Pensieve Header: The 8 invariants of braids.

Utilities
n1:= BSi mplify = Factor;
Set Attributes[BCol | ect, Listable];
BCol l ect [B[w_, u_]1 := B[
BSimplifylw],
Col l ect [u, _h, Collect[#, _t, BSinplify] &]
1
(» "L" for "Labels" %)
hL[B_]1 := Union[Cases[B, h[s_] = s, Infinity]];
tL[B_] := Union[Cases[B, t[s_]|cCs_ = s, Infinity]];
dL[B_] := Union[hL[B], tLI[B]I;
BForm[Blw_, u_]]1 := Mdulel
{tails, heads, nat},
tails = tL[B[w, u]]; heads = hL[B[w, wu]];
mat = Quter [BSinplify[Coefficient [u, h[#l]t [#2]]] & heads,
PrependTo[mat, t /@ tails];
mat = Prepend[Transpose[mat ], Prepend[h /@ heads, w]];
Mat ri xFor m[mat ]

1
BForm[el se_] := else /. B_B =» BFormip];
B /: Blwl_, B1_] = Blw2_, B2_] := (0wl = w2) && (Bl = B2);

tails];

The Meta-Cross-Product

The “Tails” meta-group

miop= tmix_, y_, z_1[B_]1 := B /. {t[x]->t[z], t[yl->t[z], cx>C; Cy->Cz};
tafz_, x_, y_1[B_]1 := BCollect[B /. {t[z] » t[x]1+t[y]l, c; » cx+Cy}];

tn[x_1[B_]1 := BCollect [(B /. t[X] » 0) /. cx - 0];
tS[X_1[B_]1 := BCollect[B /. {t[Xx] -» -t[X], Cx = -Cx}I;
tA[_][B_] := BCollect[B];

tP[rules___Rule][B_] := BCollect |

B /. {t [X_1 = t[x /. {rules}], Cx > Cx,. (rules}}

|E
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The “Heads” meta-group

nel= hmix_, y_, z_]1[Blw_, w©_1]1 := Mdule[
{yx = D[y, h[x11, wy =D[w, hlyll, M=u /. h[x] |h[y]l - 0},
Blw, M+h[z] (wXx+¥y+ (¥x /. t[i_] = ci)yy)] // BCollect
1
haiz_, x_, y_1[B_]1 := BCollect[B /. h[z] » h[x] +h[y]];
hnix_1[B_]1 := BCollect[B /. h[x] » 01I;
hS[x_1[Blw_, u_11 := Mdule[{¥},
¥y = 1 + D[y, h[x]] /. t[s_] = cCs;
BCol l ect [Blw, 1 /. h[Xx] » -h[Xx]/¥]]
1
hA[X_1[B_] := hS[X][A];
hP[rules__ _Rulel[B_] := BCollect[B /. h[x_]1 =» h[x /. {rules}]l;

The TH - HT Swap

2= thswap [x_, y_]1[Blw_, p_1] := Module]
{a, B, ¥, &, €},

= Coefficient [, h[x]t[y]l];

= D[y, t[y]l /. h[x] - O;

Dlu, h[x1] /. t[y]l - O;

=u /. hx]|tlyl - 0

= l+cya

B[w*e, Plus[
a(l+(y /. t[i_1 »ci)/e)hix1tyl,
B(l+(y /. t[i_] =»ci)/e)tlyl,
¥/ eh[Xx],
6—Cy/¢—:7*ﬁ
11 77 BColl ect

m O X ™A
n

|E
The “double” meta-group
ne3= dm[x_, y_, z_1[B_]1 := B // thswap[y, x] // hm[x, y, z] // tm[x, vy, z];
The “external” product
nea= B /: Blwl_, pl_]1Blw2_, w2_] := Blwl+w2, ul+p2];
The R-Matrix

nesi= R[X_, y_1 1= B[1, (E"cx-1)/cx*t[x]1h[yl];
Rinvix_, y_] := B[1, (E"(-cx)-1)/cx*t[x]1h[yl];

The Group A,

ne7= ar i _, j_1 :=t[il1h[1l;
htswap[y_, x_1I[B_]1 := B // hS[x] // thswap[y, x] // hS[x];
dA[X_1I[B_]1 := B // tA[Xx] // htswap[x, X] // hA[X];
dS[x_1I[B_] := B // tS[x] // htswap[x, x] // hS[x];
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nz1= Unprot ect [NonComut ati veMul tiply];

B_ *x v_ = l\/bdule[
{p, o, |abels},
p =B (v /. {h[s_] » h[o[s]], t[S_] = t[o[S]], Cs_ = Cors1});
label s = Union[Cases[{B, v}, h[s_1|t[s_]|cs_ = s, Infinity]];
Do [

o =p // dm[s, o[s], s],
{s, |l abels}

1
o)
|E

B /: Inverse[Blw_, p_]1] := Mdulel
{p = B[1, ul},
Do[p = p // dA[s], {s, Union[hL[p], tL[p11}];
Repl acePart [p, 1 » 1/w] // BColl ect
1

In[44]:= {

R[1, 2],
R[1, 2] ** R[2, 1],
R[1, 2] ** R[2, 3],
R[2, 3] ** R[1, 2],
R[1, 2] **R[2, 3] »* R[1, 2],
R[1, 2] ** R[2, 3] ** R[1, 2] *x R[2, 1]
} // BForm // Col ummForm

1 h[2]
Out[44]= t [1] “l+eC
Ci
1 h1] h(2]
e (-1l+ef1)
t[1] 0 e
~1+e%2 (-1+ef1) (-1l+e2)
t[2] = - P
1 h[2] h(3]
~1+e1
til] == 0
~1+e%2
t[i2] o =
1 h[2] h(3]
~l+eft (-1+ef1) (-1l+e®2)
t[1] o - o
e’ (-1+e2)
t[2] o S
1 h(2] h(3]
t [1] (-1+e®1) (l+ef1) _ (-1+ef1) (-1+e®2)
C1 C1
t [2] 0 el (-1l+e2)
C2
1 hiij h(2] h[3]
t [1] 0 e (-l+ef1) (1l+ef1) _ €2 (-1+e1) (-l+e®2)
C1 C1
t [2] ~-1+e2 _ (-1+ef1) (l+ef1) (-1+e2) (-1+e2) (1-e®2+ef17¢2)

C2 C2 C2
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-1+e% (-1l+e®) (-1+e%)
_ // Sinplify

In[42]:= +
Co C2

(-2 +ef) (-1+e2)

Out[42]= —
C2

nea= e (-1+e) (L+e®) - (-1+e®) (L+e™) (-1+e®) // Sinplify

outaz= -1 + e2C1



