<< Knot Theory"®

Loadi ng Knot Theory™ version of March 26, 2009, 12:14:8.1008.
Read nore at http: //katlas.org/w ki /Knot Theory.

Begi nPackage [" Knot Theory™ " 1;

Mul ti vari abl eAl exander :: usage ="

Mul ti vari abl eAl exander [L][t] returns the nultivariable Al exander polynom al

of alink L as a function of the variable t[1], t[2], ..., t[c], where ¢

is the nunber of conmponents of L. Miltivariabl eAl exander [L, Program -> prog][t]
uses the program prog to performthe conputation. The currently avail able
programs are \"MVAL\", witten by Dan Carney in Toronto in the sumrer of 2005,
and the faster \"WA2\" (default), witten by Jana Archibald in Toronto in 2008-9.

"
’

Mul ti vari abl eAl exander :: about ="The multivariable Al exander program\"MWAL\" was
witten by Dan Carney at the University of Toronto in the sumrer of 2005; \"MA2\"
was witten by Jana Archibald in Toronto in 2008-9.";

Options [Miltivariabl eAl exander 1 = {Program- " WA2"};
Begin[" MA "1;

Mul tivari abl eAl exander [Link[n_, t_, k_]11:=
(Needs [" Knot Theory™ Mul ti vari abl eAl exander 4Li nks™ " 1;
Unset [Mul tivari abl eAl exander [Link[nl_, t1 , k1 _111;
Mul ti vari abl eAl exander [Link[n, t, k]])

Mul ti vari abl eAl exander [L_, opts___ ] :=Mdule]
{prog = (Program/. {opts} /. Options[Miltivariabl eA exander 1)},
Swi tch[prog,
"MWAL1", Knot Theory® WA1® WAL1 [L],
"MVA2" | Knot Theory™ MWA2® WA2 [L]
1
]

End[1;
Begi n[" WAL "1;
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MVAL [BR[Not Avai l able]] : = (error &)
MAL[BR[1, {}1]:= (1&)
MAL [BR[2, brai dWrd_List]]:= (WAL[BR[3, Append[brai dWword, 2111])

MVAL [BR[nunber OF Strings_I nteger, pernmutations_List 1] /; nunberOfStrings =23 : =
MAL [BR[nunber O Strings, permutations]] =
Mbdul e [{data}, CreditMessage ["The mul tivariable A exander program\"MWAI\" was witten
by Dan Carney at the University of Toronto in the sumrer of 2005."7];
| f [nunberOFStrings >2, Null, Returnf[error];, Returnferror]];
If[trScan[lf [Abs[#1] < nunberOF Strings, Null, Return[Fal se];1; & pernutations],
Returnferror];1;

data[brai dWdth] = nunberOf Strings;

data[brai dWwrd] = pernutations;

dat a[brai dHead] = Range [nunber O Stri ngs ];

Mul ti vari abl eAl exander | nner [data]];

Set Attributes [{brai dWdth, brai dHead, brai dTail, brai dWwrd, knot Conponent, error,
st randMappi ng, conponents, nurmber Of Conponents, vari abl eName, pol ynom al }, Protected];

dbgPrint = Fal se;
Dbg[seq__]:= (If [dbgPrint, Print [seql];)

Mul tivari abl eAl exander | nner [data_] : =
Modul e [{tenp}, Dbg[Uneval uated ["Braid Wrd ", data[brai dWwrd]11];
Scan[data[braidTail, #] = #; & data[braidHead]];

Dbg[Uneval uated ["Braid Tail ", data[braidTail, #] &/@data[brai dHead]]11];
Scan[ (Pernut ati onFuncti on [data, braidTail, #];
Dbg[Uneval uated ["Braid Tail ", dataf[braidTail, #] &/@datal[brai dHead11];) &,

dataf[brai dWwrdi]l;
I denti fyEl ements [data];
Dbg[Uneval uated [" Strand Conponents ", data[components]]];
Dbg[Uneval uated [" Vari abl es ",
Repl aceAl | [data[vari abl eNane, #] & /@dat a[brai dHead], knot Conponent - "T"111;
For nCol our edBur auMat ri x [data];
Dbg [Uneval uated ["Burau ",
Repl aceAl | [Expand [dat a[burau]], knot Conponent - "T"1 // Matri xForm]];
Dbg[Uneval uated ["Di vi sor ", Repl aceAll [data[divisor], knot Conponent - "T"] //
Mat ri xForm]];
temp = data[burau] -dataf[divisor] xldentityMatrix [data[braidWdth] -17;
tenmp = Expand [tenp];
Dbg[Uneval uated ["Matrix ", ReplaceAll [tenp, knot Conmponent - "T"] // MatrixForm]1;
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tenp = Det [tenmp];

