
Pensieve Header: The w equations in the Β-calculus.

Β is to remind of “B picture”, though it is “wheeled”. Also, in faux German, Β is ß is SS, for “semi-symmetrized”.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\2012-01"D;

<< betaCalculus.m

� Capping a Strand

8R@1, 2D, R@1, 2D �� hΗ@1D, R@1, 2D �� hΗ@2D< �� ΒForm

:
W@1D h@2D
t@1D -1+ãc@1D

c@1D
,

W@1D h@2D
t@1D -1+ãc@1D

c@1D
, H W@1D L>

8Ρ = W@E^c@1DD + R@1, 2D, Ρ �� hΗ@1D, Ρ �� hΗ@2D, Ρ �� dΗ@1D, Ρ �� dΗ@2D< �� ΒForm

:
WAãc@1DE h@2D

t@1D -1+ãc@1D

c@1D
,

WAãc@1DE h@2D
t@1D -1+ãc@1D

c@1D
,

WAãc@1DE
t@1D

, H W@1D L,
WAãc@1DE

t@1D
>

� Reversing a Strand

8R@1, 2D, R@1, 2D �� dS@1D , R@1, 2D �� dS@2D, RInv@1, 2D< �� ΒForm

:
W@1D h@2D
t@1D -1+ãc@1D

c@1D
,

W@1D h@2D
t@1D -

ã-c@1D I-1+ãc@1DM
c@1D

,
W@1D h@2D
t@1D -

ã-c@1D I-1+ãc@1DM
c@1D

,
W@1D h@2D
t@1D -

ã-c@1D I-1+ãc@1DM
c@1D

>

8HR@1, 2D �� dS@2DL ** R@1, 2D, HR@1, 2D �� dS@1DL ** R@1, 2D, RInv@1, 2D ** R@1, 2D<

8W@1D, W@1D, W@1D<

8RInv@1, 1D, R@1, 1D ** RInv@1, 1D<

:
I-1 + ã-c@1DM h@1D t@1D

c@1D
+ W@1D, W@1D>

� R3

8t1 = R@1, 2D ** R@1, 3D ** R@2, 3D, t2 = R@2, 3D ** R@1, 3D ** R@1, 2D, t1 � t2< �� ΒForm

:

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

,

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

, H True L>

� “Easy” R4

8t1 = R@2, 3D ** dD@2, 2, 3D@R@1, 2DD,

t2 = dD@2, 2, 3D@R@1, 2DD ** R@2, 3D, t1 � t2< �� ΒForm

:

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

,

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
ãc@2D I-1+ãc@1DM

c@1D

t@2D 0
-1+ãc@2D

c@2D

, H True L>

� “Hard” R4

8R@1, 2D ** dd@1D@R@1, 2DD, dd@1D@R@1, 2DD ** R@1, 2D< �� ΒForm

:

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
ã-c@1D I-1+ãc@1D+c@2DM Iãc@1D c@1D-c@2D+ãc@1D c@2DM

c@1D Hc@1D+c@2DL

t@2D 0
ã-c@1D I-1+ãc@1D+c@2DM

c@1D+c@2D

,

W@1D h@2D h@3D
t@1D -1+ãc@1D

c@1D
-1+ãc@1D+c@2D

c@1D+c@2D

t@2D 0
-1+ãc@1D+c@2D

c@1D+c@2D

>



Clear@Α, Β, Γ, ∆D;

HV = W@Ω@c@1D, c@2DDD + Α@c@1D, c@2DD ar@1, 1D + Β@c@1D, c@2DD ar@1, 2D +

Γ@c@1D, c@2DD ar@2, 1D + ∆@c@1D, c@2DD ar@2, 2DL �� ΒForm

W@Ω@c@1D, c@2DDD h@1D h@2D
t@1D Α@c@1D, c@2DD Β@c@1D, c@2DD
t@2D Γ@c@1D, c@2DD ∆@c@1D, c@2DD

8t1 = V ** dd@1D@R@1, 2DD, t2 = R@1, 3D ** R@2, 3D ** V< �. c@s_D ¦ cs �� ΒForm

:

