Pensieve Header: The g-calculus, continuing pensieve://Projects/w-Computations/, continued in pensieve://2012-02/
and pensieve://2012-03/.

Bistoremind of “B picture’, though it is “wheeled”. Also, in faux German, 8is3is SS, for “semi-symmetrized”.

Continues “ Projects/w-Computations/Wheeled Semi-Symmetrized 2D Calculus.nb” and other notebooks referenced
there.

SetDirectory["C:\\drorbn\\Academn cPensi eve\\2012-01"];

Generalities

BSimplify = Factor;

arfi_, j_1:=t[i1h[;

W/: Wa_] + Wb_] := WBSinplify[axb]];
W/: n_xWa_] := WRSinplify[a”“n]];

Set Attributes[BCol |l ect, Listable];

BCol lect [B_] : =

Col lect [B, _h, Collect[#, _t, BSinplify] & /. Wws_] =» WBSinplify[ws]];
(» "L" for "Labels" =x)

hL[B_] : = Union[Cases[B, h[s_] = s, Infinity]l;
tL[B_] := Union[Cases[B, (t |c)[s_] = s, Infinity]];
dL[B_] := Union[hL[B], tL[B]];

Set Attributes[BForm Listable];
BForm[B_1 : = Mdul e[
{tails, heads, mat},
tails = tL[B]; heads = hL[B];
mat = Quter [BSinplify[Coefficient[B, h[#l]t [#2]]] & heads, tails];
PrependTo[mat, t /@ tails];
mat = Prepend[Transpose[mat], Prepend[h /e heads, B /. (h[_1|t[_1) - O1l;
Mat ri xFor m[mat ]
1
BEquations[Bl_ == B2_]1 := Module[
{tails, heads, |1, |2},
tails = tL[{Bl, B2}]; heads = hL[{B1l, B2}];
1 Flatten[Quter [BSi nplify[Coefficient [Bl, h[#l]t[#2]]] & heads, tails]l;
2 = Flatten[Quter [BSinplify[Coefficient [2, h[#1l]t [#2]]] & heads, tails]];
Append [
MapThread[Equal , {I1, |2}],
(Bl =pR2) /. (h[_] |t[_]) -0 /. WMw_] » o
1
1
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Wheel / DeWheel

DeWheel [B_] : = Mdul e[

{heads, &s, nheads},

heads = Union[Cases[B, h[s_] = s, Infinity]l;

g&s = (D[B, h[#]] /. t[s_] »c[s]) & /@ heads;

nheads = MapThread[ (h[#1] »Log[1 +#2] / #2) & {heads, &s}1;
BCol l ect [B /. Thread[(h /eheads) - nheads]]

1
Veel [a_]1 : = Modul e[

{heads, ns, nheads},

heads = Union[Cases[a, h[s_] = s, Infinity]l];

ns = (D[a, h[#]] /. t[s_] »c[s]) & /@ heads;

nheads = MapThread[ (h[#1] » (Exp[#2] -1) /#2) & ({heads, ns}l;
BCol | ect [a /. Thread[ (h /@heads) - nheads]]
1

ar [1, 2] // \Wheel
(-1+e®lly h[27t 1]
cll]

(-1+e®fy h[27t[1]
c[l]

/ DeWheel

h[2] Log[e®*] t [1]

c[1]
(Sum[asoi. ar i, j1, i, 2}, {i, 3}] 7/ Weel // DeWeel // FullSinplify) /.
Log[Exp[x_]1]1 = x // BForm
0 hi[l] h[2] h[3]

t[1] o11 a2 13
t[2] an Q22 23

Sum[aloiﬂ- ar[i, j1, {i, 2}, {. 3}] // DeWheel // WWeel /7 FullSinplify // BForm

0 h[l] h[2] h[3]

t (1] a1 012 ai13

t[2] an 022 az3
Tails Works

tmix_, y_, z_1[B_1 := BCollect[B /. {t[x]|t[y]l » t[z], c[X]|c[y]l » c[z]}];
tafz_, x_, y_1[B_1 := BCollect([B /. {t[z] » t[X]+t[y]l, c[z] » c[X]+C[yI}];
tn[x_1[B_]1 := BCollect [(B /. t[x] » 0) /. c[x] -»0];

tS[X_1[B_] := BCollect[B /. {t[x] -» -t[x], C[X] -» -C[X]}];

tA[_1[B_]1 : = BCollect [B];

tP[rules__ Rulel[B_] := BCollect]

