
Pensieve Header: The Β-calculus, continuing pensieve://Projects/w-Computations/, continued in pensieve://2012-02/
and pensieve://2012-03/.

Β is to remind of “B picture”, though it is “wheeled”. Also, in faux German, Β is ß is SS, for “semi-symmetrized”.

Continues “Projects/w-Computations/Wheeled Semi-Symmetrized 2D Calculus.nb” and other notebooks referenced
there.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\2012-01"D;

Generalities

ΒSimplify = Factor;

ar@i_, j_D := t@iD h@jD;

W �: W@a_D + W@b_D := W@ΒSimplify@a * bDD;

W �: n_ * W@a_D := W@ΒSimplify@a^nDD;

SetAttributes@ΒCollect, ListableD;

ΒCollect@Β_D :=

Collect@Β, _h, Collect@ð, _t, ΒSimplifyD &D �. W@ws_D ¦ W@ΒSimplify@wsDD;

H* "L" for "Labels" *L
hL@Β_D := Union@Cases@Β, h@s_D ¦ s, InfinityDD;

tL@Β_D := Union@Cases@Β, Ht cL@s_D ¦ s, InfinityDD;

dL@Β_D := Union@hL@ΒD, tL@ΒDD;

SetAttributes@ΒForm, ListableD;

ΒForm@Β_D := Module@
8tails, heads, mat<,

tails = tL@ΒD; heads = hL@ΒD;

mat = Outer@ΒSimplify@Coefficient@Β, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD, Prepend@h �� heads, Β �. Hh@_D t@_DL ® 0DD;

MatrixForm@matD
D;

ΒEquations@Β1_ � Β2_D := Module@
8tails, heads, l1, l2<,

tails = tL@8Β1, Β2<D; heads = hL@8Β1, Β2<D;

l1 = Flatten@Outer@ΒSimplify@Coefficient@Β1, h@ð1D t@ð2DDD &, heads, tailsDD;

l2 = Flatten@Outer@ΒSimplify@Coefficient@Β2, h@ð1D t@ð2DDD &, heads, tailsDD;

Append@
MapThread@Equal, 8l1, l2<D,

HΒ1 � Β2L �. Hh@_D t@_DL ® 0 �. W@Ω_D ¦ Ω

D
D;



Wheel / DeWheel

DeWheel@Β_D := Module@
8heads, Ξs, nheads<,

heads = Union@Cases@Β, h@s_D ¦ s, InfinityDD;

Ξs = HD@Β, h@ðDD �. t@s_D ¦ c@sDL & �� heads;

nheads = MapThread@Hh@ð1D * Log@1 + ð2D � ð2L &, 8heads, Ξs<D;

ΒCollect@Β �. Thread@Hh �� headsL ® nheadsDD
D;

Wheel@Α_D := Module@
8heads, Ηs, nheads<,

heads = Union@Cases@Α, h@s_D ¦ s, InfinityDD;

Ηs = HD@Α, h@ðDD �. t@s_D ¦ c@sDL & �� heads;

nheads = MapThread@Hh@ð1D * HExp@ð2D - 1L � ð2L &, 8heads, Ηs<D;

ΒCollect@Α �. Thread@Hh �� headsL ® nheadsDD
D;

ar@1, 2D �� Wheel

H-1 + ãc@1DL h@2D t@1D
c@1D

H-1 + ãc@1DL h@2D t@1D
c@1D

�� DeWheel

h@2D Log@ãc@1DD t@1D
c@1D

ISumAΑ10 i+j ar@i, jD, 8i, 2<, 8j, 3<E �� Wheel �� DeWheel �� FullSimplifyM �.

Log@Exp@x_DD ¦ x �� ΒForm

0 h@1D h@2D h@3D
t@1D Α11 Α12 Α13

t@2D Α21 Α22 Α23

SumAΑ10 i+j ar@i, jD, 8i, 2<, 8j, 3<E �� DeWheel �� Wheel �� FullSimplify �� ΒForm

0 h@1D h@2D h@3D
t@1D Α11 Α12 Α13

t@2D Α21 Α22 Α23

Tails Works

tm@x_, y_, z_D@Β_D := ΒCollect@Β �. 8t@xD t@yD ® t@zD, c@xD c@yD ® c@zD<D;

tD@z_, x_, y_D@Β_D := ΒCollect@Β �. 8t@zD ® t@xD + t@yD, c@zD ® c@xD + c@yD<D;

tΗ@x_D@Β_D := ΒCollect@HΒ �. t@xD ® 0L �. c@xD ® 0D;

tS@x_D@Β_D := ΒCollect@Β �. 8t@xD ® -t@xD, c@xD ® -c@xD<D;

tA@_D@Β_D := ΒCollect@ΒD;

tP@rules___RuleD@Β_D := ΒCollect@
Β �. 8t@x_D ¦ t@x �. 8rules<D, c@x_D ¦ c@x �. 8rules<D<

