Pensieve header: A free-Lie calculator, at long last. (Continues pensieve://2011-02/).

A Lyndon word is aword lexicographically smaller than al of its proper right factors; see http://katlas.math.toronto.e-
du/drorbn/bbs/show?shot=Chu-071214-182203.jpg
LyndonQ[w_String] : = And ee (
OrderedQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)s
Al lWords[0, _List] = {""};
AllWrds[n_ /; n>0, ab_List] := AllWrds[n, ab] = Flatten[Quter [
StringJoin[#l, #2] &,
Al Wrds[n-1, ab],
ab
115
Al'l LyndonWords[n_I nteger, ab_List] := LW /@ Sel ect [All Wrds[n, ab], LyndonQj;
Al'l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al |l LyndonWords [k, ab], {k, n}1;
LyndonFactori zati on[LWw _String] /; StringLength[w] == 1] := LWw];
LyndonFactori zati on[LW[w_String] /; StringLength[w] > 1] : = Modul e[
rfy,
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -13}111;
LW /e {StringDrop[w, -StringLength[rf]], rf}
1
LW /: LWIx_] < LW[y_]1 := OrderedQ[{X, Y}I;
LW /: x_LWz2y LW:=y <X;

LW/ x_LW> y LW:= 1 (X <Y);

LW /: x_LW<y_LW:= 1 (y <X);

Format [LW[w_], StandardForm] : = Defer [(w)];
W_)y 1= LWw];

Deg[LW[x_1]1 := StringLength[x];

LyndonQ[" abba" ]

Fal se

LyndonQ[" ababb" ]

True

Al Wrds[1, {"1", "2"}]

{1, 2}

Al Wrds[3, {"1", "2"}]

{111, 112, 121, 122, 211, 212, 221, 222}

All LyndonWords [3, {"1", "2"}]

{(112), <122)}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"}1], {k, 10}]
{2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2", "3"3}1]1, {k, 8}]
{3, 3, 8, 18, 48, 116, 312, 810}
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TreeFor m[LW["12122"] //. w_LW:» LyndonFactorization[w] /.

Li st

Li st Li st

st

b[0, _1 =0; b[_, 0] =0;
blc_*x_LW y_ ] := Expand[cb[x, y]1;
b[x_, c_*y_ LW := Expand[cb[x, y]1;
b[x_Plus, y_1 := b[# y] & /e x;
b[x_, y_Plus] := b[x, #] & /@ y;
biw LW z LW := Wiich|
w===12z, 0,
z <w, Expand[-b[z, w]],
Deg[w] == 1, LW[First[w]<>First[z]],
True, Module[{x, Y},
{X, y} = LyndonFactori zati on[w];
Ifly 2z,
LW[Fi rst [w] <>First[z]],
b[x, b[y, z]1] +b[b[x, 2], Y]
1
1
I
b[LW"112" ], LW"122"]]

(112122) + (112212)

LWMw_] = w]
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Cuter [b, AllLyndonWrds([5, {"1", "2"}], AllLyndonWrds[5, {"1", "2"}]]

({0, (1111211122 + (1111221112),
(1111211212) + (1111212112 - (1112111212), (1111211222 + (1111222112) - (1112111222},
(11112121225 + (1111212212) - 2 (1112112122) - (1112122112},

(1111212222 + (1111222212) - 2 (1112112222) - (1112222112},

(-(1111211122) - (1111221112), 0, (1112211212), (1112211222} + (1112221122),
(1112212122 + (1121221122, (1112212222 + (1112222122 - (1122112222},

(-(1111211212) - (1111212112) + (1112111212, - (1112211212}, 0,

(1121211222, (1121212122) +2 (1121212212 + (1121221212},
(1121212222 +2 (1121222212 + (1122221212} },

(-(1111211222) - (1111222112) + (1112111222, - (1112211222 - (1112221122),
©(1121211222), 0, (1122212122), (1122212222) + (1122221222},

(-(1111212122) - (1111212212) +2 (1112112122 + (1112122112},
©(1112212122) - (1121221122), -(1121212122) -2 (1121212212) - (1121221212},
©(1122212122), 0, (1212212222 + (1212222122},

(- (1111212222) - (1111222212) + 2 (1112112222} + (1112222112), - (1112212222) -

(1112222122 + (1122112222, - (1121212222) -2 (1121222212 - (1122221212},
S (1122212222 - (1122221222, - (1212212222) - (1212222122, 0}}

("1122221222" )
(1122221222)
("1122221222"y // Ful | Form
LW " 1122221222" ]

Length /e Flatten]
Quter [b, AllLyndonWords[5, {"1", "2"3}1, AllLyndonWords[5, {"1", "2"}11]

