
Pensieve header: A free-Lie calculator.

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/bbs/show?shot=Chu-071214-182203.jpg

LyndonQ@w_StringD := And �� H
OrderedQ@8w, ð<D & �� Table@StringDrop@w, iD, 8i, 1, StringLength@wD - 1<D

L;

AllWords@0, _ListD = 8""<;

AllWords@n_ �; n > 0, ab_ListD := AllWords@n, abD = Flatten@Outer@
StringJoin@ð1, ð2D &,

AllWords@n - 1, abD,

ab

DD;

AllLyndonWords@n_Integer, ab_ListD := LW �� Select@AllWords@n, abD, LyndonQD;

AllLyndonWords@8n_<, ab_ListD := Join �� Table@AllLyndonWords@k, abD, 8k, n<D;

LyndonFactorization@LW@w_StringD �; StringLength@wD == 1D := LW@wD;

LyndonFactorization@LW@w_StringD �; StringLength@wD > 1D := Module@
8rf<,

rf = First@Sort@Table@StringDrop@w, iD, 8i, 1, StringLength@wD - 1<DDD;

LW �� 8StringDrop@w, -StringLength@rfDD, rf<
D;

LW �: LW@x_D £ LW@y_D := OrderedQ@8x, y<D;

LW �: x_LW ³ y_LW := y £ x;

LW �: x_LW > y_LW := ! Hx £ yL;

LW �: x_LW < y_LW := ! Hy £ xL;

Format@LW@w_D, StandardFormD := Defer@Xw\D;

Xw_\ := LW@wD;

Deg@LW@x_DD := StringLength@xD;

8LyndonQ@"abba"D, LyndonQ@"ababb"D<

8False, True<

8AllWords@3, 8"1", "2"<D, AllLyndonWords@83<, 8"1", "2"<D<

88111, 112, 121, 122, 211, 212, 221, 222<, 8X1\, X2\, X12\, X112\, X122\<<

Table@Length@AllLyndonWords@k, 8"1", "2"<DD, 8k, 10<D

82, 1, 2, 3, 6, 9, 18, 30, 56, 99<

Table@Length@AllLyndonWords@k, 8"1", "2", "3"<DD, 8k, 8<D

83, 3, 8, 18, 48, 116, 312, 810<



TreeForm@LW@"12122"D ��. w_LW ¦ LyndonFactorization@wD �. LW@w_D ¦ wD

List

List

1 2

List

List

1 2

2

b@0, _D = 0; b@_, 0D = 0;

b@c_ * x_LW, y_D := Expand@c b@x, yDD;

b@x_, c_ * y_LWD := Expand@c b@x, yDD;

b@x_Plus, y_D := b@ð, yD & �� x;

b@x_, y_PlusD := b@x, ðD & �� y;

b@w_LW, z_LWD := Which@
w === z, 0,

z < w, Expand@-b@z, wDD,

Deg@wD � 1, LW@First@wD <> First@zDD,

True, Module@8x, y<,

8x, y< = LyndonFactorization@wD;

If@y ³ z,

LW@First@wD <> First@zDD,

b@w, zD = b@x, b@y, zDD + b@b@x, zD, yD
D

D
D;

b@LW@"112"D, LW@"122"DD

X112122\ + X112212\

Outer@b, AllLyndonWords@83<, 8"1", "2"<D,

AllLyndonWords@83<, 8"1", "2"<DD �� MatrixForm

0 X12\ X112\ X1112\ X1122\
-X12\ 0 -X122\ -X1122\ -X1222\

-X112\ X122\ 0 -X11212\ X12122\
-X1112\ X1122\ X11212\ 0 X112122\ + X112212\
-X1122\ X1222\ -X12122\ -X112122\ - X112212\ 0
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Union@Flatten@Outer@Hb@ð1, ð2D + b@ð2, ð1DL &,

AllLyndonWords@86<, 8"1", "2"<D, AllLyndonWords@86<, 8"1", "2"<D
DDD

80<

Outer@Hb@ð1, b@ð2, ð3DD + b@ð2, b@ð3, ð1DD + b@ð3, b@ð1, ð2DDL &,

AllLyndonWords@85<, 8"1", "2"<D,

AllLyndonWords@85<, 8"1", "2"<D, AllLyndonWords@85<, 8"1", "2"<D
D �� Flatten ��

Union

80<

8xw = LW@"x"D, yw = LW@"y"D<

8Xx\, Xy\<

ad@x_D@y_D := b@x, yD;

MakeLieSeries@d_, l_ListD := MakeLieSeries@d, ðD & �� l;

MakeLieSeries@d_, s_LieSeriesD �; Length@sD £ d := s;

MakeLieSeries@d_, s_LieSeriesD �; Length@sD > d := Take@s, dD;

