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Disclaimer: | "God created the knots, all clsc in
Rough edges topology is the work of mortals.”
remain! Leopold Kronecker (modified)

onvolutions statement. Convolutions of invariant functions
pn a Lie group agree with convolutions of invariant functions
bn its Lie algebra. More accurately, let G be a finite dimen-
kional Lie group and let g be its Lie algebra, let j : g —= R
he the Jacobian of the exponential map exp : g — G, and let
I : Fun(G) — Fun(g) be given by ®(f)(z) := j'/*(x) f(exp x).
Then if f, ¢ € Fun(G) are Ad-invariant and supported near the

dentity, then
B(f) * blg) = (S g).

1w Orbit Method. By

. : | Convolution: The Orbit
[Fourier analysis, the charactery A D s, s
G ) statement Method
of (Fun(g)“,#) correspond ta A
coadjoint orbits in g*. By av4 :
praging representation matrices Group-Ring Subject
and using Schur’s lemma to re statement flow chart

place intertwiners by scalars, !

Group-Ring statement. There exists w® € Fun(g)” so that
for every o,y € Fun(g)" (with small support), the following
holds in U(g): (shhh, o2 = j1/3)

J[ st e = [[ swmmaigee.

8xe axg (shhh, this is Dufio)

. o '

o every irreducible representas Unitary

tion of G we can assign a chard (0ot
hcter of (Fun(G)%, ). A Free Lie
v statement

s Kaahiwarn Algebraic

statement
¢ Vergne 1 Alekseev

Teasure theoretic statement] . \ i T i

5 y : Dingrammatic «—— Torossian
gnoring all w's, there exists a statement

[Unitary statement. There exists w € Fun(g)® and a (infinite
order) tangential differential operator V defined on Fun(g, x
;) so that

1) Vertv = ¢*evV (allowing U(g)-valued functions)

2) Ve =i (3) Vwryy = watwy

. . statement
measure preserving and orbitl I

preserving transformation 1'
8- X gy — @: X @y for whick
etV ol' = e®eV,

ree Lie statement. There exist convergent Lie series I and

Knot-Theoretic
statement

True

Algebraic statement. With /g := g* » g. with ¢ : U(lg) —
[{(1g)/U(g) = S(g*) the obvious projection, with S the an-
tipode of U(/g). with W the automorphism of U(/g) induced
by flipping the sign of g*, with r € g* @ g the identity element
pnd with R = " € U(1g) @ U(g) there exist w € S(g*) and
V € U(1g)%? so that ‘

1) V(A2 1)(R) = R¥R®V inU(1g)®
2) V.SWV =1 (3) (VAW) =wdw

7 so that
r+y—loge’e” = (1—e ™M5)F 4+ (M - 1)G
tr(ad x), F + tr(ad y)3,G =
ady  adxz I)
ey — 1 ez 1

Alekseev-Torossian statement.  There Is an

element }' € TAuty with

Dingrammatic statement. Let R = expH € A"(77). There
pxist w € AY(T) and V € A“(11) so that

Q/

F(r+y)=loge e’
and j(F) € imé C try, where for a € try,
Alekseev §(a) := a(x) + a(y) — a(log e"¢Y).
Convolutions and Group Rings (ignoring all Jacobians). T G
is finite, (Fun(G),») = (RG,-) via 1': f — ¥ f(a)r(a). For
Lie g and G,

(g,+) 30 —— ¢ ES(s)

adx

1
5" ((.‘"" -1 i
Torossian

v € Fun(g) ey S(g)

e
(G.) 3¢ —— e* €lU(g) Fun(G) —— U(g)
with Ty = Jv(x)erdr € S(g) and 1d ¢ = [v(z)e” €

U(g). Given ¢; € Fun(g) compare &~ '(vy) » &' (¢) and
b1 (v = yp) in Ulg): (shhh, T is & “Fourler transform")

win G // Ui (x)ea(y)e"e” *ing: // U (x)a(y)e”

[Unitary = Group-Ring. //uiwr“"é(:)v(y)

Knot-Theoretic statement. There exists a homomorphic ex-
pansion Z for trivalent w-tangles. In particular, Z should
katisfy R4 and intertwine annulus and disk unzips:

LR

1)

X (- Jol |

= Wiy wriye™ VHX)P(Y)) = (Viwr iy, Ve V()oY wi sy
= (wawy, "'V Hr)(y)wr s y) = (wewy, €' Oz )0(y)wewy)
/wfwﬁu'("a(r)ds(y)‘

nitary <= Algebraic. The key is to interpret U (/g) as tan-
ential differential operators on Fun(g):

¢ € g* becomes a multiplication operator.

x € g becomes a tangential derivation, in the direction of
he action of ad z: (xp)(y) := ¢(|x.y)).