1
{0, 2,3,3,4,42,0 1,2 2 3,3, 2 01,
3,3, 3,2 20,1, 24,2 3,20, 2 4,3, 3,2 2 0}
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Quter [(b[#l, #2] +b[#2, #1]) &,

"2"}]

Al'l LyndonWords[{6}, {"1",

"2},

1

Al'l LyndonWords [{6},

1 // MatrixForm

0 0000O0O0O0OODODODOBDOODODOOODOODOOOO
0O00O0O0O0OOOOOOOOOOOOOOOOOOO
0O00O0OO0OOOOOOOOOOOOOOOOOOOO
0 0000O0DODODODOODOODOOOODODOODOOO
0 00000O0OODODODODODODODOOODOOOOOO
0O00O0O0O0OO0OOOOOOOOOOOOOOOOOOO
0O00O0OO0OOOOOOOOOOOOOOOOOOOO
0 0000O0DODODODOOBDOODOODOODOOOOOO
0 000000O0OO0DODODODOODODCOOODOOODOOOO
0O00O0O0O0OOOOOOOOOOOOOOOOOOOO
0O00O0O0OOOOOOOOOOOOOOOOOOOO
0 0000O0DODODODOOBDOODODOOODOODOOOO
00O0O0O0OOOOOOOOOOOOOOOOOOO
0O00O0OO0OOOOOOOOOOOOOOOOOOOO
0 0000O0OO0DODODODOODOODOODOODODOOOOO
0 0000O0O0OODODODOBDOODODOOODOOOOOO
0O00O0O0O0OOOOOOOOOOOOOOOOOOO
0O00O0OO0OOOOOOOOOOOOOOOOOOOO
0 0000O0DODODODOOBDOODOODOODODOOOOO
0 0000O0O0OODODODODODODODOOODOODOOOO
0O00O0O0O0OO0OOOOOOOOOOOOOOOOOOO
0O00O0OO0OOOOOOOOOOOOOOOOOOOO
0 0000O0DODODODOOBDOODOODOODOOOOOO
Quter [(b[#l, b[#2, #3]] +b[#2, b[#3, #1]] +b[#3, b[#1, #2]1]) &

"2"3],
"2},

1
1

Al'l LyndonWords [ {5},
Al | LyndonWords[{5},

1 // Flatten //

Uni on

{0}

"2}

o1

Al'l LyndonWbrds [{5},

y =LW"y"1}

= LW X T,

{7,

y>}
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ad[Xx_I[y_l:=b[x, yI;
MakelLi eSeries[expr_, d_] := LieSeries ee Tabl e[
expr /. w_LW/; Deg[w] # k » O,
{k, d}
1
LieSeries /: sl LieSeries + s2 LieSeries := Mdule[
{Il =Mn[Length /e {s1, s2}]},
Li eSeri es ee (Take[Li st eesl, | ] + Take[List ees2, |11])
1

LieSeries /: c_ xs_LieSeries := Expand[c *#] & /@ S;
b[sl LieSeries, s2 LieSeries] := Mdule]
{d, Kk},

Li eSeries ee Tabl e[
Sum[b[s1[[k]], s2[[d-k]11, {(k, 1, d-1}1,
{d, 1+MnJ[Length /@ {sl1, s2}]}
1
I
Li eSeries /: EulerE[s_LieSeries] :=
Li eSeri es @@ Expand[Range[Length[s]] % (Li st e@s)];
OperatorSeries[f_, var_ -» op_, d_1[¢¥_]1 := Mdulel
{ser, as, ni, nf, t},
ser = List eeSeries[f, {var, 0, d}I;
{as, ni, nf} =ser[[{3, 4, 5}11;
t = Nest [op, ¥, ni];
Expand[as. Nest Li st [op, t, nf -ni -17]
1

Oper ator Seri es[E” (-ad), ad -» ad[y], 3]I[x]
(Xyy)  (Xyyy)
+
6
MakelLi eSeri es [Operat or Seri es[E” (-ad), ad » ad[x], 31[y], 5]

(X) +(Xy) +

) ) (XXY ) (XXXY )
Li eSeries|(y), - (Xy), Pl P 0

BCH[1] = LieSeries[("x") +("y")]

Li eSeries[(X) + (y)]
BCH[Nn_] : = Modul e[

{bch, t1, t2},
bch = Append [BCH[n - 1], 071;
tl =

MakelLi eSeries[("y") + OperatorSeries[E" (-ad), ad -»ad[¢"y")>], n-11[¢"x")], nI;
t2 = CperatorSeries[(l-E” (-ad)) /ad, ad -» ad[bch], n-1][Eul erE[bch]];

bch+ (t1-t2)/n
1

t1 = MakelieSeries[¢"y") +OperatorSeries[E" (-ad), ad-»>ad[<"y">], 11[<"X")], 2]
LieSeries[(X)+ (Y), (Xy)]
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bch = Append [BCH[1], 0];
t2 =COperatorSeries[(1-E” (-ad)) /ad, ad -» ad[bch], 1][Eul erE[bch]]