W@Ω@c1, c2DD h@1D h@2D h@3D
t@1D Α@c1, c2D Β@c1, c2D H-1+ã

c1+c2 L I1+c1 Α@c1,c2D+c1 Β@c1,c2D+c2 Β@c1,c2D+c1
2 Α@c1,c2D Β@c1,c2D+c1 c2 Α@c1,

Hc1+c2L H1+c1 Α@c1,c2D+c2 Γ@c1,c2DL H1

t@2D Γ@c1, c2D ∆@c1, c2D H-1+ã
c1+c2 L I1+c1 Α@c1,c2D+c1 Γ@c1,c2D+c2 Γ@c1,c2D+c1

2 Β@c1,c2D Γ@c1,c2D+c2 ∆@c1,c2

Hc1+c2L H1+c1 Α@c1,c2D+c2 Γ@c1,c2DL H1

>

eqns1 = ΒEquations@t1 � t2D

:True, True, True, True,

II-1 + ã
c@1D+c@2DM I1 + c@1D Α@c@1D, c@2DD + c@1D Β@c@1D, c@2DD + c@2D Β@c@1D, c@2DD +

c@1D2
Α@c@1D, c@2DD Β@c@1D, c@2DD + c@1D c@2D Α@c@1D, c@2DD Β@c@1D, c@2DD +

c@2D2
Β@c@1D, c@2DD Γ@c@1D, c@2DD + c@2D ∆@c@1D, c@2DD +

c@1D c@2D Α@c@1D, c@2DD ∆@c@1D, c@2DDMM �
HHc@1D + c@2DL H1 + c@1D Α@c@1D, c@2DD + c@2D Γ@c@1D, c@2DDL

H1 + c@1D Β@c@1D, c@2DD + c@2D ∆@c@1D, c@2DDLL �

-1 + ãc@1D

c@1D
,

II-1 + ã
c@1D+c@2DM I1 + c@1D Α@c@1D, c@2DD + c@1D Γ@c@1D, c@2DD +

c@2D Γ@c@1D, c@2DD + c@1D2
Β@c@1D, c@2DD Γ@c@1D, c@2DD +

c@2D ∆@c@1D, c@2DD + c@1D c@2D Α@c@1D, c@2DD ∆@c@1D, c@2DD +

c@1D c@2D Γ@c@1D, c@2DD ∆@c@1D, c@2DD + c@2D2
Γ@c@1D, c@2DD ∆@c@1D, c@2DDMM �

HHc@1D + c@2DL H1 + c@1D Α@c@1D, c@2DD + c@2D Γ@c@1D, c@2DDL

H1 + c@1D Β@c@1D, c@2DD + c@2D ∆@c@1D, c@2DDLL �

ãc@1D I-1 + ãc@2DM

c@2D
, True>

eqns1 �. HΕ : HΑ Β Γ ∆LL@c@1D, c@2DD ¦ Ε �. c@s_D ¦ cs

:True, True, True, True,

IH-1 + ã
c1+c2L I1 + Α c1 + Β c1 + Α Β c1

2
+ Β c2 + ∆ c2 + Α Β c1 c2 + Α ∆ c1 c2 + Β Γ c2

2MM �

HHc1 + c2L H1 + Α c1 + Γ c2L H1 + Β c1 + ∆ c2LL �

-1 + ãc1

c1

,

IH-1 + ã
c1+c2L I1 + Α c1 + Γ c1 + Β Γ c1

2
+ Γ c2 + ∆ c2 + Α ∆ c1 c2 + Γ ∆ c1 c2 + Γ ∆ c2

2MM �

HHc1 + c2L H1 + Α c1 + Γ c2L H1 + Β c1 + ∆ c2LL �

ãc1 H-1 + ãc2L
c2

, True>
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Hsol = Solve@eqns1 �. HΕ : HΑ Β Γ ∆LL@c@1D, c@2DD ¦ Ε, 8Α, Β, Γ, ∆<DL �. c@s_D ¦ cs

