Pensieve header: A free-Lie calculator.

A Lyndon word is aword lexicographically smaller than al of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/bbs/show?shot=Chu-071214-182203.jpg
LyndonQ[w_String] : = And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)s
Al lWords[0, _List] = {""};
AllWrds[n_ /; n>0, ab_List] := AllWrds[n, ab] = Flatten[Quter [
StringJoin[#l, #2] &,
Al Wrds[n-1, ab],
ab
115
Al'l LyndonWords[n_I nteger, ab_List] := LW /@ Sel ect [All Wrds[n, ab], LyndonQj;
Al'l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al |l LyndonWords [k, ab], {k, n}1;
LyndonFactori zati on[LWw _String] /; StringLength[w] == 1] := LWw];
LyndonFactori zati on[LW[w_String] /; StringLength[w] > 1] : = Modul e[
rfy,
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -13}111;
LW /e {StringDrop[w, -StringLength[rf]], rf}
1
LW /: LWIx_] < LW[y_]1 := OrderedQ[{X, Y}I;
LW /: x_LWz2y LW:=y <X;

LW/ x_LW> y LW:= 1 (X <Y);

LW /: x_LW<y_LW:= 1 (y <X);

Format [LW[w_], StandardForm] : = Defer [(w)];
W_)y 1= LWw];

Deg[LW[x_1]1 := StringLength[x];

{LyndonQ["abba" ], LyndonQ["ababb"1]1}

{Fal se, True}

(Al Words[3, {"1", "2"}], A lLyndonWrds[{3}, {("1", "2"}1}

({111, 112, 121, 122, 211, 212, 221, 222}, {(1), (2%, (125, (1125, (122}}
Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"}1], {k, 10}]

{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWbrds [k, {"1", "2", "3"}1]1, {k, 8}]

{3, 3, 8, 18, 48, 116, 312, 810}
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TreeFor m[LW["12122"] //. w_LW» LyndonFactorization[w] /. LWW_] = w]

Li st

Li st Li st

st

b[0, 1 =0; b[_, 0] =0;
blc_*x_LW y_ ] := Expand[cb[x, y]1;
b[x_, c_*y_ LW := Expand[cb[x, y]1;
bix Plus, y_]1 := b[# y] & /@ X;
b[x_, y_Plus] := b[x, #] & /@ y;
biw LW z LW := Wiich|
w===12z, 0,
z <w, Expand[-b[z, w]],
Deg[w] == 1, LW[First[w]<>First[z]],
True, Module[{x, Y},
{X, y} = LyndonFactori zati on[w];
Ifly 2z,
LWFi rst [w] <>First[z]],
blw, z] =b[x, b[y, z]1] +b[b[x, z], Y]
]
1
1
b[LW"112"], LW"122"]]

(112122) + (112212)

Quter [b, AlLyndonWords[{3}, {"1", "2"}1,
Al'l LyndonWords [ {3}, {"1", "2"3}1]1 // MatrixForm

0 (12) (112) (1112) (1122)
~(12) 0 (122 ~(1122) ~(1222)
S(112)  (122) 0 S (11212) (12122)
“(1112) (1122) (11212) 0 (112122) + (112212)

S(1122y (1222 -(12122) -(112122) - (112212) 0



Union[Flatten[Quter [ (b[#1, #2] +b[#2, #1]) &,
Al'l LyndonWords[{6}, {"1", "2"3}1, AllLyndonWords[{6}, {"1",
111

{0}

Cuter [(b[#1, b[#2, #3]] +b[#2, b[#3, #1]] +b[#3, b[#l, #2]]) &
Al'l LyndonWords [ {5}, {"1", "2"}],
Al'l LyndonWords [ {5}, {"1", "2"3}1], AllLyndonWords[{5}, {"1",
1 /7/ Flatten //

Uni on
{0}
W= LW X" ], yw= LW"y" 1}
{{XD, (¥}
ad[x_]1[y_]:=b[x, yl;
MakeLi eSeries[d_, | _List] := MakeLieSeries[d, #] & /e |;