B /. {t[x_] = t[x /. {rules}], c[Xx_] = c[x /. {rules}]}

1;



Heads Works

hm[x_, y_, z_1[B_]1 := Module[
{§& n},
g = DIB, h[x1I;
n = D[B, h[yll;
BCol lect [(B /.
1;
hafz_, x_, y_1[B_] := BCollect[B /.
hn[x_1I[B_]1 := BCollect[B /. h[x] -» 0];
hS[x_1[B_1 : = Mdul e[{¥},
¥y =1+ D[B, h[x]] /. t[s_]=cCI[S];
BCol lect [B /. h[X] » -h[x]/¥]
1;
hA[Xx_1[B_] := hS[x]1[B];
hP[rules__ Rulel[B_] := BCollect[B /.

hm[3, 4, 5][ar [1, 3] +ar [2, 4]]
hi5] (t[1]+ (1+c[1])t[2])
hm[3, 4, 5]1[ar [1, 3] +ar [2, 4]] // BForm

0 h[5]
t[1] 1
t[2] 1+c[1]

{B=ar[l, 3]+ar[2, 4],
B // hP[3 7, 45 2]
} // BForm
0 h[3] h[4]

t[1] 1 0

t[2] 0 1

0 h[2]
t[1] o
t2] 1

h(7]

’

J

1

0

m Associativity of Heads Multiplication
Bl =alar[1l, 1] +a2ar [2, 2] +a3ar [3, 3]
alh[1]t[1] +a2h[2]t[2] +a3h([3]t [3]
(81, Bl // hm[l, 2, 11} // BForm

0 h[l] h[2] h[3] 0

t[1] ol 0 0 t[1]
{ t[2] 0 o2 0 "t 2]

t[3] 0 0 a3 t[3] 0
{t1=81// hmil, 2, 11 // hm[l, 3, 1], t2 =

h(1]
al

0 hi1]
t[1] al
{ t[2] a2 (l+alc[l])
t[3] a3 (lL+alc[l]) (L+a2cC[2])

o

]
]
]

—_. - -
w N P

[
[
[

True

hix_1 =» h[x /.
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hix |yl ->0) + E€h[z] + (1L+& /. t[s_]1=c[s])nh[z]]

hiz] - h[x] +h[y]]l;

{rules}1l;

h[3]

0
a2 (l+alc[l]) 0 }

a3
Bl // hm[2, 3, 21 // hm[1, 2, 11} // BForm
hi1]

al
a2 (L+alc[l]) }
a3 (1+alc[l]) (1+a2c[2])
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m Compatibility of m and A

{
Bl =alar[l, 1] + a2ar [2, 2],
tl =Bl 7/ hafl, 1, 31 // ha[2, 2, 41 // hm[1, 2, 11 // hm[3, 4, 27,
t2 = g1 // hm[1, 2, 11 // ha[l, 1, 2]
} // BForm
0 h[l] h[2]
t[l] ol 0
t[2] 0 a2

0 h(1)] h[2]
t[1] al al ,
t[2] a2 (l+alc[l]) a2 (L+alc[l])

{

)

0 h(1)] h[2]
t[1] al al }
t[(2] a2 (l+alc[l]) a2 (1+alc[l])
tl =12

True

m The Square of the Antipode
{Bl = aar[1, 1],

Bl // hS[1],

Bl // hS[1] // hS[1]

} // BForm

el ") b ) (B 20D
t[1] o Tt 1] " Taerny ) \tI1] a

m The Antipode is an Anti-Homomorphism

{Bl=alar[l, 1] + a2ar [2, 2],

gl // hm[1, 2, 37,

gl // hm[2, 1, 31,

tl =gl /7 hm[1, 2, 31 7/ hS[3],

t2 = Bl // hS[1] // hS[2] // hm[2, 1, 3]
} // BForm

0 h[l] h[2] 0 h[3] 0 h[3]
{ t[1] ol 0 |, |t[1] al ,lt[1] ol (1+a2c(2]) |,
t[2] 0 a2 t[2)] a2 (l+alc[l]) t[2] a2
0 h[3] 0 h[3]
al al
tiy - (l+alc[1]) (1+a2c[2]) ty - (1+alc[1]) (1+a2c[2]) }
a2 a2
t(2] T 1:a2c(2] t(2] T 1i02c(2)