Solve::svars : Equations may not give solutions for all "solve" variables. �

::Γ ® -

ãc1

c2
2

+

ãc1+c2

c2
2

-

ãc1 Α c1

c2
2

+

ãc1+c2 Α c1

c2
2

-

ãc1 Β c1

c2
2

+

ãc1+c2 Β c1

c2
2

-

ãc1 Α Β c1
2

c2
2

+

ãc1+c2 Α Β c1
2

c2
2

+

Α

c2

-

ãc1+c2 Α

c2

-

ãc1 ∆

c2

+

ãc1+c2 ∆

c2

-

ãc1 Α ∆ c1

c2

+

ãc1+c2 Α ∆ c1

c2

-

Α

c1 + c2

+

ãc1+c2 Α

c1 + c2

+

∆

c1 + c2

-

ãc1+c2 ∆

c1 + c2

+

Α ∆ c1

c1 + c2

-

ãc1+c2 Α ∆ c1

c1 + c2

+

1

c2 Hc1 + c2L
-

ãc1+c2

c2 Hc1 + c2L
�

-∆ + ã
c1 ∆ -

1

c2

+

ãc1

c2

-

Β c1

c2

+

ãc1 Β c1

c2

+

Β c1

c1 + c2

-

ãc1+c2 Β c1

c1 + c2

>>

HΓsol = Hsol �. 8Α Β ∆ ® 0<L@@1, 1, 2DD �� FullSimplifyL �. c@s_D ¦ cs

ãc1 HH-1 + ãc2L c1 - c2L + c2

H-1 + ãc1L c2 Hc1 + c2L
FullSimplify@eqns1 �. 8_Α _Β _∆ ® 0, _Γ ® Γsol<D

8True, True, True, True, True, True, True<

� Q

HQ = HR@1, 1, 1 � 2D �� dD@1, 1, 2DL ** R@1, 1, -1 � 2D ** R@2, 2, -1 � 2DL �. c@s_D ¦ cs ��
ΒForm

W@1D h@1D h@2D

t@1D
ã

-

c1

2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2

c1 Hc1+c2L

ã
-

c2

2 -1+ã

c1

2
+

c2

2

c1+c2

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2

c1+c2

ã
-

c2

2 c1-ã

c2

2 c1+ã

c1

2
+

c2

2 c2-ã

c2

2 c2

c2 Hc1+c2L

HQ �� DeWheel �� FullSimplifyL �. Log@Exp@x_DD ¦ x �. c@s_D ¦ cs �� ΒForm

W@1D h@1D h@2D

t@1D
ã

-

c1

2 c2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2

2 -1+ã

c2

2 c1 Hc1+c2L

ã
-

c2

2 -1+ã

c1

2
+

c2

2 c1

2 -1+ã

c1

2 Hc1+c2L

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2 c2

2 -1+ã

c2

2 Hc1+c2L
-

ã
-

c2

2 c1 -c1+ã

c2

2 c1-ã

c1

2
+

c2

2 c2+ã

c2

2 c2

2 -1+ã

c1

2 c2 Hc1+c2L

8HQ �� dP@1 ® 2, 2 ® 1DL � Q, HQ �� dS@1D �� dS@2DL � Q<

8True, True<
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8
t1 = Q ** HR@1, 2D �� dd@1DL,