MakelLi eSeries[d_, s_LieSeries] /; Length[s] <d :=s;
MakelLi eSeries[d_, s_LieSeries] /; Length[s] >d := Take[s, dI;
MakelLi eSeries[d_, a_ -» b_] := (a -» MakelLieSeries[d, b]);
MakelLi eSeries[d_, expr_] := LieSeries ee Tabl e[
expr /. w_LW/; Deg[w] # k » O,
{k, d}
1
LieSeries /: sl LieSeries + s2 LieSeries := Mdule[
{| =MnJ[Length /@ {s1, s2}]},
Li eSeri es ee (Take[Li st eesl, |1 + Take[List ees2, |11)
1
LieSeries /: c_ % s_LieSeries : = Expand[Cc *#] & /@ S;
b[sl LieSeries, s2 LieSeries] := Mdule]
{d, k, nml, nR},
nm = 1+LengthWhile[sl, #==0&];
n2 = 1+LengthWile[s2, #=0&];
Li eSeries ee Tabl e[
Sumib[s1[[k]], s2[[d-k]]], {k, nml, d-nR}],
{d, Mn[ml +Length[s2], n2 +Length[s1]]}
1
1
Li eSeries /: EulerE[s_LieSeries] :=
Li eSeri es e@ Expand[Range[Length[s]] % (Li st ees)];
OperatorSeries[f_, var_ -» op_, d_1[¢¥_]1 := Mdulel
{ser, as, ni, nf, t, |},
ser = List eeSeries[f, {var, 0, d}I;
{as, ni, nf} =ser[[{3, 4, 5}11;
t = Nest [op, ¥, nil;
| f [Head[t] === Li eSeri es,
| =Length[t];

Expand[as. Nest Li st [MakeLi eSeries[l, op[#]] & t, nf -ni -17]7,

Expand[as. Nest Li st [op, t, nf -ni -171]
1
1

"o

"o

H

H
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Oper ator Series[E” (-ad), ad -» ad[yw], 3][xw]

(Xyy)  <(Xyyy)
+
6
MakeLi eSeri es[5, OperatorSeries[E" (-ad), ad -» ad[xw], 3][yw]]

(XY +(Xy) +

(XXYy) (XXXY)

2 6

Li eSeries|(y), -(xy),

{
t1l = MakeLi eSeries[2, ("y")+QperatorSeries[E" (-ad), ad -»>ad[{"y")>], 11[¢"x")>11,
bch = Append[Li eSeries[{("x") +("y">], 01;
t2 = OperatorSeries[(l-E" (-ad)) /ad, ad -» ad[bch], 1][Eul erE[bch]],
t1-t2
}

{LieSeries[(X)+{y), (Xy)], LieSeries[(x)+<(y), 0], LieSeries[0, (xy)]}

BCH[1] = LieSeries[¢("x")+<"y")1;
BCH[N_] : = BCH[n] = Mbdul e[

{bch, t1, t2},
bch = Append [BCH[n - 1], 01;
tl=

MakeLi eSeries[n, ("y") +QOperatorSeries[E" (-ad), ad »ad[¢"y")], n-11[¢"x")11;
t2 = OperatorSeries[(l-E" (-ad)) /ad, ad -» ad[bch], n-1][Eul erE[bch]];
bch+ (t1-t2) /n

1
BCH[2]

(Xy)

LieSeries [<x> + (Y)Y,
BCH[8]

(Xy)  (XXY)  (XYyYy) (XXyy)

y +

Li eSeri es{<x> + Y,

’ ’

2 12 12 24
(XXXXY)  (XXXYY)  (XXYXY) —(XXYYY) (XYXyy) (Xyyyy)
" 720 180 360 180 120 720
(XXXXYY)  (XXXYXY)  (XXXYYY) — (XXYXYY) (XXyyyy)
" 1440 720 360 | 240 1440
(XXXXXXY)  (XXXXXYY)  (XXXXYXY)  (XXXXYYY)  (XXXYXXY)  (XXXYXYY)
30240 5040 10080 3780 10080 1680
(XXXYYXY)  (XXXYYYY) — (XXYXXYy) (XXyXyXy) 13 (XXyXyyy) (XXyyxyy)
1260 3780 2016 5040 15120 10080
(XXYYYXY)  (XXYYYYY)  (XYXYXYY)  (XYXYYYY) (XYYXyyy) (Xyyyyyy)
1512 5040 1260 2016 5040 30240
(XXXXXXYY)  (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXYXYy) 13 (XXXYXYyY)  (XXXYYXyy)
120960 4032 10080 30240 " 20160

(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYY)  (XXYYYYYY)
- + - - +
3024 10080 2520 4032 10080 60480
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Appl yMor phi sm[nmor _, w LW /; Deg[w] =1 :=w /. nor;
Appl yMor phi sm[nor _, w LW : =
b ee@ (Appl yMorphi sm[nor, #] & /@ LyndonFactori zation[w]);
Appl yMor phi sm[nor _, s_LieSeries] := Mdul e[
{I| =Length[s]},
MakeLi eSeries[l, Sum[
Appl yMor phi sm[
MakeLi eSeries[l -k +1, nor],
s[[k1]
1,
{k, 1}
1]
1