True

m The Antipode “Inverse” Property
{
aar [1, 1] // ha[l, 1, 2] // hS[2] // hm[1, 2, 1],
aar [1, 11 // ha[l, 1, 21 // hS[2] // hm[2, 1, 1]
}
{0, 0}
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= The Antipode and de-wheeling
{
Bl = W[1] + aar [1, 1] + bar[1l, 2] + car[2, 1] +dar [2, 2],
Bl // hS[1] // DeVheel,

Bl // DeWheel
} // BForm
W] hi1] h[2]
W1] h[1] h[2] 1] aLog |1 o tae ez | blog(lsbe(lltdc(2)]
{ t[1] a b , ac[ll+cc[2] bc[l]+dc(2] ,
t[2) c d (2] clogt- i ] og(1bo(1]+dc2]]
ac[l]+cc[2] bc[l]+dc[2]
W1] h[l] h{2]
alog[l+ac[l]+cc[2]] bLog[l+bc[l]+dc[2]]
t[lj ac[l]+cc[2] bc[l]+dc[2] }
t 2 clog[l+ac[l]+cc[2]] dLog[l+bc[l]+dc[2]]
[ 1 ac[l]+cc[2] bc[l]+dc[2]
acll] ccl2] ] )
1- - (l+ac[l]l+cc[2]) // Sinplify
l+ac[l]+cc[2] 1l+ac[l]+cc[2]
1
{
Bl = W[1] + aar[1l, 1] + bar[1, 2] + car[2, 1] +dar [2, 2],
Bl // hS[1],
((B1 // DeVheel ) /. h[l] -» -h[1]) // Weel // FullSinplify
} // BForm
1 hil h[2 hil hi[2
Wi1] h[1] h[2] W[lJ [a] [b] :N[ ] [a] [b]
{ t[1] a b s (1] l+ac[l]+cc[2] s [ l+ac[l]+cc[2] }
t[2] c d t[2] ? d t[2] ? d
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Factorization

hfac[z_, xtails_List -» x_, y_1[B_]1 := Mdule[
{ytail s},
ytails = Conpl ement [
Union[Cases[B, t[s_] = s, Infinity]l],
xtails
IN
hfac[z, xtails » x, ytails -» y]I[B]
1
hfac[z_, x_, ytails_List » y 1[B_] := Mdulel
{xtails},
xtails = Conpl enent [
Union[Cases[B, t[s_] = s, Infinity]l,
ytails
1
hfac[z, xtails -» x, ytails - y][B]
1
hfac[z_, xtails_List » x_, ytails List -y 1[B_] := Nbdule[

{& & n},

g€ = D[B, h[z]];

E=2¢8/. ((t[#]-0) & /@ ytails);
n==8/. ((t[#]->0)& /e xtails);

BCol l ect [B-h[z] & + h[x] € + hiyln/(1+¢& /. t[s_] scs])]
]

hm[3, 4, 51[ar [1, 3] +ar [2, 4]1] // BForm

0 h[5]
t[1] 1
t[2] 1+c[1]

hm[3, 4, 5][ar [1, 3] +ar [2, 4]] // hfac[5, {1} -3, 4] // BForm

0 h[(3] h[4]
t[1] 1 0
t[2] 0 1
Conjugation

conj [y_, x_1[B_] := Modul e[
{v, x0, x1, vy, & n, a},

= B // hfac[x, {y} - x0, x17;

= Coefficient [v, ar [y, x011;

= BCollect[v /7. Wws_] =» WIWs % (C[ylvy+1)]1;
D[v, h[x111;

= Dlv, t[yll;

=14+ & /. t[s_] =» Cc[S];

= BCollect [(v /. t[y]l » at[y]l) -c[yl &nl;
// hm[x0, x1, x]