t2 = HR@1, 2D �� dd@1DL ** Q,

t1 � t2 �� Simplify

< �. c@s_D ¦ cs �� ΒForm �� ColumnForm

W@1D h@1D h@2D h@3D

t@1D
ã

-

c1

2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2

c1 Hc1+c2L

ã
-

c2

2 -1+ã

c1

2
+

c2

2

c1+c2

-1+ã

c1

2
+

c2

2 1+ã

c1

2
+

c2

2

c1+c2

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2

c1+c2

ã
-

c2

2 c1-ã

c2

2 c1+ã

c1

2
+

c2

2 c2-ã

c2

2 c2

c2 Hc1+c2L

-1+ã

c1

2
+

c2

2 1+ã

c1

2
+

c2

2

c1+c2

W@1D h@1D h@2D h@3D

t@1D
ã

-

c1

2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2

c1 Hc1+c2L

ã
-

c2

2 -1+ã

c1

2
+

c2

2

c1+c2

-1+ã
c1+c2

c1+c2

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2

c1+c2

ã
-

c2

2 c1-ã

c2

2 c1+ã

c1

2
+

c2

2 c2-ã

c2

2 c2

c2 Hc1+c2L
-1+ã

c1+c2

c1+c2

H True L

8
t1 = Q ** HR@2, 1D �� dd@1DL,

t2 = HR@2, 1D �� dd@1DL ** Q,

t1 � t2 �� Simplify

< �. c@s_D ¦ cs �� ΒForm �� ColumnForm

W@1D h@1D h@2D

t@1D
ã

-

c1

2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2

c1 Hc1+c2L

ã
-

c2

2 -1+ã

c1

2
+

c2

2

c1+c2

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2

c1+c2

ã
-

c2

2 c1-ã

c2

2 c1+ã

c1

2
+

c2

2 c2-ã

c2

2 c2

c2 Hc1+c2L

t@3D ã

c2

2 H-1+ã
c3 L

c3

ã

c1

2 H-1+ã
c3 L

c3

W@1D h@1D h@2D

t@1D
ã

-

c1

2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2

c1 Hc1+c2L

ã
-

c2

2 -1+ã

c1

2
+

c2

2

c1+c2

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2

c1+c2

ã
-

c2

2 c1-ã

c2

2 c1+ã

c1

2
+

c2

2 c2-ã

c2

2 c2

c2 Hc1+c2L

t@3D ã

c2

2 H-1+ã
c3 L

c3

ã

c1

2 H-1+ã
c3 L

c3

H True L

8Q �� dΗ@1D, Q �� dΗ@2D< �� ΒForm

8H W@1D L, H W@1D L<

Limit@Q �. 8W@_D ® 0, c@s_D ¦ Ε c@sD<, Ε ® 0D

1

2
Hh@2D t@1D + h@1D t@2DL
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� The Twist Equation

8
HV �� dP@2, 1DL ** Q,

R@1, 2D ** V

< �. c@s_D ¦ cs �� ΒForm

:

W@Ω@c2, c1DD

t@1D
ã

-

c1

2 -ã

c1

2 c1+ã

c1

2
+

c2

2 c1+c2-ã

c1

2 c2-ã

c1

2 c1 c2 Α@c2,c1D+ã

c1

2
+

c2

2 c1 c2 Α@c2,c1D+c2
2 Α@c2,c1D-ã

c1

2 c2
2 Α@c2,c1D-ã

c1

2 c1
2 Γ@c2,c1

t@2D
ã

-

c1

2 -1+ã

c1

2
+

c2

2 -c2 Α@c2,c1D+ã

c1

2
+

c2

2 c2 Α@c2,c1D+ã

c1

2
+

c2

2 c1 Β@c2,c1D+

,

W@Ω@c1, c2DD h@1D h@2D
t@1D ã

-c1 Hã
c1 c1 Α@c1,c2D-c2 Γ@c1,c2D+ã

c1 c2 Γ@c1,c2DL
c1

-1+ã
c1 +ã

c1 c1 Β@c1,c2D-c2 ∆@c1,c2D+ã
c1 c2 ∆@c1,c2D

c1

t@2D ã-c1 Γ@c1, c2D ∆@c1, c2D
>

Heqns2 = ΒEquations@HV �� dP@2, 1DL ** Q == R@1, 2D ** VD �� FullSimplifyL �. c@s_D ¦ cs

