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A bstract,
pnee generalized to meta-groups (to be defined ). We will con-
struct one complicated but elementary meta-group as a meta-
bicrossed-product (to be defined), and explain how the re
Sulting invariant is a not-yet-understood generalization of the

cialization of a somewhat-understood

invariant of v-knots”.

A straightforward proposal for a group-theoreticBicrossed Prodents. If &G =
nvariant of knots fails if one really means groups, but workspresented as a product of two of its subgroups, with H 1" =

the
The map sw satisfies (1) and (2) below; conversely, if sw |
1" x H — H »x T satisfies (1) and (2) (+ lesser conditions),
Alexander polynomial, while at the same time being a spe-then (3) defines a group structure on H x T, the “bicrossed
“universal finite typeproduct”.

 variant of w-knots” and of an elusive “universal finite typd F . by hy iy iy

HT is a group

{e}, then also G = TH and G is determined by H, T, and

“swap” map sw' : (t.h) — (W', t') defined by th = h't',

G
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A Meta-Bicrossed-Product is a collection of sets ,e")’(H . T} and
sperations tmt?, hmi? and sw ”’; (and lesser ones), such that
tm and fun are “associative” and (1) and (2) hold (+ lesser
conditions). A meta-bicrossed-product defines a meta-group

with Gx = G(X, X) and dm as in (3).

SO

doon

ldea. Given d group G and two pairs
R* = (g, gF) € G*, map them to xings
nd “multipl\: along”, so that

&3

I'his Iallh, R.2 implies that gfg; = ¢ and then R3 implies
that g/ and g, commute, to teh result is a simple counting
invariant.
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i Caleulus. Let 5(H.T) be

wl| h o ho - |h.J- e H,t; € T. and w and
f | o ez the a;; are Laurent poly-
bz | o1 oy nomials in variables 7}, in

bijection with the #;'s

with operations tm?" :

A Group Computer. Given (&, can store group elements and|
yerform gperations on them:

miY
. ey
c.s0 that miY ff
my =miy fmi"

vlgs
zi01
in old

(,\'{H.I'.:}

Also has S, for inversion, e, for unit insertion, d, for register
deletion, Aj.u for element cloning, and (Dq, Da) — Dy U Dy for
merging, and very many obvious composition axioms relating these.

hin™¥ w| e by — W | =
) : | a 3 : I(r + 84+ {a)3 v
w | Ay we | hy
,‘m.'l‘;";; a0ty ol { };'{() AL+ (’T};’j‘)
v o0 v/e 6 — /e

where € := 1+ a, () = >7; ay, and {v) 1= 37, v, and let

RE, = RY, = t, [0 T, =1,
t, | 0 0
Theorem. Z% is a tangle invariant (and much more). Re

A Meta-Group.  Is a similar “computer”, only its interna

{Gx} indexed by all finite sets X, and a collection of opera

Structure is unknown to us. Namely it is a collection of setd

stricted to knots., the w part is the Alexander polynomial.
Restricted to links, it contains the multivariable Alexander
polynomial. Restricted to braids, it is equivalent to the Bu-

obobl  dm —9m,
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tions m>”, S, ep, dy, A ,+ and U, satisfying the exact same o
B ran 1(\1)105011&1“011

I|}‘m|m“1m| . ' .o x V"] ‘n’, Reside e /ow/-;é w- py,,-{_; a,\/ydﬂlo A
» 1. The non-meta example, Gy = G, [
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[ mean business! ... but start with technicalities: P = Rmz. Rma,7 Rme,> Rie,11 RPse,s RPe,13 RP1a,s RPro1s | Rz
Simp = Factor; SetAttributes[BCollect, Listable]:; 1 hy h3 hs hy he hir hia his
Collect[B[w , 4 ]] := B[BSimp[o], 0 0 o -dLm o 0 0 0