T K 93 m < X <
I

conji [y_, x_1IB_] := B // hS[x] // conj [y, x] // hS[x];



betaCalculus.nb |7

{
Bl = W[1] + a[c[1], c[2]]ar[1, 1] +
blc[ll, c[2]]ar[1, 2] + c[c[1], c[2]]ar[2, 1] +d[c[1], c[2]]ar [2, 2],
Bl // conj [1, 17,
pl // conji [1, 11,
Bl // conj [1, 11 // conji [1, 1]
} /. e_[c[1], c[2]] =» e // BForm
Wl+ac[l]] h[1l] h[2]
VV[l] h[l] h[2] t 1 a (l+ac[l]+cc[2]) b (l+ac[l]+cc[2])
{ t[1] a b s (1] lrac[l] l+ac[l] ,
t 12 d c d-bcc[l]j+adc[l]
[ ] ¢ t[Z} l+ac[l] l+ac[l]
l+cc[2]
M1+ac[1]+cc[2]] h[lJ h[ZJ V\/[l} h[l] h[Z]
a b
t[l} l+cc[2] l+cc[2] ! t[l} b }
tr2 c (l+ac[l]+cc[2]) d+bcc[l]+cdc[2] [2] c d
[ } l+cc[2] l+cc[2]

(B2 = W[1] +agar[l, 1] + azar[2, 1] + azar [2, 2] + agar [2, 3]) // BForm
(B2 = W[1] + Sum[asoi.j ar [i, j1, {i, 2}, {j, 3}]) // BForm

W1] h[1l] h[2] h[3]
t[1] a1 Q12 Q13
t[2] oo 022 az3

B2 // conj [1, 2] // BForm

(t2 = p2 // hm[2, 3, 21 7/ conj [1, 21) // BForm

BSimplify[tl=t2]

True

BSinplify[
(B2 // conji [1, 2] // conji [1, 3] // hm[3, 2, 2])

True

W1+cll] arz] hil] h(2] h([3]
t[1) a1 (1+c[1] cua+C[2] 0p2) a1z (1+c[1] aup+C[2] ap2) oz (1+c[1]) a12+C[2] 02)
1+c[1] a1z 1+c[1] a1z 1+c[1] a12
t[2] 021+C [1] o1z 0p1-C [1] aa1 az2 022 -C[1] oug oga+0p3+C [1] aup az3
1+c[1] a1z 1+c (1] a1z l+c (1] a1z

(t1 = B2 // conj[1, 2] // conj[1, 3] // hm[2, 3, 2]) // BForm

W1l+c[1] arz+C[1] arz+C[1]%0uz 0us+C[1] C[2] aus az |

o11 (1+c[1] ¢

1+c[1] agz+C[!

a91+C [1] 12 0p1+C [1] oz op1+C [1]% g 0ag aza-C [1] cu:
1+c[1] agp+C[?

W1+c[1]arz+C[1]ous+C[1]%auz a3 +C[1] C[2] a1z az]

oq1 (l+c[1l] ¢
1+c[1] arp+C[?
a1z aug a21-C [1] oa:
1+c[1] asp+C[:

a21+C [1] o1 aza+C [1] cug app+C[1]2

= (B2 // hm[3, 2, 2] // conji [1, 2])]
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{B3 = WI1] +Sum[aioi.j ar[i, j1, (i, 3}, {i, 2}],

tl = B3 // tm[l, 2, 11 // conj [1, 1],
t2 = B3 // conj [1, 1] // conj [2, 1] // tm[l, 2, 1],
tl=t2