:
1

c1 Hc1 + c2L H1 + c2 Α@c2, c1D + c1 Γ@c2, c1DL

ã
-

c1

2 Kã

c1

2 JJ-1 + ã

c2

2 N c1 - c2N + c2 + c1 Kã

1

2
Hc1+c2L c1 + c2O ∆@c2, c1D +

c1 Γ@c2, c1D KK-1 + ã

1

2
Hc1+c2LO c2

2
Β@c2, c1D + ã

c1

2 Hc1 + c2L J-1 + ã

c2

2 H1 + c1 ∆@c2, c1DLNO +

c2 Α@c2, c1D Jc2 H1 + c1 ∆@c2, c1DL + ã

c1

2 J-c1 - c2 + ã

c2

2 c1 H1 + c1 ∆@c2, c1DLNNO �

c1 Α@c1, c2D + ã-c1 H-1 + ãc1L c2 Γ@c1, c2D
c1

,

Kã
-

c1

2 KΒ@c2, c1D Kc1 c2 Γ@c2, c1D + ã

1

2
Hc1+c2L Ic1 + c2 + c1

2
Γ@c2, c1DMO +

K-1 + ã

1

2
Hc1+c2LO H1 + c1 ∆@c2, c1DL +

c2 Α@c2, c1D K-1 - c1 ∆@c2, c1D + ã

1

2
Hc1+c2L H1 + Hc1 + c2L Β@c2, c1D + c1 ∆@c2, c1DLOOO �

HHc1 + c2L H1 + c2 Α@c2, c1D + c1 Γ@c2, c1DLL � ã
-c1 Γ@c1, c2D,

Kã
-

c2

2 KK-1 + ã

1

2
Hc1+c2LO H1 + c1 ∆@c2, c1DL + K-1 + ã

1

2
Hc1+c2LO c2 Α@c2, c1D H1 + c1 ∆@c2, c1DL +

Γ@c2, c1D Kc1 c2 Β@c2, c1D + ã

1

2
Hc1+c2L Ic2

2
Β@c2, c1D + Hc1 + c2L H1 + c1 ∆@c2, c1DLMOOO �

HHc1 + c2L H1 + c2 Β@c2, c1D + c1 ∆@c2, c1DLL �

ãc1 c1 Β@c1, c2D + H-1 + ãc1L H1 + c2 ∆@c1, c2DL
c1

,

1

c2 Hc1 + c2L H1 + c2 Β@c2, c1D + c1 ∆@c2, c1DL

ã
-

c2

2 Kc2 Β@c2, c1D Kã

c2

2 J-1 + ã

c1

2 N Hc1 + c2L + K-1 + ã

1

2
Hc1+c2LO c1

2
Γ@c2, c1DO +

Jc1 - ã

c2

2 Jc1 + c2 - ã

c1

2 c2NN H1 + c1 ∆@c2, c1DL +

c2 Α@c2, c1D Kc1 H1 + c1 ∆@c2, c1DL + ã

1

2
Hc1+c2L c2 H1 + Hc1 + c2L Β@c2, c1D + c1 ∆@c2, c1DLOO �

∆@c1, c2D, Ω@c1, c2D � Ω@c2, c1D>
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� Unitarity

HV ** HV �� dS@1D �� dS@2DLL �� Short

W@H1 - c@1D Α@-c@1D, -c@2DD - c@1D c@2D Β@-c@1D, -c@2DD Γ@-c@1D, -c@2DD -

c@2D ∆@-c@1D, -c@2DD + c@1D c@2D Α@-c@1D, -c@2DD ∆@-c@1D, -c@2DDL
Ω@-c@1D, -c@2DD Ω@c@1D, c@2DDD + �1� + h@1D H-�1� - �1�L

HV ** HV �� dA@1D �� dA@2DLL �. c@s_D ¦ cs �� ΒForm

I WAH1 + c1 Α@c1, c2D - c1 c2 Β@c1, c2D Γ@c1, c2D + c2 ∆@c1, c2D + c1 c2 Α@c1, c2D ∆@c1, c2DL Ω@c1, c2D2E

Heqns3 = ΒEquations@V ** HV �� dA@1D �� dA@2DL � W@1DDL �. c@s_D ¦ cs

9H1 + c1 Α@c1, c2D - c1 c2 Β@c1, c2D Γ@c1, c2D + c2 ∆@c1, c2D + c1 c2 Α@c1, c2D ∆@c1, c2DL Ω@c1, c2D2
�

1=

� Non-degeneracy

Heqns4 = Join@
ΒEquations@HV �� dΗ@1DL � W@1DD,

ΒEquations@HV �� dΗ@2DL � W@1DD
DL �. c@s_D ¦ cs

8∆@0, c2D � 0, Ω@0, c2D � 1, Α@c1, 0D � 0, Ω@c1, 0D � 1<

� Cap equation

8Cap = W@Κ@c@1DDD,

Cap �� dd@1D,

V ** HCap �� dd@1DL,

HV ** HCap �� dd@1DLL �� hΗ@1D �� hΗ@2D,

Cap + HCap �� dP@2DL
< �. c@s_D ¦ cs �� ΒForm

:H W@Κ@c1DD L, H W@Κ@c1 + c2DD L,
W@Κ@c1 + c2D Ω@c1, c2DD h@1D h@2D

t@1D Α@c1, c2D Β@c1, c2D
t@2D Γ@c1, c2D ∆@c1, c2D

,

H W@Κ@c1 + c2D Ω@c1, c2DD L, H W@Κ@c1D Κ@c2DD L>

Heqns5 = ΒEquations@
HHV ** HCap �� dd@1DLL �� hΗ@1D �� hΗ@2DL � HCap + HCap �� dP@2DLLDL �. c@s_D ¦ cs

8Κ@c1 + c2D Ω@c1, c2D � Κ@c1D Κ@c2D<

� 120 Degrees Rotational Symmetry

Heqns6 = ΒEquations@V � Rot120@VDDL �. c@s_D ¦ cs

9Α@c1, c2D � -HH1 + c2 Α@c2, -c1 - c2D - c1 Γ@c2, -c1 - c2D - c2 Γ@c2, -c1 - c2DL ∆@c2, -c1 - c2DL �
I-1 - c2 Α@c2, -c1 - c2D + c1 Γ@c2, -c1 - c2D - c2

2
Β@c2, -c1 - c2D Γ@c2, -c1 - c2D +

c1 ∆@c2, -c1 - c2D + c2 ∆@c2, -c1 - c2D + c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c2
2

Α@c2, -c1 - c2D ∆@c2, -c1 - c2D - c1
2

Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c1 c2 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2DM, Γ@c1, c2D �

-IΒ@c2, -c1 - c2D + c2 Α@c2, -c1 - c2D Β@c2, -c1 - c2D - c1 Β@c2, -c1 - c2D Γ@c2, -c1 - c2D +

c2
2

Β@c2, -c1 - c2D2
Γ@c2, -c1 - c2D - ∆@c2, -c1 - c2D - c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c2 Β@c2, -c1 - c2D ∆@c2, -c1 - c2D - c2
2

Α@c2, -c1 - c2D Β@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c1 c2 Β@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D + c1 ∆@c2, -c1 - c2D2
+ c2 ∆@c2, -c1 - c2D2

+

c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D2
+ c2

2
Α@c2, -c1 - c2D ∆@c2, -c1 - c2D2M �
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c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D2
+ c2

2
Α@c2, -c1 - c2D ∆@c2, -c1 - c2D2M �

IH1 + c2 Β@c2, -c1 - c2D - c1 ∆@c2, -c1 - c2D - c2 ∆@c2, -c1 - c2DL
I1 + c2 Α@c2, -c1 - c2D - c1 Γ@c2, -c1 - c2D +

c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D - c1 ∆@c2, -c1 - c2D - c2 ∆@c2, -c1 - c2D -

c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D - c2
2

Α@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c1
2

Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D + c1 c2 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2DMM,

Β@c1, c2D � -HH1 + c2 Α@c2, -c1 - c2D - c1 Γ@c2, -c1 - c2D - c2 Γ@c2, -c1 - c2DL H-Γ@c2, -c1 - c2D -

c2 Β@c2, -c1 - c2D Γ@c2, -c1 - c2D + ∆@c2, -c1 - c2D + c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2DLL �
I-1 - c2 Α@c2, -c1 - c2D + c1 Γ@c2, -c1 - c2D - c2

2
Β@c2, -c1 - c2D Γ@c2, -c1 - c2D +

c1 ∆@c2, -c1 - c2D + c2 ∆@c2, -c1 - c2D +

c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D + c2
2

Α@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c1
2

Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D - c1 c2 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2DM,