D;
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Heads Works

hm@x_, y_, z_D@Β_D := Module@
8Ξ, Η<,

Ξ = D@Β, h@xDD;

Η = D@Β, h@yDD;

ΒCollect@HΒ �. h@x yD ® 0L + Ξ h@zD + H1 + Ξ �. t@s_D ¦ c@sDL Η h@zDD
D;

hD@z_, x_, y_D@Β_D := ΒCollect@Β �. h@zD ® h@xD + h@yDD;

hΗ@x_D@Β_D := ΒCollect@Β �. h@xD ® 0D;

hS@x_D@Β_D := Module@8Γ<,

Γ = 1 + D@Β, h@xDD �. t@s_D ¦ c@sD;

ΒCollect@Β �. h@xD ® -h@xD � ΓD
D;

hA@x_D@Β_D := hS@xD@ΒD;

hP@rules___RuleD@Β_D := ΒCollect@Β �. h@x_D ¦ h@x �. 8rules<DD;

hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD

h@5D Ht@1D + H1 + c@1DL t@2DL

hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD �� ΒForm

0 h@5D
t@1D 1

t@2D 1 + c@1D
8Β = ar@1, 3D + ar@2, 4D,

Β �� hP@3 ® 7, 4 ® 2D
< �� ΒForm

:
0 h@3D h@4D

t@1D 1 0

t@2D 0 1

,

0 h@2D h@7D
t@1D 0 1

t@2D 1 0

>

� Associativity of Heads Multiplication

Β1 = Α1 ar@1, 1D + Α2 ar@2, 2D + Α3 ar@3, 3D

Α1 h@1D t@1D + Α2 h@2D t@2D + Α3 h@3D t@3D

8Β1, Β1 �� hm@1, 2, 1D< �� ΒForm

:

0 h@1D h@2D h@3D
t@1D Α1 0 0

t@2D 0 Α2 0

t@3D 0 0 Α3

,

0 h@1D h@3D
t@1D Α1 0

t@2D Α2 H1 + Α1 c@1DL 0

t@3D 0 Α3

>

8t1 = Β1 �� hm@1, 2, 1D �� hm@1, 3, 1D, t2 = Β1 �� hm@2, 3, 2D �� hm@1, 2, 1D< �� ΒForm

:

0 h@1D
t@1D Α1

t@2D Α2 H1 + Α1 c@1DL
t@3D Α3 H1 + Α1 c@1DL H1 + Α2 c@2DL

,

0 h@1D
t@1D Α1

t@2D Α2 H1 + Α1 c@1DL
t@3D Α3 H1 + Α1 c@1DL H1 + Α2 c@2DL

>

t1 � t2 �� ΒSimplify

True
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� Compatibility of m and D

8
Β1 = Α1 ar@1, 1D + Α2 ar@2, 2D,

t1 = Β1 �� hD@1, 1, 3D �� hD@2, 2, 4D �� hm@1, 2, 1D �� hm@3, 4, 2D,

t2 = Β1 �� hm@1, 2, 1D �� hD@1, 1, 2D
< �� ΒForm

:
0 h@1D h@2D

t@1D Α1 0

t@2D 0 Α2

,

0 h@1D h@2D
t@1D Α1 Α1

t@2D Α2 H1 + Α1 c@1DL Α2 H1 + Α1 c@1DL
,

0 h@1D h@2D
t@1D Α1 Α1

t@2D Α2 H1 + Α1 c@1DL Α2 H1 + Α1 c@1DL
>

t1 � t2

True

� The Square of the Antipode

8Β1 = Α ar@1, 1D,

Β1 �� hS@1D,

Β1 �� hS@1D �� hS@1D
< �� ΒForm

:K 0 h@1D
t@1D Α

O,
0 h@1D

t@1D -
Α

1+Α c@1D
, K 0 h@1D

t@1D Α
O>

� The Antipode is an Anti-Homomorphism

8Β1 = Α1 ar@1, 1D + Α2 ar@2, 2D,

Β1 �� hm@1, 2, 3D,

Β1 �� hm@2, 1, 3D,

t1 = Β1 �� hm@1, 2, 3D �� hS@3D,

t2 = Β1 �� hS@1D �� hS@2D �� hm@2, 1, 3D
< �� ΒForm

:
0 h@1D h@2D

t@1D Α1 0

t@2D 0 Α2

,

0 h@3D
t@1D Α1

t@2D Α2 H1 + Α1 c@1DL
,

0 h@3D
t@1D Α1 H1 + Α2 c@2DL
t@2D Α2

,

0 h@3D
t@1D -

Α1

H1+Α1 c@1DL H1+Α2 c@2DL

t@2D -
Α2

1+Α2 c@2D

,

0 h@3D
t@1D -

Α1

H1+Α1 c@1DL H1+Α2 c@2DL

t@2D -
Α2

1+Α2 c@2D

>

t1 � t2 �� ΒSimplify

True

� The Antipode “Inverse” Property

8
Α ar@1, 1D �� hD@1, 1, 2D �� hS@2D �� hm@1, 2, 1D,

Α ar@1, 1D �� hD@1, 1, 2D �� hS@2D �� hm@2, 1, 1D
<
80, 0<
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� The Antipode and de-wheeling