} 77 BForm // MatrixForm

W1] hil] h[2]
t[1] oau1  oa2
t[2] o211 o2
t[3] os1  as
Wl+c[l] o +C[1] o] hil] h[2]
t[1] (oar+op1) (1+€[1] c1a+C[1] 01+C[3] aa1) (caz+ogz) (1+C[1] c1a+C[1] 021+C[3] aa1)
1+c[1] og1+C[1] ap1 1+c[1] og1+C[1] ao1
t [3] az1 -C[1] oqz a31-C[1] a2 az1+ag2+C [1] o1 age+C [1] az1 o
1+c[1] oq1+C[1] an1 1+c[1] ag1+C[1] an
Wl+c[l]oar+C[1] o] hil] hi2]
t 1] (oar+op1) (1+€[1] c1a+C[1] 021+C[3] aa1) (oaz+ozz) (1+C[1] c1a+C[1] 021+C[3] aa1)
1+c[1] oq1+C[1] an1 1+c[1] oga+C[1] an
t [3] az1 -C[1] oq2 ag1-C[1] a2 az1+as2+C [1] o1 age+C [1] az1 oc
1+c[1] aga+C[1] ap1 1+c[1] aga+C[1] an
(True)
m “4T"
Riffle[
Conposeli st [
ops = {conj [2, 1], ha[l, 1, 3], hm[2, 3, 2], ha[l, 1, 3], hS[3], hm[3, 2, 2]},
a; ar [1, 1] + ap ar [2, 2]
17/ BForm
ops
1
0 h[1l] h[2] 0 h[l] h[2]
t[1] o1 0 , conj [2, 1], t[1] a1 -C[2] oq ap s
t[2] 0 o2 t[2] 0 (L+c[1l] o1) a2
0 h[1] hi2] h[3]
hafl, 1, 3], |t[1] o -C[2] a1 a2 ar |, hm2, 3, 27,
t[2] 0 (L+c[l] 1) a2 0
0 h[l] h[2] 0 h[1l] h[2] h[3]
t[l] o a1 , hatl, 1, 3], |t[1] a o ar |,
t[2] 0 (L+c[1l]) oq) az t[2] 0 (L+c[1l]) oq) a2 0
0 hi[1] h(2] h(3] 0 h[l] h[2]
hsS[3], [t[1] a o “Teata |- hmi3, 2, 2], [t(1] a1 O }
t[2] 0 (1+c[l] o) oz 0 t[2] 0 az
{
Bl = R[1, 1] + R[2, 2],
Bl // conj [2, 11 // harl, 1, 31 // hm[2, 3, 2] // ha[l, 1, 3] // hS[3] // hm[3, 2, 2]
} // BForm
W1] hil] hi2] W1] hi1] hi2]
~lreclt ~lreclt
{ t[1] SN 0 ’ t[1] SN 0
~l+ecl?) ~l+ecl?)
t[2] 0 o] t[2] 0 o]
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Riffle[

Conposeli st [
ops = {har1, 1, 31, hm[2, 3, 21, ha[i, 1, 31, hS[3], hm[3, 2, 2]},
ajar [1, 11 + az ar [1, 2]
1// BForm

ops

0 h[l] h[2] h[3]

), hall, 1, 3], ( ) hm(2, 3, 2],

{(t[ol] hél] " t
1 oz 1] a oo [od}
T N F T o B O P CMPRIL S
hS[31, [t [011 hz} o<1+012?£:2[}1] ) —:E]]al ] hm(s, 2, 2], (t [011 h([i} hz} )}
The Double

dm[x_, y_, z_1[B_1 := B // conji [y, x]1 // hm[x, y, z] // tm[x, vy, z1;
dafz_, x_, y_1I[B_1 := B // ha[z, x, y] // tA[z, X, VI;
dn[x_1[B_]1 := B // hn[x] // tnIx];
dS[x_1[B_]1 := B // tS[x] // conj [Xx, x] // hS[x];
dA[X_1[B_1 := B // tA[X] // conj [X, x] // hA[X];
dP[rules___Rulel[B_] := B // hP[rules] // tP[rules];
dP[ks__Integer1[B_] := B // (dP ee Thread[Range[Length[{ks}]] - {ks}1);
dd[k_]1[B_1 := Mdulel

{shifts},

shifts = Select [dL[B], (# > k) &];
B // (dP @@ Thread[shifts » (L+shifts)]) // da[k, k, k+1]

1
Unpr ot ect [NonCommut ati veMul tiply];
B_ *x% v_ .= Mdule[
{p, o, |abels},
p =B+ (v /. {h[s_]1 » h[o[s]], t[s_] =» t[o[s]], c[s_] =» c[o[s]]});
labels = Union[Cases[{B, v}, h[s_]1|t([s_1]c[s_] = s, Infinityll;
Do[
p =p // dm[s, o[s], s],
{s, | abel s}
1
fo)
1

ar [1, 2] =+ar [1, 3] // BForm

(t[ol] h[12] h[13])

ar [1, 3] =xxar [2, 3] // BForm

0 h[3]
t[1] 1
t[2] 1+c[1]
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ar [1, 2] ==ar [2, 3] // BForm