MakeLieSeries@d_, a_ ® b_D := Ha ® MakeLieSeries@d, bDL;

MakeLieSeries@d_, expr_D := LieSeries �� Table@
expr �. w_LW �; Deg@wD ¹ k ® 0,

8k, d<
D;

LieSeries �: s1_LieSeries + s2_LieSeries := Module@
8l = Min@Length �� 8s1, s2<D<,

LieSeries �� HTake@List �� s1, lD + Take@List �� s2, lDL
D;

LieSeries �: c_ * s_LieSeries := Expand@c * ðD & �� s;

b@s1_LieSeries, s2_LieSeriesD := Module@
8d, k, m1, m2<,

m1 = 1 + LengthWhile@s1, ð � 0 &D;

m2 = 1 + LengthWhile@s2, ð � 0 &D;

LieSeries �� Table@
Sum@b@s1@@kDD, s2@@d - kDDD, 8k, m1, d - m2<D,

8d, Min@m1 + Length@s2D, m2 + Length@s1DD<
D

D;

LieSeries �: EulerE@s_LieSeriesD :=

LieSeries �� Expand@Range@Length@sDD * HList �� sLD;

OperatorSeries@f_, var_ ® op_, d_D@Ψ_D := Module@
8ser, as, ni, nf, t, l<,

ser = List �� Series@f, 8var, 0, d<D;

8as, ni, nf< = ser@@83, 4, 5<DD;

t = Nest@op, Ψ, niD;

If@Head@tD === LieSeries,

l = Length@tD;

Expand@as.NestList@MakeLieSeries@l, op@ðDD &, t, nf - ni - 1DD,

Expand@as.NestList@op, t, nf - ni - 1DD
D

D
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OperatorSeries@E^H-adL, ad ® ad@ywD, 3D@xwD

Xx\ + Xxy\ +

Xxyy\
2

+

Xxyyy\
6

MakeLieSeries@5, OperatorSeries@E^H-adL, ad ® ad@xwD, 3D@ywDD

LieSeriesBXy\, -Xxy\,
Xxxy\

2
, -

Xxxxy\
6

, 0F

8
t1 = MakeLieSeries@2, X"y"\ + OperatorSeries@E^H-adL, ad ® ad@X"y"\D, 1D@X"x"\DD,

bch = Append@LieSeries@X"x"\ + X"y"\D, 0D;

t2 = OperatorSeries@H1 - E^H-adLL � ad, ad ® ad@bchD, 1D@EulerE@bchDD,

t1 - t2

<
8LieSeries@Xx\ + Xy\, Xxy\D, LieSeries@Xx\ + Xy\, 0D, LieSeries@0, Xxy\D<

BCH@1D = LieSeries@X"x"\ + X"y"\D;

BCH@n_D := BCH@nD = Module@
8bch, t1, t2<,

bch = Append@BCH@n - 1D, 0D;

t1 =

MakeLieSeries@n, X"y"\ + OperatorSeries@E^H-adL, ad ® ad@X"y"\D, n - 1D@X"x"\DD;

t2 = OperatorSeries@H1 - E^H-adLL � ad, ad ® ad@bchD, n - 1D@EulerE@bchDD;

bch + Ht1 - t2L � n

D

BCH@2D

LieSeriesBXx\ + Xy\,
Xxy\

2
F

BCH@8D

LieSeriesBXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+

Xxyy\
12

,
Xxxyy\

24
,

-

Xxxxxy\
720

+

Xxxxyy\
180

+

Xxxyxy\
360

+

Xxxyyy\
180

+

Xxyxyy\
120

-

Xxyyyy\
720

,

-

Xxxxxyy\
1440

+

Xxxxyxy\
720

+

Xxxxyyy\
360

+

Xxxyxyy\
240

-

Xxxyyyy\
1440

,

Xxxxxxxy\
30 240

-

Xxxxxxyy\
5040

+

Xxxxxyxy\
10 080

+

Xxxxxyyy\
3780

+

Xxxxyxxy\
10 080

+

Xxxxyxyy\
1680

+

Xxxxyyxy\
1260

+

Xxxxyyyy\
3780

+

Xxxyxxyy\
2016

-

Xxxyxyxy\
5040

+

13 Xxxyxyyy\
15 120

+

Xxxyyxyy\
10 080

-

Xxxyyyxy\
1512

-

Xxxyyyyy\
5040

+

Xxyxyxyy\
1260

-

Xxyxyyyy\
2016

-

Xxyyxyyy\
5040

+

Xxyyyyyy\
30 240

,

Xxxxxxxyy\
60 480

-

Xxxxxxyxy\
15 120

-

Xxxxxxyyy\
10 080

+

Xxxxxyxxy\
20 160

-

Xxxxxyxyy\
20 160

+

Xxxxxyyxy\
2520

+

23 Xxxxxyyyy\
120 960

+

Xxxxyxxyy\
4032

-

Xxxxyxyxy\
10 080

+

13 Xxxxyxyyy\
30 240

+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-

Xxxxyyyyy\
10 080

+

Xxxyxyxyy\
2520

-

Xxxyxyyyy\
4032

-

Xxxyyxyyy\
10 080

+

Xxxyyyyyy\
60 480

F
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ApplyMorphism@mor_, w_LWD �; Deg@wD � 1 := w �. mor;