8
Β1 = W@1D + a ar@1, 1D + b ar@1, 2D + c ar@2, 1D + d ar@2, 2D,

Β1 �� hS@1D �� DeWheel,

Β1 �� DeWheel

< �� ΒForm

:
W@1D h@1D h@2D
t@1D a b

t@2D c d

,

W@1D h@1D h@2D

t@1D
a LogB1-

a c@1D
1+a c@1D+c c@2D -

c c@2D
1+a c@1D+c c@2D F

a c@1D+c c@2D
b Log@1+b c@1D+d c@2DD

b c@1D+d c@2D

t@2D
c LogB1-

a c@1D
1+a c@1D+c c@2D -

c c@2D
1+a c@1D+c c@2D F

a c@1D+c c@2D
d Log@1+b c@1D+d c@2DD

b c@1D+d c@2D

,

W@1D h@1D h@2D
t@1D a Log@1+a c@1D+c c@2DD

a c@1D+c c@2D
b Log@1+b c@1D+d c@2DD

b c@1D+d c@2D

t@2D c Log@1+a c@1D+c c@2DD
a c@1D+c c@2D

d Log@1+b c@1D+d c@2DD
b c@1D+d c@2D

>

1 -
a c@1D

1 + a c@1D + c c@2D
-

c c@2D
1 + a c@1D + c c@2D

H1 + a c@1D + c c@2DL �� Simplify

1

8
Β1 = W@1D + a ar@1, 1D + b ar@1, 2D + c ar@2, 1D + d ar@2, 2D,

Β1 �� hS@1D,

HHΒ1 �� DeWheelL �. h@1D ® -h@1DL �� Wheel �� FullSimplify

< �� ΒForm

:
W@1D h@1D h@2D
t@1D a b

t@2D c d

,

W@1D h@1D h@2D
t@1D -

a

1+a c@1D+c c@2D b

t@2D -
c

1+a c@1D+c c@2D d

,

W@1D h@1D h@2D
t@1D -

a

1+a c@1D+c c@2D b

t@2D -
c

1+a c@1D+c c@2D d

>
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Factorization

hfac@z_, xtails_List ® x_, y_D@Β_D := Module@
8ytails<,

ytails = Complement@
Union@Cases@Β, t@s_D ¦ s, InfinityDD,

xtails

D;

hfac@z, xtails ® x, ytails ® yD@ΒD
D;

hfac@z_, x_, ytails_List ® y_D@Β_D := Module@
8xtails<,

xtails = Complement@
Union@Cases@Β, t@s_D ¦ s, InfinityDD,

ytails

D;

hfac@z, xtails ® x, ytails ® yD@ΒD
D;

hfac@z_, xtails_List ® x_, ytails_List ® y_D@Β_D := ModuleA
8Ζ, Ξ, Η<,

Ζ = D@Β, h@zDD;

Ξ = Ζ �. HHt@ðD ® 0L & �� ytailsL;

Η = Ζ �. HHt@ðD ® 0L & �� xtailsL;

ΒCollectAΒ - h@zD Ζ + h@xD Ξ + h@yD Η � H1 + Ξ �. t@s_D ® c@sDLE
E

hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD �� ΒForm

0 h@5D
t@1D 1

t@2D 1 + c@1D
hm@3, 4, 5D@ar@1, 3D + ar@2, 4DD �� hfac@5, 81< ® 3, 4D �� ΒForm

0 h@3D h@4D
t@1D 1 0

t@2D 0 1

Conjugation

conj@y_, x_D@Β_D := Module@
8Ν, x0, x1, Γ, Ξ, Η, a<,

Ν = Β �� hfac@x, 8y< ® x0, x1D;

Γ = Coefficient@Ν, ar@y, x0DD;

Ν = ΒCollect@Ν �. W@ws_D ¦ W@ws * Hc@yD Γ + 1LDD;

Ξ = D@Ν, h@x1DD;

Η = D@Ν, t@yDD;

a = 1 + Ξ �. t@s_D ¦ c@sD;

Ν = ΒCollect@HΝ �. t@yD ® a t@yDL - c@yD Ξ ΗD;