EV I A e
1
1+c[1]

t[2] 0

{ar [1, 2] *xar [1, 3] »*xar [2, 3], ar[2, 3] »+ar [1, 3] =xar [1, 2]} // BForm

0 h[2] hi[3]
t[1] 1 1+c[2]
t[2] 0 1
ar [1, 3] =+xar [1, 2] // BForm

0 h[2] hi3]
t[{1] 1 1+c[2]
t[2) 0 1

(t[ol] h[12] h[13])

ar [2, 3] =xar [1, 3] // BForm

0 h[3]
t[1] 1+c[2]
t[2] 1

ar [2, 3] =+=ar [1, 2] // BForm

0 h[2] h[3]
t[1] 1 0
t[2] 0 1

{ar [1, 2] // dS[1], ar[1, 2] // dS[2]}

hi2)t[1]
{-n21t1y, - ———}
1+c[1)]
{B3 = W[1] +Sum[auoi. ar i, j1, (i, 3}, i, 3}],
B3 // dm[l, 2, 1]

} // BForm
1+c[1] o11+C[3] a3z
\N[l] h[l] h[2] h[S} \N{lafc[l]anw[llO<z1+0[310(31}
{ t[1] o1 012 ai13 t[1] 011+C [1] ofy+a12+2 € [1] a1 aap+C [1]2 ady oup+apr+C (1] ann
t (2] a1 Q22 oz |’
t[3] as1 o032 033 t [3]

Sinmplify
|::|.+C[].] a1 +C[3] as;

(all +C[1] (X%l +a12+2C[1] aj1 azp +C [].]2 afl ap + a1 +C[1] ayg apy +
C[1] arp a1 +C[11% aqg a1p @py + a2 + 2 C[1] agq a2 + C[11% a2y g2 + C[1] atpy a2 +
C[11% a1 ap1 app +C[3] a1 @31 +2C[3] arp a1 +2C[1] €[3] 11 12 agg +

C[1]c[3] a1z az1 a3 +C[3] a2z &gy + C[1] C[3] oy a2z g1 + € [3]1% a2 a%l)]

1

1+c[l] o011 +C[3] as
(021 + a2 +C[1] opr o2 +C[1] oy (L+C[1] anz +C[1] op2) +C[3] aza 31 + 02 (1 +C[3] azn)
(L+c[l]lags+C[3]az1) +a11 (L+2cC[l]opp+C[1]op1 (L+C[1] ap2) +C[3] o371 +
c[l]c[3) o az +C[1] oz (2+C[1] ap1 +2C[3] az1)))
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1/2ar[l, 11 7/ da[i, 1, 21 7/ \heel,
1/2ar[l, 11 // Wheel /7 da[l, 1, 2]

} // BForm
0 h[l] h[2] 0 h[l] h[2]
c[l]+c[2] c[1] c[2] c[1] c[2] c[1] c[2]
“lie 2 2 “lie 2 2 -l+e 2 2 -l+e 2 2
{ t [l] c[l]+c[2] c[l]+c[2] , t [l] c[l]+c[2] c[l]+c[2] }
c[1] c[2] c[1] c[2] c[1] c[2] c[1] cf2]
-l+e 2 2 -l+e 2 2 -l+e 2 2 -l+e 2 2
t [2] c[l]+c[2] c[l]+c[2] t [ ] c[l]+c[2] c[l]+c[2]
{
Bl = W[1] + aar[l, 1] + bar[1, 2] + car[2, 1] +dar [2, 2],
Bl // dS[1],
Bl // dA[1],

Bl s/ dS[1] /7 dS[2] // Full Sinplify,

Bl // dA[1l] // dA[2] // FullSinmplify

} /. ¢c[s_] =» ¢cs // BForm // Col umForm
W1] h[l] h[2]
t[1] a b
d

t[(2] ¢
W1l-acy] hil] hi2]
a b (-1+acj;-ccy)
tid] T -liacy T lhac
c -d-bccy+adcy
t [21 (-1+acy) (l-acyp+CcCyp) -l+acy
W1l+acy] h{1] h[2]
t [11 a b (l+acyi+ccy)

- l+acy l+acy

hi2]

b (-1+acy+c

B (-1+bcy+dcy) (-1+acy+dc;

-d-bccy+a

" l-ac;-dcy-bccye
h[Z}

b (1+aci+ccy)