Li eSeries[(x) + (y), 0]
t1-t2

Li eSeries[0, (xy)]

BCH[2]
) ) (XY
Li eSerles{<x>+<y>, >
BCH[3]
. . (Xy) (XXy) (Xyy)
Li eSerles[<x>+<y>, , + ]
2 12 12
BCH[4]
) ) (XY)  AXXY)  (XYY) (XXyYy)
Li eSerles{<x>+<y>, , + , }
2 12 12 24
BCH[5]

(XYy)  (XXY)  (XYyY) (XXYYy)
+ i) l

Li eSeri es{<x> +{y),

2 12 12 24
(XXXXY)  (XXXYY)  (XXYXY) —(XXyyy) —(XYXyy) (Xyyyy)
" 720 " 180 360 180 120 720
BCH[6]
_ _ (Xy) (XXY) (Xyy) (XXyy)
LieSeries|(xX) + (y), , + , ,
2 12 12 24
(XXXXY)  (XXXYY) (XXYXY) —(XXyyy) (XYXyy) (XYyyy)
" 720 180 360 180 120 720
(XXXXYY)  (XXXYXY)  (XXXYYY)  (XXyXyY) (XXyyyy)
" T1aa0 0 7200 360 240 1440
BCH[7]

: . (Xy)  AXXY)  (Xyy)  (XXYY)
LieSeries|(xX) + (y), , +

’ ’

2 12 12 24
(XXXXY)  (XXXYY)  (XXYXY) — (XXyYy) (XYXyy) (Xyyyy)

" 720 180 360 180 120 720
(XXXXYY)  (XXXYXY) — (XXXYYY) — (XXYXyY) —(XXyyyy)

" 1420 720 360 | 240 1440

(XXXXXXY)  (XXXXXYY)  (XXXXYXY)  (XXXXYYY)  (XXXYXXY)  (XXXYXYY)
30240 5040 10080 3780 10080 1680
(XXXYYXY)  (XXXYYYY) — (XXYXXYY) —(XXYXyXy) 13 (XXYXyyy) (XXyyXyy)

1260 3780 2016 5040 15120 10080

(XXYYYXY)  (XXYYYYY) (XYXYXYY) (XYXYYYy) (XYYXYyy) (XYYyyyy)
- + - - +
1512 5040 1260 2016 5040 30240
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BCH[8]

. . XYy ) AXXYy) AXYyYy) (XXYYy)
LieSeries|{(X) +(y), , +

2 12 12 24

(XXXXY)  (XXXYY) —(XXyXY) —(XXyyy) (XyXyy) —(Xyyyy)

" 720 180 = 360 180 120 720
(XXXXYY)  (XXXYXY) ~ (XXXYYY)  (XXYXYY) (XXyyyy)

" 1440 720 360 240 1440

(XXXXXXY)  (XXXXXYY)  (XXXXYXY)  (XXXXYYY)  (XXXYXXY)  (XXXYXYY)
30240 5040 10080 3780 10080 1680
(XXXYYXY)  (XXXYYYY) — (XXYXXYY) —(XXYXYXy) 13 (XXYXyyy) (XXyyXyy)

1260 3780 2016 5040 15120 10080

(XXYYYXY)  (XXYYYYY) — (XYXYXYY) (XYXYYyy) (XYYXyyy) (Xyyyyyy)

1512 5040 1260 2016 5040 30240
(XXXXXXYY D) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520

23 (XXXXYYYY)  (XXXYXXYY)  (XXXyXyXy) 13 (XXXYXyyy) (XXXyyXyy)
120960 4032 10080 30240 " 20160
(XXXYYYXY)  (XXXYYYYY) — (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYyy) (XXYyyyyy)
3024 10080 2520 4032 10080 60480

BCH[15]

A very large output was generated. Here is a sample of it:
(Xy) (XXY) . (Xyy) <«<1>>
2’ 12 12 24 7
B9L (XXXXXXXXXXXXYY ) 691 (XXXXXXXXXXXYXY ) 157 (XXYYyyyxyyyyyy ) 691 (XXYYYYYYYYYYYY )
- + + <<948>> + - ,
2615348736 000 261534873600 3459 456 000 2615348 736 000
(XXXXXXXXXXXXXXY ) (XXXXXXXXXXXXXYY ) (XXXXXXXXXXXXYXY ) (XYYYYYYYYYYYYYY )

74724249600 5337446400+ 1iseosezo0 T <<9239>> + — o 9600

691 (XX ..XXY)
"~ 1307 674 368 000

LieSeries|(x) + (y), + <<948>>,

<>, <<1l>,

Show Less || Show More || Show Full Output || Set Size Limit...

Ti meUsed[]
375.915