Ν �� hm@x0, x1, xD
D;

conji@y_, x_D@Β_D := Β �� hS@xD �� conj@y, xD �� hS@xD;
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8
Β1 = W@1D + a@c@1D, c@2DD ar@1, 1D +

b@c@1D, c@2DD ar@1, 2D + c@c@1D, c@2DD ar@2, 1D + d@c@1D, c@2DD ar@2, 2D,

Β1 �� conj@1, 1D,

Β1 �� conji@1, 1D,

Β1 �� conj@1, 1D �� conji@1, 1D
< �. e_@c@1D, c@2DD ¦ e �� ΒForm

:
W@1D h@1D h@2D
t@1D a b

t@2D c d

,

W@1 + a c@1DD h@1D h@2D
t@1D a H1+a c@1D+c c@2DL

1+a c@1D
b H1+a c@1D+c c@2DL

1+a c@1D

t@2D c

1+a c@1D
d-b c c@1D+a d c@1D

1+a c@1D

,

WB 1+c c@2D
1+a c@1D+c c@2D F h@1D h@2D

t@1D a

1+c c@2D
b

1+c c@2D

t@2D c H1+a c@1D+c c@2DL
1+c c@2D

d+b c c@1D+c d c@2D
1+c c@2D

,

W@1D h@1D h@2D
t@1D a b

t@2D c d

>

HΒ2 = W@1D + Α1 ar@1, 1D + Α2 ar@2, 1D + Α3 ar@2, 2D + Α4 ar@2, 3DL �� ΒForm;

IΒ2 = W@1D + SumAΑ10 i+j ar@i, jD, 8i, 2<, 8j, 3<EM �� ΒForm

W@1D h@1D h@2D h@3D
t@1D Α11 Α12 Α13

t@2D Α21 Α22 Α23

Β2 �� conj@1, 2D �� ΒForm

W@1 + c@1D Α12D h@1D h@2D h@3D
t@1D Α11 H1+c@1D Α12+c@2D Α22L

1+c@1D Α12

Α12 H1+c@1D Α12+c@2D Α22L
1+c@1D Α12

Α13 H1+c@1D Α12+c@2D Α22L
1+c@1D Α12

t@2D Α21+c@1D Α12 Α21-c@1D Α11 Α22

1+c@1D Α12

Α22

1+c@1D Α12

-c@1D Α13 Α22+Α23+c@1D Α12 Α23

1+c@1D Α12

Ht1 = Β2 �� conj@1, 2D �� conj@1, 3D �� hm@2, 3, 2DL �� ΒForm

WA1 + c@1D Α12 + c@1D Α13 + c@1D2
Α12 Α13 + c@1D c@2D Α13 Α22E

t@1D Α11 H1+c@1D Α12

1+c@1D Α12+c@1

t@2D Α21+c@1D Α12 Α21+c@1D Α13 Α21+c@1D2 Α12 Α13 Α21-c@1D Α11

1+c@1D Α12+c@1

Ht2 = Β2 �� hm@2, 3, 2D �� conj@1, 2DL �� ΒForm

WA1 + c@1D Α12 + c@1D Α13 + c@1D2
Α12 Α13 + c@1D c@2D Α13 Α22E

t@1D Α11 H1+c@1D Α12

1+c@1D Α12+c@1

t@2D Α21+c@1D Α12 Α21+c@1D Α13 Α21+c@1D2 Α12 Α13 Α21-c@1D Α11

1+c@1D Α12+c@1

ΒSimplify@t1 � t2D

True

ΒSimplify@
HΒ2 �� conji@1, 2D �� conji@1, 3D �� hm@3, 2, 2DL � HΒ2 �� hm@3, 2, 2D �� conji@1, 2DLD

True

betaCalculus.nb  7



9Β3 = W@1D + SumAΑ10 i+j ar@i, jD, 8i, 3<, 8j, 2<E,

t1 = Β3 �� tm@1, 2, 1D �� conj@1, 1D,

t2 = Β3 �� conj@1, 1D �� conj@2, 1D �� tm@1, 2, 1D,

t1 � t2

= �� ΒForm �� MatrixForm

W@1D h@1D h@2D
t@1D Α11 Α12

t@2D Α21 Α22

t@3D Α31 Α32

W@1 + c@1D Α11 + c@1D Α21D h@1D h@2D
t@1D HΑ11+Α21L H1+c@1D Α11+c@1D Α21+c@3D Α31L

1+c@1D Α11+c@1D Α21

HΑ12+Α22L H1+c@1D Α11+c@1D Α21+c@3D Α31L
1+c@1D Α11+c@1D Α21

t@3D Α31

1+c@1D Α11+c@1D Α21

-c@1D Α12 Α31-c@1D Α22 Α31+Α32+c@1D Α11 Α32+c@1D Α21 Α32

1+c@1D Α11+c@1D Α21

W@1 + c@1D Α11 + c@1D Α21D h@1D h@2D
t@1D HΑ11+Α21L H1+c@1D Α11+c@1D Α21+c@3D Α31L

1+c@1D Α11+c@1D Α21

HΑ12+Α22L H1+c@1D Α11+c@1D Α21+c@3D Α31L
1+c@1D Α11+c@1D Α21

t@3D Α31

1+c@1D Α11+c@1D Α21

-c@1D Α12 Α31-c@1D Α22 Α31+Α32+c@1D Α11 Α32+c@1D Α21 Α32

1+c@1D Α11+c@1D Α21

H True L

� “4T”