(1+bcy+dcy) (-1-acy-dcy+bccyco-i
d-bccyradcy

c d-bcci+adcy
t [2} B (1+acy) (l+aci+ccy) l+acy
W1l-(d+bccy)cy+acy (-1+dcy)] hil]
-a-bccyradec;
t [1} B l-aci;-dcy-bccyicy+adcycy
t [2} B c (-1+bcy+dcy)
(-1+acy+ccy) (-l+acy+dcy+bccycy-adcycy)
Wl+acy+ (d-bccyg+adcy) ca] h[1]
a-bccy+adc,
t [l] B l+acy+dcyo-bccyco+adcycy
t [2] c (l+bcy+dcy)
(l+aci+ccy) (-l-acy-dcr+bccycy-adcycy)

The R Matrix

{p=F[c[1l], c[2]]~ar[1, 2], p // dS[1], p // dS[2]} // BForm

{

21 0 h2]
]

Flc[1], -c[2]]
t1] T lic[1] F[c[1], c[2]] }

t[2] 0

t[1
t [2] 0

l+aci+dcp-bccicr+adceyc
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{(p /7 dS[2]) **p, (p // dS[1l]) *xp} // BForm

0 h[2]
Flc[1], -c[2]]-F[c[1],c[2]]
{ tiir - 1+c[1] Flc[1], -C[2]]

t [2] 0

0 h2]
t[1] -F[-c[1], c[2]] +F[c[1], c[2]] -c[1l]F[-c[1], c[2]]F[c[1l], c[2]] }
t [2] 0

F must be so that the above vanishes. Here' s a solution:
-Flc[1], -c[2]]1 +F[c[1], c[2]]

{ 1+c[1l] F[c[1l], -c[2]]
Flc[1], c[2]]1-F[-c[1], c[2]] (1 +c[1] F[c[1], C[2]])} /.
FIx_, y_1 =» (E*x-1)/x // BSinmplify

{0, 0}
RO, j_1 := Wl +ar[i, j] (Erc[i1-1)/c[i];
Rinvli _, j_1 7/, i #j :=R[i, |1 7/ dS[i1;
(» R[i, i, p] is R[i,i]"p. Two cases were conputed in "120103 Cal cul ator. nb",
the rest guessed and checked there. x)

-1 4+ eP*clil
R{i_, i_, p_1 := W[1] + ——— ar[i, i];

cli]

Rinv[i , i_] := R[i, i, -17;

{0 =R[1, 2], Rinv[l, 2], p // dS[1], p // dS[2]} // BForm

{ W1] h(2] [W[l] h[2] J (VV[U h[2] ] [W[l] h[2] }
~1eclt et (~1setl)) el (~14etl)) et (~1setl))
t[1] TS t[1] R L t[1] S t[1] e

(R[1, 2] **RInv[1, 2], R[1, 1] *+Rinv[l, 1]}
{W1], W1]}

Rotation by 90 degrees

Rot90([B_] := B // dP[2, 1] // dS[1]
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Clear [a, B, ¥ &];

{
o =Ww[c[l], c[2]]1] + a[c[1], c[2]] ar [1, 1] +
Blc[l], c[2]]ar [1, 2] + y[c[l], c[2]]ar[2, 1] + &[c[1], c[2]]ar [2, 2],
p // dP[1 -2, 2-1],
p // Rot90,
e // Rot90 // Rot 90,
p // Rot90 // Rot90 // Rot 90,
p // Rot90 // Rot90 // Rot90 // Rot90
} /. c[s_] = Cs // BForm // Col umForm
Ww(cy, c2]] h(1] h(2]
t[1] alcy, c2] B[cC1, C2]
t[2] y[C1, C2] &[C1, C2]
Ww[c2, C1]] h[1] h(2]
t[1] 6[C2, €1] ¥[C2, C1]
t[2] Blc2, €1] afC2, C1]
W-(-1+c16[C2, -C1]) w[C2, -C1]] h(1] h
t 1] B 5[C2, -C1] Y [C2, -C1] (1+ca B[C2
-1+c1 6[Cp, -C1] -1+Cc1 6[
t[Z} B[C2, -C1] -o[Cp, -C1]-C1 B[C2, -C1] ¥ [Ca\
(1+ca B[C2, -C1]-C1 &[C2, ~C1]) (-1l+C1S[C2, -C1]) -l+c1 6]
W (l-cya[-C1, -C2] -C1C2B[-C1, -C2] ¥[-C1, -C2] -C26[-C1, -C2] +C1Coa[-C1, -C2] §[-Cq, -
t[1]
t[2]
W- (-1+c2a[-C2, C1]) w[-C2, C1]] h[1]
t 1] ~C2B[-C2,C1] ¥[-C2,C1]-6[-C2, C1]+C2x[-C2,C1] 6[-C2, Ca]
-1l+cp a[-C2, C1] (-l+cza[-Cz, C1])
t[2] _ B[-C2,C1] (-1+Cax[-C2,C1]-C1 ¥ [-C2, Ca]) _
-l+cya[-Cp, C1] -
Wuw([cy, €2]] h(1] h[2]
t[1] alci, c2] B[C1, C2]
t[2] y[C1, C2] &[C1, C2]
R[1, 2] #% (R[1, 21 // dP[1 2, 2-1] // dS[1] // dP[1 2, 2 1]) // BForm
(W1])