∆@c1, c2D � IΑ@c2, -c1 - c2D + c2 Α@c2, -c1 - c2D2
- Β@c2, -c1 - c2D -

c2 Α@c2, -c1 - c2D Β@c2, -c1 - c2D - Γ@c2, -c1 - c2D - c1 Α@c2, -c1 - c2D Γ@c2, -c1 - c2D -

c2 Α@c2, -c1 - c2D Γ@c2, -c1 - c2D + 3 c1 Β@c2, -c1 - c2D Γ@c2, -c1 - c2D +

2 c1 c2 Α@c2, -c1 - c2D Β@c2, -c1 - c2D Γ@c2, -c1 - c2D +

c2
2

Α@c2, -c1 - c2D Β@c2, -c1 - c2D Γ@c2, -c1 - c2D + c1 c2 Β@c2, -c1 - c2D2
Γ@c2, -c1 - c2D -

c2
2

Β@c2, -c1 - c2D2
Γ@c2, -c1 - c2D + c1 c2

2
Α@c2, -c1 - c2D Β@c2, -c1 - c2D2

Γ@c2, -c1 - c2D -

2 c1
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D2
- 3 c1 c2 Β@c2, -c1 - c2D Γ@c2, -c1 - c2D2

-

c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D2
- c1

2 c2 Β@c2, -c1 - c2D2
Γ@c2, -c1 - c2D2

-

c1 c2
2

Β@c2, -c1 - c2D2
Γ@c2, -c1 - c2D2

+ ∆@c2, -c1 - c2D - 2 c1 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D -

2 c1 c2 Α@c2, -c1 - c2D2
∆@c2, -c1 - c2D - c2

2
Α@c2, -c1 - c2D2

∆@c2, -c1 - c2D +

c2 Β@c2, -c1 - c2D ∆@c2, -c1 - c2D - c1 c2 Α@c2, -c1 - c2D Β@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c2
2

Α@c2, -c1 - c2D Β@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c1 c2
2

Α@c2, -c1 - c2D2
Β@c2, -c1 - c2D ∆@c2, -c1 - c2D + c1 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c2 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D + 2 c1
2

Α@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D +

3 c1 c2 Α@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c2
2

Α@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c1
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c1
3

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D2
∆@c2, -c1 - c2D +

2 c1
2 c2 Β@c2, -c1 - c2D Γ@c2, -c1 - c2D2

∆@c2, -c1 - c2D +

c1 c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D2
∆@c2, -c1 - c2D - c1 ∆@c2, -c1 - c2D2

-

c2 ∆@c2, -c1 - c2D2
+ c1

2
Α@c2, -c1 - c2D ∆@c2, -c1 - c2D2

-

c2
2

Α@c2, -c1 - c2D ∆@c2, -c1 - c2D2
+ c1

2 c2 Α@c2, -c1 - c2D2
∆@c2, -c1 - c2D2

+

c1 c2
2

Α@c2, -c1 - c2D2
∆@c2, -c1 - c2D2

- c1
3

Α@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D2
-

2 c1
2 c2 Α@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D2

-

c1 c2
2

Α@c2, -c1 - c2D Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D2M �
IH1 + c2 Β@c2, -c1 - c2D - c1 ∆@c2, -c1 - c2D - c2 ∆@c2, -c1 - c2DL

I1 + c2 Α@c2, -c1 - c2D - c1 Γ@c2, -c1 - c2D +

c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D - c1 ∆@c2, -c1 - c2D - c2 ∆@c2, -c1 - c2D -

c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D - c2
2

Α@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c1
2

Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D + c1 c2 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2DMM,

Ω@c1, c2D � -II-1 - c2 Α@c2, -c1 - c2D + c1 Γ@c2, -c1 - c2D - c2
2

Β@c2, -c1 - c2D Γ@c2, -c1 - c2D +

c1 ∆@c2, -c1 - c2D + c2 ∆@c2, -c1 - c2D + c1 c2 Α@c2, -c1 - c2D ∆@c2, -c1 - c2D +

c2
2

Α@c2, -c1 - c2D ∆@c2, -c1 - c2D - c1
2

Γ@c2, -c1 - c2D ∆@c2, -c1 - c2D -

c1 c2 Γ@c2, -c1 - c2D ∆@c2, -c1 - c2DM Ω@c2, -c1 - c2DM �
H1 + c2 Α@c2, -c1 - c2D - c1 Γ@c2, -c1 - c2D - c2 Γ@c2, -c1 - c2DL=