¢ is now “the constant term”.
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w-Jacobl diagrams and A. AY(Y 1) = AY(T17) 1s
iT: H"i l—-':l H’l H:l
v: Yo=Y+ Y‘ TC: LX
m_ﬁ Al YRy X

- Fod Hod-

deg=4# {vertices) =6
A acts by double and sum, S by reverse and negate.

Diagrammatic to Algebraic. With (x;) and (¢7) dual bases of
g and g* and with [:,,:,] = Y bz, we have A% — U via

b“ b
7, [
4 \d / >/

" Tm
dim a

Iy

A]rn:' m'r e u(lg)

Vhat are w-Trivalent Tangles”

knots
[»
{&links} &8 <

{uimkn} } —PA <X. A

tangles

m23,m;,®: A_( \
= =)

Rr123: 10-), - )( ’/\/;Xl>uk-n

i,jklmn=1

/'/' a5¢

rom wTTto A" gr, wIT := {m—cubes}/{(m+1)—cubes}:

forg(-l
mpo oLy

.

owA

)

'yt

wIT=
trivalent =P W w? l “-‘ omomorphic expansions for a fltered algebraie structure X
w-tangles generators | relations | operations
The w-generators. co- Broken surface EOOE ’E— Ko D K1 > K2 D Ks D...
Q \ D E ’l)Su-ImlE QO E — oyiaae ﬂ‘lﬂ "
/ © - o flw grk = Ko/Ky & K1 /K2 @ Ko /Ky @ Ky/Ky & ...
E E 5’ % [An expansion is a filtration respecting Z : K — grK that
',Q?,4 Time float l——=2—1 “covers” the identity on gr K. A homomorphic expansion is
Crossing :OO = Virtual crossing Moview < © X hin expansion that respects all relevant “extra” operatione,
Cap Wen »
! =~ Al

A concrete example. The set of all
b/w 2D projec-
’/'/ \\\ tions of reality

The w-realations include R234, VR1234. Overcrossings Com-
mute (OC) but not UC, W? = 1, and funny interactions be-
ween the wen and the cap and over- and unde-r—cru\\eingn

Izu
be IR v Awr
' Challenge

-T T

Reldemn\u'r'

o

\. - $
i 4- Reidemeister \\m

T w

K/Ko— KKy = K/Kz = KKy —

l An expansion Z is a choice of a

( rop
Rotate
Ad Julll

progressive scan” algorithm.

/ l'lll'l
rotate

\ adjoin | |

N R ker(K/K3—K/K2)

K/Ko @& Ko/Ky@ Ky /K@ K/ Ka@2 Ky /KB Ky /K« 0

Our case(s).
Z: high algebra

given a “Lie”
A:= algebra g
grk

“U(g)"
solving finitely many “)
equations In finitely

Tow algebra: pic-
tures  represent

I'he w-operations.

9 | PSS |

Unzip along an annulus Unzip along a disk

many unknowns formulas
I is knot theory or topology: grK is finite combinatories:
bounded-complexity diagrams modulo simple relations.
But we have (at least) three knot tl
thus their “high algebras™ are relate(d.

ies, 4 — v —

\Af\[fc

=) N

Filtered algebraic structures are cheap and plenizy In any

K. allow formal linear combinations, let K; be the ideal
generated by differences (the “augmentation ideal” ), and let
Won 2= ((K1)™) (nsing all available “products™).

remdly
N | /7

Ne skipped... e The Alexander o v-Knots, quantum groups and
polynomial and Milnor numbers. Etingof-Kazhdan.

@ u-Knots and Drinfel'd associa- ® BF theory and the successful
rtors. religion of path integrals.

Rolat/on v\//%\ A-T.

Fix K{/ow;/y

o/ \2
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