
PBWReduce@W@DD = RW@D;

PBWReduce@W@e_DD := RW@eD;

PBWReduce@W@e_, more__DD := e ** PBWReduce@W@moreDD;

PBWReduce@expr_D �; HHead@exprD =!= WL := Expand@
expr �. w_W ¦ PBWReduce@wD

D;

Unprotect@NonCommutativeMultiplyD;

a_ ** 0 := 0;

a_ ** Hc_ ?NumberQ * b_L := c Ha ** bL;

x_ ** Hc_a * y_L := c Hx ** yL;

a_ ** b_Plus := Ha ** ðL & �� b;

0 ** a_ := 0;

Hc_ ?NumberQ * b_L ** a_ := c Hb ** aL;

Hc_a * x_L ** y_ := c Hx ** yL;

a_Plus ** b_ := Hð ** bL & �� a;

W@w1___D ** W@w2___D := W@w1, w2D;

e_E ** W@D := RW@eD;

e_E ** RW@D := RW@eD;

e_E ** RW@f_E, more___D �; OrderedQ@8e, f<D := RW@e, f, moreD;

E@a_, i_, j_D ** RW@E@b_, k_, l_D, more___D �; a > b :=

E@b, k, lD ** HE@a, i, jD ** RW@moreDL;

E@a_, i_, j_D ** RW@E@a_, k_, l_D, more___D �; Hi > k ÈÈ Hi � k && j > lLL := Plus@
E@a, k, lD ** HE@a, i, jD ** RW@moreDL,

KroneckerDelta@j, kD E@a, i, lD ** RW@moreD,

-KroneckerDelta@i, lD E@a, k, jD ** RW@moreD
D;

b@x_, y_D := x ** y - y ** x;

Sh@0, l_D := 8
8l, 8<, Range@lD<

<;

Sh@k_, 0D := 8
8k, Range@kD, 8<<

<;

Sh@k_, l_D := Sh@k, lD = Join@
Replace@Sh@k - 1, lD + 1, 8n_, 8is___<, js_< ¦ 8n, 81, is<, js<, 81<D,

Replace@Sh@k, l - 1D + 1, 8n_, is_, 8js___<< ¦ 8n, is, 81, js<<, 81<D,

Replace@Sh@k - 1, l - 1D + 1, 8n_, 8is___<, 8js___<< ¦ 8n, 81, is<, 81, js<<, 81<D
D;

HS@k_D w1_WL ** HS@l_D w2_WL := Total@
H

S@ð@@1DDD NonCommutativeMultiply@
w1 �. 8

E@a_, i_, j_D ¦ E@a, ð@@2, iDD, ð@@2, jDDD,

a@i_, j_D ¦ a@ð@@2, iDD, ð@@2, jDDD
<,

w2 �. 8
E@a_, i_, j_D ¦ E@a, ð@@3, iDD, ð@@3, jDDD,

a@i_, j_D ¦ a@ð@@3, iDD, ð@@3, jDDD
<

D
L & ��



L & �� Sh@k, lD
D;

Act@as_List, expr_D := expr �. E@a_, ij__D ¦ E@as@@aDD, ijD;

PBWReduce@S@2D W@ã@1, 2, 1D, ã@2, 1, 2D, ã@1, 2, 1D, ã@3, 1, 2DDD
RW@ã@1, 2, 1D, ã@1, 2, 1D, ã@2, 1, 2D, ã@3, 1, 2DD S@2D

r = Plus@
1 � 2 S@1D W@E@1, 1, 1D, E@2, 1, 1DD,

S@2D a@1, 2D W@E@1, 1, 1D, E@2, 2, 2DD,

-S@2D a@1, 2D W@E@2, 1, 1D, E@1, 2, 2DD,

S@2D W@E@1, 2, 1D, E@2, 1, 2DD
D;