Dbg[Uneval uated ["Det ermi nant ", ReplaceAll [tenp, knot Conponent - "T"111;

dat a[pol ynom al ] = Expand [Si npl i fy [Factor [tenp] / Factor [Cal cul at eDi vi sor [datal]]l];
Dbg [Uneval uat ed [" Pol ynom al ", Repl aceAl |l [data[pol ynom al ], knot Conponent - "T"111;
Cal cul at eQut put [data]]l;

Permut ati onFunction [data , list_, j_Integer] :=NMdule[{tenp, i}, i =Abs[j];
temp =dataflist, il;
dataflist, i] =dataflist, i +11];
dataflist, i +1] =temp; 1;

I dentifyEl ements [data_] : = Modul e [ {nar ked, strand, conponent },
Scan[ (data[strandMappi ng, datal[braidTail, #]] =#;) & data[braidHead]];
Dbg[Uneval uated ["Strand Mapping ", data[strandMappi ng, #] & /@data[brai dHead]]11];
dat a[conponents] = {};
Scan[ (I f [marked [#] =!= True, conponent = {};
strand = #;
Wi | e[marked [strand] =!= True, nmarked[strand] = True;
conponent = Append [conmponent, strand];
strand = data[strandMappi ng, strandl]; I;
dat a[conponents] = Append [dat a[conponents], conponent 1;];) & data[brai dHead]];
dat a[nunber O Conponents ] = Lengt h [dat a[conponents]];
For [conmponent = 1, conponent < data[nunber Of Conponents ],
conponent ++, Scan[ (dataf[vari abl eNane, #] = knot Conponent [conponent 1) &,
dat a[conponents][[conponent 111;1; 1;

Cal cul ateDi vi sor [data_] : =
Modul e[{tenp = 1}, Scan[(tenp = data[vari abl eNane, #]) & data[brai dHead]];
temp = | f [dat a[nunmber OFf Conponents] == 1, (1-tenp) / (1-data[variabl eNane, 1]), 1-tenp];
Dbg [Uneval uated ["Di vi sor ", ReplaceAll [tenp, knot Component -» "T"1117;
tenp];

Cal cul at eQut put [data_] : =

Modul e[{terrp =1, tenp2, conps, terml}, If [data[pol ynom al ] ==0, Return[0 &]17;

Scan [ (tenmp2 = knot Conponent [#]” Exponent [dat a[pol ynom al ], knot Conponent [#], M n];

I f [tenmp2 =1=0, tenp »=tenp2; 1) & conps = Range [dat a [nunber Of Conponents 1117;

tenmp = Expand [data[pol ynomi al ] /tenp];

conps = knot Conponent /@ conps;

temp = First [

Sort [Flatten[ ({tenp, -tenp} /. Thread [Rul e[conps, #]]) &/@Pernutations [conps]]]];

(x| f [Head [tenmp]===Pl us,terml=First [tenp],ternl=tenp];

I'f [(terml/. _knot Conponent »1)<0, t enp=Expand [-tenp]]; )
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Functi on ee {Repl aceAl | [tenp, knot Component - #] }];

Get Submatri x [row_|I nteger, variabl el ndex_Integer, data_] : =
Modul e [ {out put, variabl e}, variabl e = data[vari abl eNane, vari abl el ndex 1;
output =ldentityMatrix [data[braidWdth] -17;
out put [[row, row]] = -vari abl e;
I f [row# data[braidWdth] -1, output [[row, row+1]] =1, Null ];
If[rows# 1, output [[row, row-1]] =variable, Null ;
Dbg[Uneval uated [" Submatri x ", Repl aceAll [out put, knot Conponent - "T"] // Matri xForm]1;
data[burau] = data[burau]. out put; J;

Get Submat ri xI nverse [row_| nteger, variabl el ndex_I nteger, data_] : =
Modul e [ {out put, variabl e}, variable = data[vari abl eName, vari abl el ndex1;
dataf[divisor] =variabl e »data[divisor];
output =variable xldentityMatrix [data[braidWdth] -17;
output [[row, row]] = -1;
| f [row# data[braidWdth] -1, output [[row, row+1]] =1, Null ];
If[row# 1, output [[row, row-1]] =variable, Null1;
Dbg[Uneval uated [" Submatri x ", Repl aceAl |l [out put, knot Conponent - "T"] // MatrixForm]1;
dat a[burau] = data[burau]. out put; ];

For mCol our edBur auMatri x [data_] : = Modul e[ {tenpArray}, data[divisor] =1;
dataf[burau] = ldentityMatrix [data[brai dWdth] -17;
Scan[ (data[tenpArray, #] = #;) & data[brai dHead]7;
Scan[ (I f [# <0, GetSubmatri xlnverse[-1x*#, data[tenpArray, -1x#+1], datal;,
Get Submatri x [#, data[tenmpArray, #], data]; 1;
Per nut ati onFuncti on [data, tenpArray, #];) & dataf[braidwrd]l; ];

