyy

5040
+

yxxxxx

30 240
+

yxxxxy

2016
-

yxxxyx

5040
-

yxxxyy

5040
-

yxxyxx

5040
+

yxxyxy

840
-

yxxyyx

1120
-

yxxyyy

5040
+

yxyxxx

2016
+

yxyxxy

840
+

yxyxyx

840
+

yxyxyy

840
-

yxyyxx

5040
+

yxyyxy

840
-

yxyyyx

5040
+

yxyyyy

2016
-

yyxxxx

5040
-

yyxxxy

5040
-

yyxxyx

1120
-

yyxxyy

1120
-

yyxyxx

5040
+

yyxyxy

840
-

yyxyyx

1120
-

yyxyyy

5040
+

yyyxxx

3780
-

yyyxxy

5040
-

yyyxyx

5040
-

yyyxyy

5040
+

yyyyxx

3780
+

yyyyxy

2016
-

yyyyyx

5040
+

yyyyyy

30 240
,

yxxxxxy

10 080
-

yxxxxyx

4032
-

yxxxxyy

4032
+

yxxxyxx

3024
+

yxxxyxy

1260
+

yxxxyyx

10 080
+

yxxxyyy

3024
-

yxxyxxx

4032
-

yxxyxxy

1680
-

yxxyxyx

1680
-

yxxyxyy

1680
+

yxxyyxx

10 080
-

yxxyyxy
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