CYBE@r_D := PBWReduce@Plus@
b@Act@81, 2<, rD, Act@81, 3<, rDD,

b@Act@81, 2<, rD, Act@82, 3<, rDD,

b@Act@81, 3<, rD, Act@82, 3<, rDD
DD; CYBE@rD

0

PBWReduce@W@E@2, 6, 7D, E@1, 4, 2D, E@1, 2, 3DDD
RW@ã@1, 4, 3D, ã@2, 6, 7DD + RW@ã@1, 2, 3D, ã@1, 4, 2D, ã@2, 6, 7DD

PBWReduce@W@E@1, 2, 3D, E@1, 2, 4DDD
RW@ã@1, 2, 3D, ã@1, 2, 4DD

PBWReduce@W@E@2, 1, 3D, E@1, 3, 4DDD
RW@ã@1, 3, 4D, ã@2, 1, 3DD

Sh@2, 3D
885, 81, 2<, 83, 4, 5<<, 85, 81, 3<, 82, 4, 5<<,

85, 81, 4<, 82, 3, 5<<, 85, 81, 5<, 82, 3, 4<<,

84, 81, 4<, 82, 3, 4<<, 84, 81, 3<, 82, 3, 4<<, 84, 81, 2<, 82, 3, 4<<,

85, 82, 3<, 81, 4, 5<<, 85, 82, 4<, 81, 3, 5<<, 85, 82, 5<, 81, 3, 4<<,

84, 82, 4<, 81, 3, 4<<, 84, 82, 3<, 81, 3, 4<<, 85, 83, 4<, 81, 2, 5<<,

85, 83, 5<, 81, 2, 4<<, 84, 83, 4<, 81, 2, 4<<, 85, 84, 5<, 81, 2, 3<<,

84, 83, 4<, 81, 2, 3<<, 84, 82, 3<, 81, 2, 4<<, 84, 82, 4<, 81, 2, 3<<,

83, 82, 3<, 81, 2, 3<<, 84, 81, 2<, 81, 3, 4<<, 84, 81, 3<, 81, 2, 4<<,

84, 81, 4<, 81, 2, 3<<, 83, 81, 3<, 81, 2, 3<<, 83, 81, 2<, 81, 2, 3<<<
r

1

2
S@1D W@ã@1, 1, 1D, ã@2, 1, 1DD + a@1, 2D S@2D W@ã@1, 1, 1D, ã@2, 2, 2DD +

S@2D W@ã@1, 2, 1D, ã@2, 1, 2DD - a@1, 2D S@2D W@ã@2, 1, 1D, ã@1, 2, 2DD
X = S@2D a@1, 2D W@E@1, 1, 2DD
a@1, 2D S@2D W@ã@1, 1, 2DD
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PBWReduce@b@Act@81<, XD, rD + b@Act@82<, XD, rDD
1

2
a@1, 2D RW@ã@1, 1, 1D, ã@2, 1, 2DD S@2D + a@1, 2D2 RW@ã@1, 1, 1D, ã@2, 1, 2DD S@2D -

1

2
a@1, 2D RW@ã@1, 1, 2D, ã@2, 1, 1DD S@2D - a@1, 2D2 RW@ã@1, 1, 2D, ã@2, 1, 1DD S@2D +

1

2
a@1, 2D RW@ã@1, 1, 2D, ã@2, 2, 2DD S@2D - a@1, 2D2 RW@ã@1, 1, 2D, ã@2, 2, 2DD S@2D -

1

2
a@1, 2D RW@ã@1, 2, 2D, ã@2, 1, 2DD S@2D + a@1, 2D2 RW@ã@1, 2, 2D, ã@2, 1, 2DD S@2D +

a@1, 2D RW@ã@1, 1, 2D, ã@2, 2, 3DD S@3D - 2 a@1, 2D2 RW@ã@1, 1, 3D, ã@2, 2, 2DD S@3D +

2 a@1, 2D2 RW@ã@1, 2, 2D, ã@2, 1, 3DD S@3D - a@1, 2D RW@ã@1, 2, 3D, ã@2, 1, 2DD S@3D
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