� Solving the Equations

Series@f@Τ x, Τ yD, 8Τ, 0, 3<D �. fHi___L@___D ¦ fFromDigits@8i<D
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f@0, 0D + Hy f1 + x f10L Τ +

1

2
Iy2 f2 + 2 x y f11 + x2 f20M Τ

2
+

1

6
Iy3 f3 + 3 x y2 f12 + 3 x2 y f21 + x3 f30M Τ

3
+ O@ΤD4

eqns = Join@eqns1, eqns2, eqns3, eqns4, eqns5, eqns6D;

n = 0;

SimplifyANormalA
Series@

eqns �. c@s_D ¦ Τ c@sD,

8Τ, 0, n<
D �. 9HΕ : HΑ Β Γ ∆ Ω ΚLL@___D ¦ Ε0,

HΕ : HΑ Β Γ ∆ Ω ΚLLHk___L@___D ¦ ΕFromDigits@8k<D=
EE �.

c@
s_D ¦

cs

:True, True, True, True, True, True, True, Α0 � ∆0,

1

2
+ Β0 � Γ0, 1 + 2 Β0 � 2 Γ0, Α0 � ∆0, True, Ω0

2
� 1, ∆0 � 0, Ω0 � 1, Α0 � 0,

Ω0 � 1, Κ0 Ω0 � Κ0
2, Α0 � ∆0, Β0 + Γ0 � ∆0, Β0 + Γ0 � ∆0, Α0 � Β0 + Γ0, True>

n = 0;

sol = SolveAlwaysA
ExpandANormalA

Series@
eqns �. c@s_D ¦ Τ c@sD,

8Τ, 0, n<
D �. 9HΕ : HΑ Β Γ ∆ Ω ΚLL@___D ¦ Ε0,

HΕ : HΑ Β Γ ∆ Ω ΚLLHk___L@___D ¦ ΕFromDigits@8k<D=
EE,

8c@1D, c@2D, Τ<
E

::Α0 ® 0, Β0 ® -

1

4
, Γ0 ®

1

4
, ∆0 ® 0, Κ0 ® 0, Ω0 ® 1>,

:Α0 ® 0, Β0 ® -

1

4
, Γ0 ®

1

4
, ∆0 ® 0, Κ0 ® 1, Ω0 ® 1>>

If@Length@solD � 2,

8Complement@sol@@1DD, sol@@2DDD, Complement@sol@@2DD, sol@@1DDD<D �� ColumnForm

8Κ0 ® 0<
8Κ0 ® 1<

indvars = UnionBCasesBLast �� ð, Ε_
k_

¦ Εk, InfinityFF & �� sol

88<, 8<<
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sol0 = HHð ® 0L & �� First@indvarsDL;

sol0 = Union@sol0, First@solD �. sol0D

:Α0 ® 0, Β0 ® -

1

4
, Γ0 ®

1

4
, ∆0 ® 0, Κ0 ® 0, Ω0 ® 1>

INormalA
Series@

V �. 8W@_D ® 0, c@s_D ¦ Τ c@sD<,

8Τ, 0, n<
D �.

9HΕ : HΑ Β Γ ∆ ΩLL@___D ¦ Ε0, HΕ : HΑ Β Γ ∆ ΩLLHk___L@___D ¦ ΕFromDigits@8k<D=
E �. sol0M �. c@s_D ¦ cs �� ΒForm

0 h@1D h@2D
t@1D 0 -

1

4

t@2D 1

4
0

INormalA
Series@

Ω@c@1D, c@2DD �. 8W@_D ® 0, c@s_D ¦ Τ c@sD<,

8Τ, 0, n<
D �.

9HΕ : HΑ Β Γ ∆ ΩLL@___D ¦ Ε0, HΕ : HΑ Β Γ ∆ ΩLLHk___L@___D ¦ ΕFromDigits@8k<D=
E �. sol0M �. c@s_D ¦ cs �� ΒForm

H 1 L
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