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Abstract. T will present the simplest-ever “quantum™ formula
for the Alexander polynomial, using only the unique two di-
hnensional non-commutative Lie algebra (the one associated
with the “ax + b" Lie group). After introducing some dia-
prammatic calculus T will sketch the proof of the said formula,
hnd following that, T will present a long list of extensions,
eneralizations, and dreams.

I'he 2D Lie Algebra. Let g = lie(z",2°) /[, 2°] = 2%, let
* = (f1,¢2) with ¢i(z)) = &/, let Tg = g* % g so
|0, ) = 1,.1,_,-" = () while ,l'].l"r‘ = —¢ and _r-'A:_Q = @

et r = Id = 1 0x' +¢2 @2 € g ®g C IgaIg.
et 4 = {words in Ig}/ab — ba = [a,b], degree-completed

with respect to deg¢d; = 1 and degz' = 0 (so U =
power series is 4 variables)). Let R =exp(r) elUd & U.

I'he Invariant. Define Z : {long knots} — % by mapping
very £-crossing to RE!:
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I'he Theorem. Z is invariant, and it is essentially the Alexan-
Her polynomial: with N = exp( [ ¢;2* + | 2'¢;) =: exp(SL),
Z(K) =N (A(K)(e*)) ™. (1)
More Honestly, T;j = |low(#)) € span(#i)|.

a A AR\ = sign(#i), di = d"(#')
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i| S = diag(sid;). B-7(\’ S-I)
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(Conjecture.  For u-knots, A is the Alexander polynomial.

An Euler Prelude. Let E be the Euler derivation, which mul-
tiplies each element by its degree (e.g. on Q[¢]. Ef = ¢d,f.
ko Fe® = ¢e®). Apply EC:= (7 EC to (1):
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Some Re! lmlnns cf),.r 2 areg.ceny =~ & 6*))
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and the hallmark “tails commute™: s ES = “‘ } E

"God created the knots, all else in
topology is the work of mortals.”
Leopold Kronecker (modified)
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Figure 18. The matrices A and Y for a sample 2-arrow Gauss diagram (the signs on a; and
ag are suppressed, and so are the r marks). The twists in y11 and yaa may be replaced by
minus signs.
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entries in JAM o hold true: /’i/&/}/"l/ k o

AN—SL = trSA (25)
A = —BY —TX w (26)
Y = BY +TX uy (27)

/\: Ql/liﬁgé' + _]/‘(l:[’_(,'m))/\ L Tﬁ
\= 1/ N

A= (Z-T(z-e)) (T
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