Appl yMor phi sm[nor _, expr_] : = Expand[expr /. w_LW: Appl yMorphi sm[nor, w]];
BCH[n_, x_, y_1 := ApplyMrphism[{LW"x"] » X, LW"y"] -» y}, BCH[nlI;
MakelLi eSeries[3, {LW["x"] -» LW"Xx"]1, LW["y"] » LW["z"1}]
{(X) > LieSeries[(x), 0, 0], (y) »>LieSeries[(z), 0, 0]}
MakelLi eSeries[2, LW"X"]]
LieSeries[(x), 0]
BCH[3]

) ) (Xy) (XXYy) (Xyy)
Li eSerles{<x>+<y>, , + ]
2 12 12

BCH[3, LW"y"1, LW"z"1]
yz)y <(yyz) (yzz) ]
s +
12 12
BCH[3, LW"x"], BCH[3, LW"y"]1, LW"z"]111]

) ) (Xy) (Xz) (yz)
L|eSer|es{<x>+<y>+<Z>, > + +

Li eSeri es{<y> +{(Z),

2 2
(XXY)  (XXZ) (XYyY) (AXyz) (Xzy) (Xzz) (yyz) (yzZ)
+ + + + + + +
12 12 12 3 6 12 12 12

BCH[3, BCH[3, LW"x"1, LW"y"11, LW"z"1]

(Xy) (xz) (yz)
+ + ,
2 2
(XXY)  (XXZ) (XyYy) (XyzZ) (Xzy) (Xzz) (yyz) (yiz)
+ + + + + + +
12 12 12 3 6 12 12 12

LieSeries|(x)+<(y) +(z),
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{n=4,
t1l =BCH[n, LW"x"]1, BCH[n, LW"y"], LW"z"1]11,
t2 = BCH[n, BCH[n, LW"x"1, LW"y"11l, LW["z"]1,
tl==1t2}

_ _ (Xy) (Xz) (yz)
{4, Li eSeries|(x)+(y)+<(z), + +

2 2
(XXY)  (XXZ) (XYY) (Xyz) (Xzy) (Xzz) (yyz) (Yyzz)
+ + + + + + + s
12 12 12 3 6 12 12 12
(XXYY )  (XXYZ) (XXZY) (XXZZ) (XYYyzZ) (Xyzy) (Xyzz) (Xzyz) (Yyyzz)
+ + + + + + + + ,
24 12 12 24 12 12 12 12 24
. . (Xy) (Xz) (yz)
LieSeries|(xX) +(y) +(z), + + ,
2 2 2
(XXY)  (XXZ) (XyYy) (Xyz) (Xzy) (Xzz) (yyz) (yzz)
+ + + + + + + s
12 12 12 3 6 12 12 12

(XXYY)  (XXYZ) (XXZY) (XXZZ) (XyYyzZ) (Xyzy) (Xyzz) (Xzyz) (yyzZz)
+ + + + + + + + }, T

24 12 12 24 12 12 12 12 24
BCH[6, LW"y"1, LW"z"]]

. . yz) (yyz) (yzz) (yyzz)
LieSeries|(y) +(z), , + , )

2 12 12 24
yyyyz) (yyyzz) (yyzyz) (yyzzz) (yzyzz) (yzz1Z)
720 ' 180 ' 360 : 180 : 120 720
yyyyzz) Kyyyzyz) (yyyzzz) (yyzyzz) (yyzzzz)