ApplyMorphism@mor_, w_LWD :=

b �� HApplyMorphism@mor , ðD & �� LyndonFactorization@wDL;

ApplyMorphism@mor_, s_LieSeriesD := Module@
8l = Length@sD<,

MakeLieSeries@l, Sum@
ApplyMorphism@

MakeLieSeries@l - k + 1, morD,

s@@kDD
D,

8k, l<
DD

D;

ApplyMorphism@mor_, expr_D := Expand@expr �. w_LW ¦ ApplyMorphism@mor, wDD;

BCH@n_, x_, y_D := ApplyMorphism@8LW@"x"D ® x, LW@"y"D ® y<, BCH@nDD;

MakeLieSeries@3, 8LW@"x"D ® LW@"x"D, LW@"y"D ® LW@"z"D<D

8Xx\ ® LieSeries@Xx\, 0, 0D, Xy\ ® LieSeries@Xz\, 0, 0D<

MakeLieSeries@2, LW@"x"DD

LieSeries@Xx\, 0D

BCH@3D

LieSeriesBXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+

Xxyy\
12

F

BCH@3, LW@"y"D, LW@"z"DD

LieSeriesBXy\ + Xz\,
Xyz\

2
,

Xyyz\
12

+

Xyzz\
12

F

BCH@3, LW@"x"D, BCH@3, LW@"y"D, LW@"z"DDD

LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

F

BCH@3, BCH@3, LW@"x"D, LW@"y"DD, LW@"z"DD

LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

F
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8n = 4,

t1 = BCH@n, LW@"x"D, BCH@n, LW@"y"D, LW@"z"DDD,

t2 = BCH@n, BCH@n, LW@"x"D, LW@"y"DD, LW@"z"DD,

t1 � t2<

:4, LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

,

Xxxyy\
24

+

Xxxyz\
12

+

Xxxzy\
12

+

Xxxzz\
24

+

Xxyyz\
12

+

Xxyzy\
12

+

Xxyzz\
12

+

Xxzyz\
12

+

Xyyzz\
24

F,

LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

,

Xxxyy\
24

+

Xxxyz\
12

+

Xxxzy\
12

+

Xxxzz\
24

+

Xxyyz\
12

+

Xxyzy\
12

+

Xxyzz\
12

+

Xxzyz\
12

+

Xyyzz\
24

F, True>

BCH@6, LW@"y"D, LW@"z"DD

LieSeriesBXy\ + Xz\,
Xyz\

2
,

Xyyz\
12

+

Xyzz\
12

,
Xyyzz\

24
,

-

Xyyyyz\
720

+

Xyyyzz\
180

+

Xyyzyz\
360

+

Xyyzzz\
180

+

Xyzyzz\
120

-

Xyzzzz\
720

,

-

Xyyyyzz\
1440

+

Xyyyzyz\
720

+

Xyyyzzz\
360

+

Xyyzyzz\
240

-

Xyyzzzz\
1440

F
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BCH@6, LW@"x"D, BCH@6, LW@"y"D, LW@"z"DDD

LieSeriesBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+

Xyz\
2

,

Xxxy\
12

+

Xxxz\
12

+

Xxyy\
12

+

Xxyz\
3

+

Xxzy\
6

+

Xxzz\
12

+

Xyyz\
12

+

Xyzz\
12

,

Xxxyy\
24

+

Xxxyz\
12

+

Xxxzy\
12

+

Xxxzz\
24

+

Xxyyz\
12

+

Xxyzy\
12

+

Xxyzz\
12

+

Xxzyz\
12

+

Xyyzz\
24

,

-

Xxxxxy\
720

-

Xxxxxz\
720

+

Xxxxyy\
180

+

Xxxxyz\
180

+

Xxxxzy\
90

+

Xxxxzz\
180

+

Xxxyxy\
360

+

Xxxyxz\
360

+

Xxxyyy\
180

+

Xxxyyz\
30

+

7 Xxxyzy\
120

+

Xxxyzz\
30

+

Xxxzxy\
180

+

Xxxzxz\
360

+

Xxxzyy\
60

+

7 Xxxzyz\
120

+

Xxxzzy\
60

+

Xxxzzz\
180

+

Xxyxyy\
120

+

Xxyxyz\
120

+

Xxyxzy\
60

+

Xxyxzz\
120

-

Xxyyxz\
120

-

Xxyyyy\
720

+

Xxyyyz\
180

+

Xxyyzy\
120

+

Xxyyzz\
30

-

Xxyzxz\
120

-

Xxyzyy\
120

+

Xxyzyz\
60

+

Xxyzzy\
120

+

Xxyzzz\
180

+

Xxzxzy\
60

+

Xxzxzz\
120

-

Xxzyyy\
180

+

Xxzyyz\
120

-

Xxzyzy\
60

+

Xxzyzz\
120

-

Xxzzyy\
120

-

Xxzzyz\
120

-

Xxzzzy\
180

-

Xxzzzz\
720

-

Xyyyyz\
720

+

Xyyyzz\
180

+

Xyyzyz\
360

+

Xyyzzz\
180

+

Xyzyzz\
120

-

Xyzzzz\
720

,

-

Xxxxxyy\
1440

-

Xxxxxyz\
720

-

Xxxxxzy\
720

-

Xxxxxzz\
1440

+

Xxxxyxy\
720

+

Xxxxyxz\
720

+

Xxxxyyy\
360

+

Xxxxyyz\
180

+

Xxxxyzy\
72

+

Xxxxyzz\
180

+

Xxxxzxy\
360

+

Xxxxzxz\
720

+

Xxxxzyy\
120

+

Xxxxzyz\
72

+

Xxxxzzy\
120

+

Xxxxzzz\
360

+

Xxxyxyy\
240

+

Xxxyxyz\
180

+

Xxxyxzy\
120

+

Xxxyxzz\
240

-

Xxxyyxz\
240

-

Xxxyyyy\
1440

+

Xxxyyyz\
180

+

Xxxyyzy\
80

+

Xxxyyzz\
80

+

Xxxyzxy\
360

-

Xxxyzxz\
360

+

Xxxyzyy\
240

+

Xxxyzyz\
60

+

Xxxyzzy\
80

+

Xxxyzzz\
180

+

Xxxzxyz\
360

+

Xxxzxzy\
120

+

Xxxzxzz\
240

-

Xxxzyyy\
360

+

Xxxzyyz\
80

+

Xxxzyzy\
120

+

Xxxzyzz\
80

-

Xxxzzyy\
240

+

Xxxzzyz\
240

-

Xxxzzzy\
360

-

Xxxzzzz\
1440

+

Xxyxyyz\
240

+

Xxyxyzy\
120

+

Xxyxyzz\
240

+

Xxyxzyz\
120

-

Xxyyxyz\
240

-

Xxyyyyz\
720

-

Xxyyyzy\
360

+

Xxyyyzz\
180

-

Xxyyzxz\
240

-

Xxyyzyy\
240

+

Xxyyzyz\
360

+

Xxyyzzy\
240

+

Xxyyzzz\
180

+

Xxyzxzy\
120

+

Xxyzxzz\
240

-

Xxyzyxz\
120

-

Xxyzyyy\
360

-

Xxyzyzy\
120

+

Xxyzyzz\
120

-

Xxyzzxz\
240

-

Xxyzzyy\
240

-

Xxyzzzy\
360

-

Xxyzzzz\
720

+

Xxzxzyz\
120

-

Xxzyyyz\
360

-

Xxzyyzy\
120

+

Xxzyyzz\
240

-

Xxzyzyy\
120

-

Xxzyzyz\
120

-

Xxzyzzy\
120

-

Xxzyzzz\
360

-

Xxzzyyz\
240

-

Xxzzyzy\
120

-

Xxzzyzz\
240

-

Xxzzzyz\
360

-

Xyyyyzz\
1440

+

Xyyyzyz\
720

+

Xyyyzzz\
360

+

Xyyzyzz\
240

-

Xyyzzzz\
1440

F

Timing@8n = 6,

Length �� Ht1 = BCH@n, LW@"x"D, BCH@n, LW@"y"D, LW@"z"DDDL,

Length �� Ht2 = BCH@n, BCH@n, LW@"x"D, LW@"y"DD, LW@"z"DDL,

t1 � t2<D
80.094, 86, LieSeries@3, 3, 8, 9, 48, 82D, LieSeries@3, 3, 8, 9, 48, 82D, True<<
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Timing@8n = 7,

Timing@Length �� Ht1 = BCH@n, LW@"x"D, BCH@n, LW@"y"D, LW@"z"DDDLD,

Timing@Length �� Ht2 = BCH@n, BCH@n, LW@"x"D, LW@"y"DD, LW@"z"DDLD,

t1 � t2<D
8545.785, 87, 8267.495, LieSeries@3, 3, 8, 9, 48, 82, 312D<,

8278.29, LieSeries@3, 3, 8, 9, 48, 82, 312D<, True<<
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