Riffle@
ComposeList@

ops = 8conj@2, 1D, hD@1, 1, 3D, hm@2, 3, 2D, hD@1, 1, 3D, hS@3D, hm@3, 2, 2D<,

Α1 ar@1, 1D + Α2 ar@2, 2D
D �� ΒForm,

ops

D

:
0 h@1D h@2D

t@1D Α1 0

t@2D 0 Α2

, conj@2, 1D,

0 h@1D h@2D
t@1D Α1 -c@2D Α1 Α2

t@2D 0 H1 + c@1D Α1L Α2

,

hD@1, 1, 3D,

0 h@1D h@2D h@3D
t@1D Α1 -c@2D Α1 Α2 Α1

t@2D 0 H1 + c@1D Α1L Α2 0

, hm@2, 3, 2D,

0 h@1D h@2D
t@1D Α1 Α1

t@2D 0 H1 + c@1D Α1L Α2

, hD@1, 1, 3D,

0 h@1D h@2D h@3D
t@1D Α1 Α1 Α1

t@2D 0 H1 + c@1D Α1L Α2 0

,

hS@3D,

0 h@1D h@2D h@3D
t@1D Α1 Α1 -

Α1

1+c@1D Α1

t@2D 0 H1 + c@1D Α1L Α2 0

, hm@3, 2, 2D,

0 h@1D h@2D
t@1D Α1 0

t@2D 0 Α2

>

8
Β1 = R@1, 1D + R@2, 2D,

Β1 �� conj@2, 1D �� hD@1, 1, 3D �� hm@2, 3, 2D �� hD@1, 1, 3D �� hS@3D �� hm@3, 2, 2D
< �� ΒForm

:

W@1D h@1D h@2D
t@1D -1+ãc@1D

c@1D 0

t@2D 0
-1+ãc@2D

c@2D

,

W@1D h@1D h@2D
t@1D -1+ãc@1D

c@1D 0

t@2D 0
-1+ãc@2D

c@2D

>
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Riffle@
ComposeList@

ops = 8hD@1, 1, 3D, hm@2, 3, 2D, hD@1, 1, 3D, hS@3D, hm@3, 2, 2D<,

Α1 ar@1, 1D + Α2 ar@1, 2D
D �� ΒForm,

ops

D

:K 0 h@1D h@2D
t@1D Α1 Α2

O, hD@1, 1, 3D, K 0 h@1D h@2D h@3D
t@1D Α1 Α2 Α1

O, hm@2, 3, 2D,

K 0 h@1D h@2D
t@1D Α1 Α1 + Α2 + c@1D Α1 Α2

O, hD@1, 1, 3D, K 0 h@1D h@2D h@3D
t@1D Α1 Α1 + Α2 + c@1D Α1 Α2 Α1

O,

hS@3D,
0 h@1D h@2D h@3D

t@1D Α1 Α1 + Α2 + c@1D Α1 Α2 -
Α1

1+c@1D Α1

, hm@3, 2, 2D, K 0 h@1D h@2D
t@1D Α1 Α2

O>

The Double

dm@x_, y_, z_D@Β_D := Β �� conji@y, xD �� hm@x, y, zD �� tm@x, y, zD;

dD@z_, x_, y_D@Β_D := Β �� hD@z, x, yD �� tD@z, x, yD;

dΗ@x_D@Β_D := Β �� hΗ@xD �� tΗ@xD;

dS@x_D@Β_D := Β �� tS@xD �� conj@x, xD �� hS@xD;

dA@x_D@Β_D := Β �� tA@xD �� conj@x, xD �� hA@xD;

dP@rules___RuleD@Β_D := Β �� hP@rulesD �� tP@rulesD;

dP@ks__IntegerD@Β_D := Β �� HdP �� Thread@Range@Length@8ks<DD ® 8ks<DL;

dd@k_D@Β_D := Module@
8shifts<,

shifts = Select@dL@ΒD, Hð > kL &D;

Β �� HdP �� Thread@shifts ® H1 + shiftsLDL �� dD@k, k, k + 1D
D;

Unprotect@NonCommutativeMultiplyD;

Β_ ** Ν_ := Module@
8Ρ, Σ, labels<,

Ρ = Β + HΝ �. 8h@s_D ¦ h@Σ@sDD, t@s_D ¦ t@Σ@sDD, c@s_D ¦ c@Σ@sDD<L;

labels = Union@Cases@8Β, Ν<, h@s_D t@s_D c@s_D ¦ s, InfinityDD;

Do@
Ρ = Ρ �� dm@s, Σ@sD, sD,

8s, labels<
D;

Ρ

D

ar@1, 2D ** ar@1, 3D �� ΒForm

K 0 h@2D h@3D
t@1D 1 1

O

ar@1, 3D ** ar@2, 3D �� ΒForm

0 h@3D
t@1D 1

t@2D 1 + c@1D
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ar@1, 2D ** ar@2, 3D �� ΒForm