Collect[4, h_, Collect[#, t , BSimp| &]]: ty 0 0 0 0 'T:l 0 0
Form[B[~_, 4 ]] := Module[{ts, hs, M}, te 0 0 0 0 0 0 -1+Te 0

ts = Union[Cases[B[v, 4], (tIT), = s, Infinity]];| t o -FB 0 0 0 0 0 0

hs = Union[Cases[B[«, 4], h. = s, Infinity]]; tio 1(?712 0 0 0 0 0 0 -1+Ty

M = Outer[BSimp[Coefficient[4, hs t.2]] &, hs, ts]; | "% ~ = ¢ ¢ 9 ° 0 0 0

PrependTo[M, t. & /@ ts]; ti: g g =1 ?Tu g ki ;)T“ g g g

M = Prepend|[Transpose[M], Prepend[h. & /@ hs, »]];

MatrixForm[M] ] ;
BForm [else ] A B » BForm[A];
Format[4 B, StandardForm] := BForm[/5];

else /.
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I'he key implementation trick is the bijection

— B(w’. Z ()(,'jf,‘hj)

ij

h_,'
t,' O,‘j

Kae y s=ip ) t_—ol;

mx_,y_qz_[ﬁ_] = B /. {txly"tz: Txly"Tz};

hm, , L2 [B[# , 4 ]] := Module[

{a= D[4, by], B=D[4, hy], ¥=4 /. hxy = 0},

B[, (a+ (1+(a))B)h:+¥] // BCollect];

swy ,y [Bl@_, 4 ]] := Module[{a, B, ¥, 5, €},

w

a = Coefficient[4, hy tx]; B = D[4, t«] /. hy = 0;
¥ =D[4, hy] /. tx 2 0; 6 =4/. hy |[tx » 0;
€ = 1l+a;
B[u«e, a(l+(y¥)/e)hyty + B (1+(¥)/€) tx
+Y/ehy + 6-y*xp/e
] /7 BCollect]:
dmy |,y 4z (A = B /) swe,y // hmy yoz // toy,yozi

/: Blwl_, Al ]Blw2_, A2 ] := Blolww2, Al+42);
:= B[1, (Tx-1) tehy];

x .,y i= B[1, (T-1) txhy]: jEﬂE,

x 7y

Po[B =B // dmy x.1, (k 11,
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k< KnotTheory’

Alexander [Knot[8, 17]] [T1] // Factor @
version of August 22, 2010,
katlas.org/wiki/KnotTheory.

[Loading KnotTheory" 13:36:57.55.
Read more at http://
KnotTheory:loading : Loading precomputed data in PD4Knots .
| 1-4mpestf-uirieerf-arierf
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Wht s 1 ot F/émz

(8= Bw, Sum[aios.g ts hy, (i, (1,2, 3}}, {3. (4, 5)}}]].
B // tmy, 2. // swyg4,

}// ColumnForm @2 S/
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w hy hg
t g s PT)- ~— CD/J o€ (/
t2 a4 azs L\m
\t3 aszg ass ’
(w(1l+ayq+ang) hy hg
ty 2147324 ) (1034004034 215-025) (1-014-02¢+334)
1eayg-azy 1eayq-azq
t3 234
1eagg-azy Leagg-a2q
(w(l+ayq +az) hy hg
t 314-024) (1=0y4-a94+a aj5-ags) (1-a74+ap4+33
2 1-014+02¢4 1-ayq-a24
. 334 2915 0347328 93470357014 335924 035
> 1-a14+024 1-a14-az4
2 {Rms,1 Rmg,2 Rpy,4 // dmy, 441 // dmz 5.2 // dm3, 6.3,
\‘ / RpeIRmz4Rln35//dm;4*1//dmzs..2//@;}
1 hy hz 1
pl it -2 o t2 -—1" =L 0
T2 ’ T2
z £y lTa 1Ty ty lTa _-lem
T2 T3 T2 T3
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Hirinctt T 179%.

Footnotes
1. Test.
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