End[1;
Begi n["  MWA2 " 1;

MVAZ2 [PD[Loop[_111:=(1/ (#[1]1-1)) &

M/A2 [pd_PD] : = WA2[pd] = Mbdul e[
{I, mat, skel, pdl, G t, arcs, path, i, j, k, M enb, done, pd2, rot, place},
Credi t Message [
"The nultivariable Al exander program\"MWA2\" was witten by Jana Archibald
at the University of Toronto in 2007-2008."7;
| =Length[pd];
mat = Table[0, {21}, {2=x1}];



skel = Skel eton[pd];

pdl = Li st ee pd;

G=Table[0, {2% 1}, {I}1;

pdl //. X[a_, b_, ¢, d ]=» If[d=b+1]|b-d>1,
{mat [[c, a]] = -t [b]; mat [[c, b]] =t[a]-1; mat[[c, c]] =1},
{mat [[c, a]] = -1; mat [[c, b]] =1-t[a]; mat [[c, c]] =t [b]}
1

arcs =Tineseepd /. {
XO_,j_, k., 1_17;, d-j=2111)j-1>1)=path[k] path[i]path][j,
X _, ), k., 117 G-1=21]11-j >1)=path[k] path[i] path[l,
Pli_, j_1w»path[i, j]
Y /7. {
path[a_ , i _]path[i_, b__ ] = path[a, i, b],
path[a__, i _]path[b__, i_]=Join[path[a, i], Reverse[path[b]]],
path[i _, a__]path[i_, b__] = Join[Reverse[path[b]], path[i, a]],
pathfa__, i _]path[i_] > pathla, i],

path[i _, a__]path[i_] = pathia, i],
path[i _] path[i_]1 > path[i]
}:
I f [Length[arcs] ===1, For[i =1, i <2=xl, i ++,
G= ReplacePart [G 1, {i, First [First [Position[arcs, i]11}]
11
mat =mat /. t[a_] = t[Position[skel, aj[[1, 1]11;
I f [Length[arcs] === 1,
M= Factor [Sinplify[
Det [
Del ete[
Transpose [Del ete[
Transpose [G]. mat . G
Positionfarcs, pdl[[1, 31]11[[1, 11]

11,
Positionfarcs, pdl[[1, 31]11[[1, 11]
1
1/ (t[Position[skel, pdl[[1, 3111[[1, 1]111-1)
11,
M:O],

enb = Tabl e[Nul |, {Length[pd]}];
done = Tabl e[Null, {2xLength[pd]}];
enb[[1]] =0;

pd2 = pd;

rot = Tabl e[0, {Length([skel 1}1;
placel[i _, a_] := Mdule[
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{ni, na, arc, dir, oparc},

arc = pd2[[i, all;

{{ni, na}} = Conpl enent [Position[pd2, arc], {{i, a}}l;
If[enb[[ni]] === Null,

enb[[ni]] =3-a+enb[[i]];

pd2[[ni 1] = RotateLeft [pdl[[ni]], na-1];

place[ni, #] & /e {2, 3, 4},

(» Else %) oparc = RotatelLeft [pd2[[i]], 2]1[[all;

| f [done[[arc]] === Nul |,
donef[[arc]] = 1;
dir =If[arc -oparc =1 || arc -oparc < -1, 1, -17;
rot [[Position[skel, arc][[1, 1]]1]] += dir = (enb[[ni]] -enb[[i]] +a-na-2)
1
1
I
place[l, #] & /e {1, 2, 3, 4};
k =-rot /4,

For[j =1, ) <1, J ++,
k = Repl acePart [k,
-1+k[[Position[skel, pd[[j, 2111[[1, 11111, Position[skel, pd[[j, 2]111[[21, 1111
1
For[i =1, i <Length[k], i ++,
Ms=t [i 1" ((1/72) *k[[i]])
1
Iflpd[[1, 4]] =pd[[1, 2]]1+1||pd[[1, 2]] -pd[[1, 4]] > 1,
Mx=t [Position[skel, pd[[1, 11]11[[1, 11]]1 =t [Position[skel, pd[[1, 2]111[[21, 1111,
Mx=t [Position[skel, pd[[1, 11]11[[21, 1111
1
Evaluate[M/. t » #] &
1

End[];
EndPackage []

KGs = Sel ect [AI'l Li nks[]1, (Crossings [#] <11) &];
Mul tivari abl eAl exander [PD[#]][t] & /@ KOs
KnotTheory:loading : Loading precomputed data in PDA4Links'.

KnotTheory::credits :
The multivariable Alexander program "MVA2" was written by Jana Archibald at the University of Toronto
in 2007-2008.