0 h@2D h@3D
t@1D 1

c@2D
1+c@1D

t@2D 0
1

1+c@1D

8ar@1, 2D ** ar@1, 3D ** ar@2, 3D, ar@2, 3D ** ar@1, 3D ** ar@1, 2D< �� ΒForm

:
0 h@2D h@3D

t@1D 1 1 + c@2D
t@2D 0 1

,

0 h@2D h@3D
t@1D 1 1 + c@2D
t@2D 0 1

>

ar@1, 3D ** ar@1, 2D �� ΒForm

K 0 h@2D h@3D
t@1D 1 1

O

ar@2, 3D ** ar@1, 3D �� ΒForm

0 h@3D
t@1D 1 + c@2D
t@2D 1

ar@2, 3D ** ar@1, 2D �� ΒForm

0 h@2D h@3D
t@1D 1 0

t@2D 0 1

8ar@1, 2D �� dS@1D , ar@1, 2D �� dS@2D<

:-h@2D t@1D, -

h@2D t@1D
1 + c@1D

>

9Β3 = W@1D + SumAΑ10 i+j ar@i, jD, 8i, 3<, 8j, 3<E,

Β3 �� dm@1, 2, 1D
= �� ΒForm

:

W@1D h@1D h@2D h@3D
t@1D Α11 Α12 Α13

t@2D Α21 Α22 Α23

t@3D Α31 Α32 Α33

,

WB 1+c@1D Α11+c@3D Α31

1+c@1D Α11+c@1D Α21+c@3D Α31
F

t@1D Α11+c@1D Α11
2 +Α12+2 c@1D Α11 Α12+c@1D2 Α11

2 Α12+Α21+c@1D Α11 Α21

t@3D

>

SimplifyB
1

1 + c@1D Α11 + c@3D Α31

IΑ11 + c@1D Α11
2

+ Α12 + 2 c@1D Α11 Α12 + c@1D2
Α11

2
Α12 + Α21 + c@1D Α11 Α21 +

c@1D Α12 Α21 + c@1D2
Α11 Α12 Α21 + Α22 + 2 c@1D Α11 Α22 + c@1D2

Α11
2

Α22 + c@1D Α21 Α22 +

c@1D2
Α11 Α21 Α22 + c@3D Α11 Α31 + 2 c@3D Α12 Α31 + 2 c@1D c@3D Α11 Α12 Α31 +

c@1D c@3D Α12 Α21 Α31 + c@3D Α22 Α31 + c@1D c@3D Α11 Α22 Α31 + c@3D2
Α12 Α31

2 MF

1

1 + c@1D Α11 + c@3D Α31

IΑ21 + Α22 + c@1D Α21 Α22 + c@1D Α11
2 H1 + c@1D Α12 + c@1D Α22L + c@3D Α22 Α31 + Α12 H1 + c@3D Α31L

H1 + c@1D Α21 + c@3D Α31L + Α11 H1 + 2 c@1D Α22 + c@1D Α21 H1 + c@1D Α22L + c@3D Α31 +

c@1D c@3D Α22 Α31 + c@1D Α12 H2 + c@1D Α21 + 2 c@3D Α31LLM
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8
1 � 2 ar@1, 1D �� dD@1, 1, 2D �� Wheel,

1 � 2 ar@1, 1D �� Wheel �� dD@1, 1, 2D
< �� ΒForm

:

0 h@1D h@2D

t@1D -1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D
-1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D

t@2D -1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D
-1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D

,

0 h@1D h@2D

t@1D -1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D
-1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D