+ +

¥
1440 720 360 240 1440

rue}
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BCH[6, LW"x"], BCH[6, LW"y"], LW"z"]]]
. . (Xy) (Xz) (yz)
LieSeries|(xX)+<(y)+(z), + 5 + -
(XXY)  (XXZ) (XyYy) (Xyz) (Xzy) (Xzz) (yyz) (yzz)
+ + + + + + + s
12 12 12 3 6 12 12 12
(XXYY )  (XXYZ)  (XXZY) (XXZZ) (XYYZ) (Xyzy) (Xyzz) (Xzyz) (Yyyzz)
+ + + + + + + + ,
24 12 12 24 12 12 12 12 24
(XXXXY Y (XXXXZ)  AXXXYY)  (XXXYZ) (XXXZY) (XXXZZ) (XXYXY) (XXYXZ)
- + + + + + + +
720 720 180 180 90 180 360 360
(XXYYY)Y  (XXYYZ) T {XXYZY) (XXYZZ) (XXZXY) (XXZXZ) (XXZYyy) 7 (XXzyz)
+ + + + + + + +
180 30 120 30 180 360 60 120
(XXZZy)  (XXZZZ) (XYXYY) (XYXYZ) (XYXZY) (XYXZZ) (XYyXZ) <(XYYyyy)
+ + + + + - - +
60 180 120 120 60 120 120 720
(XYyyz) (Xyyzy) (Xyyzz) (XYzZXzZ) (XYyzyy) (Xyzyz) (Xyzzy) <(Xyzzz)
+ + - - + + + +
180 120 30 120 120 60 120 180
(XZXZy) (XZXZZ) (XZYYY) (XzZYYyz) (XzZyzy) (Xzyzz) (XZZyy) <(XZZYyZ)
+ - + - + - - -
60 120 180 120 60 120 120 120
(Xzzzy) (Xzzzz) (YYyyyz) (Yyyzz) (yyzyz) (yyzzz) (yzyzz) (yz11z)
- - + + + + -
180 720 720 180 360 180 120 720
(XXXXYY)  (XXXXYZ)Y  (XXXXZY)  (XXXXZZ) (XXXYXY) (XXXYXZ) (XXXYYYy)
- - - - + + + +
1440 720 720 1440 720 720 360
(XXXYYZ)Y  (XXXYZY)  (XXXYZZ)  (XXXZXY) {(XXXZXZ) (XXXZYY) {(XXXZYZ) {(XXXZZYy)
+ + + + +
180 72 180 360 720 120 72 120
(XXXZZZ)  (XXYXYY)  (XXYXYZ) (XXYXZY) (XXYXZZ) (XXYYXZ) (XXYYYyYy) <(XXYYYyZ)
+ + - - +
360 240 180 120 240 240 1440 180
(XXYYZY)Y  (XXYYZZ)  (XXYZXY) (XXYZXZ) (XXYZYY) (XXYZYZ) (XXYZZY) (XXyzzz)
+ + + + +
80 80 360 360 240 60 80 180
(XXZXYZ)Y  (XXZXZY)  (XXZXZZ) (XXZYYY) (XXZYYZ) (XXZYZY) (XXZYZZ) {(XXZZYY)
+ + + + -
360 120 240 360 80 120 80 240
(XXZZYZ)  (XXZZZY) (XXZZZZ) (XYXYYZ) (XYXYyzy) (XYXyzz) (XyXzyz)
- + + + -
240 360 1440 240 120 240 120
(XYYXyz)  (XYYYYZ) (XYyyyzy) (XYyyyzz) (XYYZXZ) (Xyyzyy) (Xyyzyz)
- - - + +
240 720 360 180 240 240 360
(Xyyzzy) (XYYzzz) (XYZXzZY) (XYZXZZ) (XYZYXZ) (XYyzyyy) (Xyzyzy)
+ - - - +
240 180 120 240 120 360 120
(XYZYZZ)  (XYZZXZ) (XYZzZYY) (XYZzZzZy) (XYyzzzz) (XZXZYyZ) (XZYyyyzZ)
_ _ . _ _
120 240 240 360 720 120 360
(Xzyyzy) (Xzyyzz) (Xzyzyy) (XzZYyzyz) (XZYyzZZy) (Xzyzzz) (Xzzyyz)
120 240 120 120 120 360 240
(Xzzyzy) (Xzzyzz) (Xzzzyz) (yyyyzz) (yyyzyz) (yyyzzz), (yyzyzz), (yyzzzz)
_ N . _
120 240 360 1440 720 360 240 1440
Tim ng[{n = 6,
Length /@ (t1 = BCH[n, LW["x"], BCH[n, LW["y"1, LW"z"111),
Length /@ (t2 = BCH[n, BCH[n, LW["x"1, LW"y"1l, LW"z"11),
t1l==1t2}]
{0.094, {6, LieSeries[3, 3, 8, 9, 48, 82], LieSeries[3, 3, 8, 9, 48, 82], True}}
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Timng[{n =7,

Timing[Length /e (t1=BCH[n, LW"x"]1, BCH[n, LW"y"1, LW"z"11D)1,
Tim ng[Length /@ (t2 = BCH[n, BCH[n, LW"x"], LW"y"1l, LW"z"11)1,
t1l=1t2}]

{545.785, {7, {267.495, LieSeries[3, 3, 8, 9, 48, 82, 312]},
{278. 29, LieSeries[3, 3, 8, 9, 48, 82, 312]}, True}}