Rotation by 120 degrees

Rot120[B_] := B // dS[2] // da[2, 2, 3] // dm[1, 3, 1] // dP[2, 1]
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{p=arl[l, 2],
o // Rot 120,
o // Rot120 // Rot 120,
p // Rot120 // Rot120 // Rot 120
/. ¢c[s_1 =» 0 // BForm // Col umForm

0 h[l] h[2]

(t[Z] -1 -1 )
0 hi1]

(1] -1 ]

(21 -1

( 0 h[2])

t[1] 1

Clear [a, B, ¥, 61;

p=Ww[c[1], c[2]]1] + a[c[1], c[2]]ar[1, 1] +

Blc[1], c[2]]ar[1, 2] + y[c[1l], c[2]]ar[2, 1] + &[c[1], c[2]]ar [2, 2],

o // Rot 120,

o // Rot120 // Rot120,

p // Rot120 // Rot120 // Rot 120
} /. c[s_] = ¢cs // BForm // Col umForm

Wwlc1, €2]] h[1] h[2]
[1] afci, C2] B[C1, C2
(2] y[C1, C2] &[cC1, C2
1

]
]
s

M -1-Cp a[C2, -C1-C2]+C1 ¥ [C2, ~C1-C2]-C3 B[Ca, -C1-C2] ¥[C2, ~C1-C2]+C1 6[C2, ~C1-C2]+C2 §[C2, ~C1-C2]+C1 C2 @ [Ca, ~C1-C2] S[C2, —C:

l+cp a[C2, ~€C1-C2]-C1¥[C2, ~C1-C2

t[1]

t[2]

\N[ (1-ciaf-c1-C2, C1]-C2 a[-C1-Ca, C1]-C2 B[-C1-C2, C1]+C1 C2 @[-C1-C2, C1] B[-C1-Ca, C1]+C3 a[-C1-C2, C1] B[-C1-C2, C1]+C% B[-C1-Cy,

Ww(c1, C2]] h[1] hi2]
t[1] afc1, C2] B[C1, C2]
t[2] ¥[C1, C2] &[C1, C2]

-1+c1 B[-C1-C2, C1]+C2 B[-C1-C2, C1

t[1]

t[2]
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Wheeling and n

= Sumfaioi arfi, j1, {i, 2}, {i, 2}],
// dn[21,

// DeWheel ,

// DeWeel // dn[2],

// DeWheel 7/ dn[2]1 // Weel

} 77 BForm // Col umFor m

VD D D OO

0 h[l] h[2]
t[1] ou1 a2
t[2] o212
( 0 h[1] )
t[1] o
0 hil] h[2]
t1 Log[l+C[1] cq1+C[2] op1] anr  LOg[l+C[1] auz+C[2] ap2] 12
(1] C[1] oa11+C[2] az1 C[1] a2+C[2] a2
t 2 Log[l+c[1] c1a+C[2] 0p1] o1 Log[l+C[1] cuz+C[2] 0p2] a2
[2] C[1l] a11+C[2] a1 C[1] agz+C[2] a2
0 h[1]
Log[1l+c[1] ai1]
ti] —— u
( 0 h[1] )
t[1] oan