t@2D -1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D
-1+ã

cA1E

2
+

cA2E

2

c@1D+c@2D

>

8
Β1 = W@1D + a ar@1, 1D + b ar@1, 2D + c ar@2, 1D + d ar@2, 2D,

Β1 �� dS@1D,

Β1 �� dA@1D,

Β1 �� dS@1D �� dS@2D �� FullSimplify,

Β1 �� dA@1D �� dA@2D �� FullSimplify

< �. c@s_D ¦ cs �� ΒForm �� ColumnForm

W@1D h@1D h@2D
t@1D a b

t@2D c d

W@1 - a c1D h@1D h@2D
t@1D -

a

-1+a c1
-

b H-1+a c1-c c2L
-1+a c1

t@2D c

H-1+a c1L H1-a c1+c c2L
-d-b c c1+a d c1

-1+a c1

W@1 + a c1D h@1D h@2D
t@1D -

a

1+a c1

b H1+a c1+c c2L
1+a c1

t@2D -
c

H1+a c1L H1+a c1+c c2L
d-b c c1+a d c1

1+a c1

W@1 - Hd + b c c1L c2 + a c1 H-1 + d c2LD h@1D h@2D
t@1D -

-a-b c c2+a d c2

1-a c1-d c2-b c c1 c2+a d c1 c2
-

b H-1+a c1+c

H-1+b c1+d c2L H-1+a c1+d c2

t@2D -
c H-1+b c1+d c2L

H-1+a c1+c c2L H-1+a c1+d c2+b c c1 c2-a d c1 c2L -
-d-b c c1+a

1-a c1-d c2-b c c1 c2

W@1 + a c1 + Hd - b c c1 + a d c1L c2D h@1D h@2D
t@1D -

a-b c c2+a d c2

1+a c1+d c2-b c c1 c2+a d c1 c2

b H1+a c1+c c2L
H1+b c1+d c2L H-1-a c1-d c2+b c c1 c2-a

t@2D c H1+b c1+d c2L
H1+a c1+c c2L H-1-a c1-d c2+b c c1 c2-a d c1 c2L -

d-b c c1+a d c1

1+a c1+d c2-b c c1 c2+a d c1 c2

The R Matrix

8Ρ = F@c@1D, c@2DD * ar@1, 2D, Ρ �� dS@1D , Ρ �� dS@2D< �� ΒForm

:
0 h@2D

t@1D F@c@1D, c@2DD
t@2D 0

,

0 h@2D
t@1D -F@-c@1D, c@2DD
t@2D 0

,

0 h@2D
t@1D -

F@c@1D,-c@2DD
1+c@1D F@c@1D,-c@2DD

t@2D 0

>
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8HΡ �� dS@2DL ** Ρ, HΡ �� dS@1DL ** Ρ< �� ΒForm

:
0 h@2D

t@1D -
F@c@1D,-c@2DD-F@c@1D,c@2DD

1+c@1D F@c@1D,-c@2DD
t@2D 0

,

0 h@2D
t@1D -F@-c@1D, c@2DD + F@c@1D, c@2DD - c@1D F@-c@1D, c@2DD F@c@1D, c@2DD
t@2D 0

>

F must be so that the above vanishes. Here’s a solution:

:
-F@c@1D, -c@2DD + F@c@1D, c@2DD

1 + c@1D F@c@1D, -c@2DD
,

F@c@1D, c@2DD - F@-c@1D, c@2DD H1 + c@1D F@c@1D, c@2DDL> �.

F@x_, y_D ¦ HE^x - 1L � x �� ΒSimplify

80, 0<

R@i_, j_D := W@1D + ar@i, jD HE^c@iD - 1L � c@iD;

RInv@i_, j_D �; i ¹ j := R@i, jD �� dS@iD;

H* R@i, i, pD is R@i,iD^p. Two cases were computed in "120103 Calculator.nb",

the rest guessed and checked there. *L

R@i_, i_, p_D := W@1D +
-1 + ãp*c@iD

c@iD
ar@i, iD;

RInv@i_, i_D := R@i, i, -1D;

8Ρ = R@1, 2D, RInv@1, 2D, Ρ �� dS@1D , Ρ �� dS@2D< �� ΒForm

:
W@1D h@2D
t@1D -1+ãc@1D

c@1D
,

W@1D h@2D

t@1D -
ã-c@1D I-1+ãc@1DM

c@1D
,

W@1D h@2D

t@1D -
ã-c@1D I-1+ãc@1DM

c@1D
,

W@1D h@2D

t@1D -
ã-c@1D I-1+ãc@1DM

c@1D
>

8R@1, 2D ** RInv@1, 2D, R@1, 1D ** RInv@1, 1D<

8W@1D, W@1D<

Rotation by 90 degrees

Rot90@Β_D := Β �� dP@2, 1D �� dS@1D
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Clear@Α, Β, Γ, ∆D;

8
Ρ = W@Ω@c@1D, c@2DDD + Α@c@1D, c@2DD ar@1, 1D +

Β@c@1D, c@2DD ar@1, 2D + Γ@c@1D, c@2DD ar@2, 1D + ∆@c@1D, c@2DD ar@2, 2D,

Ρ �� dP@1 ® 2, 2 ® 1D,

Ρ �� Rot90,

Ρ �� Rot90 �� Rot90,

Ρ �� Rot90 �� Rot90 �� Rot90,

Ρ �� Rot90 �� Rot90 �� Rot90 �� Rot90

< �. c@s_D ¦ cs �� ΒForm �� ColumnForm

W@Ω@c1, c2DD h@1D h@2D
t@1D Α@c1, c2D Β@c1, c2D
t@2D Γ@c1, c2D ∆@c1, c2D

W@Ω@c2, c1DD h@1D h@2D
t@1D ∆@c2, c1D Γ@c2, c1D
t@2D Β@c2, c1D Α@c2, c1D

W@-H-1 + c1 ∆@c2, -c1DL Ω@c2, -c1DD h@1D h@2

t@1D -
∆@c2,-c1D

-1+c1 ∆@c2,-c1D
Γ@c2,-c1D H1+c2 Β@c2,

-1+c1 ∆@c2

t@2D Β@c2,-c1D
H1+c2 Β@c2,-c1D-c1 ∆@c2,-c1DL H-1+c1 ∆@c2,-c1DL

-Α@c2,-c1D-c1 Β@c2,-c1D Γ@c2,

-1+c1 ∆@c2

W@H1 - c1 Α@-c1, -c2D - c1 c2 Β@-c1, -c2D Γ@-c1, -c2D - c2 ∆@-c1, -c2D + c1 c2 Α@-c1, -c2D ∆@-c1, -

t@1D

t@2D
W@-H-1 + c2 Α@-c2, c1DL Ω@-c2, c1DD h@1D

t@1D -c2 Β@-c2,c1D Γ@-c2,c1D-∆@-c2,c1D+c2 Α@-c2,c1D ∆@-c2,c1D
-1+c2 Α@-c2,c1D - H-1+c2 Α@-c2,c1DL

t@2D -
Β@-c2,c1D H-1+c2 Α@-c2,c1D-c1 Γ@-c2,c1DL

-1+c2 Α@-c2,c1D -
-

W@Ω@c1, c2DD h@1D h@2D
t@1D Α@c1, c2D Β@c1, c2D
t@2D Γ@c1, c2D ∆@c1, c2D

R@1, 2D ** HR@1, 2D �� dP@1 ® 2, 2 ® 1D �� dS@1D �� dP@1 ® 2, 2 ® 1DL �� ΒForm

H W@1D L

Rotation by 120 degrees

Rot120@Β_D := Β �� dS@2D �� dD@2, 2, 3D �� dm@1, 3, 1D �� dP@2, 1D
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8Ρ = ar@1, 2D,

Ρ �� Rot120,

Ρ �� Rot120 �� Rot120,

Ρ �� Rot120 �� Rot120 �� Rot120

< �. c@s_D ¦ 0 �� ΒForm �� ColumnForm

K 0 h@2D
t@1D 1

O

K 0 h@1D h@2D
t@2D -1 -1

O

0 h@1D
t@1D -1

t@2D -1

K 0 h@2D
t@1D 1

O

Clear@Α, Β, Γ, ∆D;

8
Ρ = W@Ω@c@1D, c@2DDD + Α@c@1D, c@2DD ar@1, 1D +

Β@c@1D, c@2DD ar@1, 2D + Γ@c@1D, c@2DD ar@2, 1D + ∆@c@1D, c@2DD ar@2, 2D,

Ρ �� Rot120,

Ρ �� Rot120 �� Rot120,

Ρ �� Rot120 �� Rot120 �� Rot120

< �. c@s_D ¦ cs �� ΒForm �� ColumnForm

W@Ω@c1, c2DD h@1D h@2D
t@1D Α@c1, c2D Β@c1, c2D
t@2D Γ@c1, c2D ∆@c1, c2D

WB-
I-1-c2 Α@c2,-c1-c2D+c1 Γ@c2,-c1-c2D-c2

2 Β@c2,-c1-c2D Γ@c2,-c1-c2D+c1 ∆@c2,-c1-c2D+c2 ∆@c2,-c1-c2D+c1 c2 Α@c2,-c1-c2D ∆@c2,-c1

1+c2 Α@c2,-c1-c2D-c1 Γ@c2,-c1-c2

t@1D

t@2D

WB-
I1-c1 Α@-c1-c2,c1D-c2 Α@-c1-c2,c1D-c2 Β@-c1-c2,c1D+c1 c2 Α@-c1-c2,c1D Β@-c1-c2,c1D+c2

2 Α@-c1-c2,c1D Β@-c1-c2,c1D+c1
2 Β@-c1-c2,

-1+c1 Β@-c1-c2,c1D+c2 Β@-c1-c2,c1

t@1D

t@2D
W@Ω@c1, c2DD h@1D h@2D

t@1D Α@c1, c2D Β@c1, c2D
t@2D Γ@c1, c2D ∆@c1, c2D
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Wheeling and Η

9
Ρ = SumAΑ10 i+j ar@i, jD, 8i, 2<, 8j, 2<E,

Ρ �� dΗ@2D,

Ρ �� DeWheel,

Ρ �� DeWheel �� dΗ@2D,

Ρ �� DeWheel �� dΗ@2D �� Wheel

= �� ΒForm �� ColumnForm

0 h@1D h@2D
t@1D Α11 Α12

t@2D Α21 Α22

K 0 h@1D
t@1D Α11

O

0 h@1D h@2D
t@1D Log@1+c@1D Α11+c@2D Α21D Α11

c@1D Α11+c@2D Α21

Log@1+c@1D Α12+c@2D Α22D Α12

c@1D Α12+c@2D Α22

t@2D Log@1+c@1D Α11+c@2D Α21D Α21

c@1D Α11+c@2D Α21

Log@1+c@1D Α12+c@2D Α22D Α22

c@1D Α12+c@2D Α22

0 h@1D
t@1D Log@1+c@1D Α11D

c@1D

K 0 h@1D
t@1D Α11

O

betaCalculus.nb  15


